Fay 


= Jf 
Sain 
ak 





THE UNIVERSITY‘* | 


OF ILLINOIS 


LIBRARY 


YANO NS 


ANA 


Se en WEG 





Return this book on or before the 
Latest Date Stamped below. 


Theft, mutilation, and underlining of books 
are reasons for disciplinary action and may 


result in dismissal from the University, 
University of Illinois Library 


L161—0-1096 











i'* ¥ 
Non Mery 





4 ; 42) 


hats 
7a all ‘ 


ey 








1915-1916 


ANNALS OF MATHEMATICS 


(FOUNDED BY ORMOND STONE) 


EDITED BY 
ORMOND STONE 
L. P. EISENHART 
OSWALD VEBLEN 


PIERRE BOUTROUX 
T. H. GRONWALL 
J. H. M. WEDDERBURN 


WITH THE COOPERATION OF 


J. W. ALEXANDER A. A. BENNETT 
H. H. MITCHELL 


PUBLISHED UNDER THE AUSPICES OF PRINCETON UNIVERSITY 


SECOND SERIES, VOL. 17 


LANCASTER, PA., AND PRINCETON, N. J. 


en eee tar core toes 


a re eae a 


OF Sins he RO Stan al 


ee 
oo 


rae 


PRESS OF 
THE NEW ERA PRINTING COMPANY 
LANCASTER, PA, 


oie 
mh 


wuss: ip aa 
at ae : 
ip ae 





AS '\b err 


INDEX 


PAGE 
ALEXANDER, J. W., Functions which Map the Interior of the Unit Circle 


rr BE ore tte ho Ne ee, SOO, 2a Seay, 12 
Deel ay re cmeruenice ul Circles...) ).. 0c) 660 oe oka 180 
BENNETT, ALBERT A., The Iteration of Functions of One Variable........ 2 
BENNETT, ALBERT A., Note on an Operation of the Third Grade......... 74 

BOENNETT, ALBERT A, Note on the Preceding Paper... .:.......... 0.00. Ve 
BENNETT, ALBERT A., A Case of Iteration in Several Variables........... 188 
Bocuer, M., On the Wronskian Test for Linear Dependence............. 167 
CoBLE, A. B., An Isomorphism between Theta Characteristics and the 

fe ieee Pc ee eM se 101 
Dives, L. L., A Characteristic Property of Self-Projective Curves........ 213 
EIsENHART, L. P., Surfaces with Isothermal Representation of Their Lines of 

CibvatticescWitveloiestOl VOlinomns ci tse Pua. Same rl ele 64 
GILLESPIE, D. C., The Cauchy Definition of a Definite Integral............ 61 
GRONWALL, T. H., A Functional Equation in the Kinetic Theory of Gases... 1 
GRONWALL, T. H., Determination of All Triply Orthogonal Systems Contain- 

MICr omar Tone Linimip Sim Ces mane obi oc uehet Meee Se tS 76 
rn cr Uamlemlt er ecm CSCI) Met lh) 50 Solan surge te ig 52S 3. 124 


JACKSON, D., Non-essential Singularities of Functions of Several Variables.. 172 
JENSEN, J. L. W. V., An Elementary Exposition of the Theory of the Gamma 

Function. (Authorized translation from the Danish by T. H. Gronwall.) 124 
LEFSCHETZ, S. F., The Arithmetic Genus of an Algebraic Manifold Immersed 

ATLA TLOUN ED. neat sat ccs eer seen pe oy a 8 Pe ea Teh Be tal Mits) De 197 
Honcury, W. Hh. Note ona Theorem on Envelopes. i...) 26. 0b 5 0S 169 
Poussin, C. DE LA VALLEE, Demonstration simplifiée du théoréme fonda- 

mental de M. Montel sur les familles normales de fonctions............ 
Rit, J. F., On Certain Real Solutions of Babbage’s Functional Equation... 118 
WixuraMs, K: P., A Theorem Concerning Real Functions ................ fa 


il 





A FUNCTIONAL EQUATION IN THE KINETIC THEORY OF GASES. 
By T. H. GRoNWALL. 


Let &, 7, ¢ and £1, m1, ¢1 be the velocity components of two spherical 
molecules at the instant of their collision, a, 8, y the direction cosines of 
their center line at this instant, and finally &, »’, ¢’ and &’, m1’, ¢1’ the 
velocity components after the collision. Writing 


W= a(&y aX £) + Bin ar n) Sey at oh 


we then have 


Eee allen = nt ew, GF =o + yW, 
E/ = & —aW, m =m — BW, oh = a — YW, 


_ and a complete system of invariants for this linear transformation is given 
by the four expressions 


i eta Wear Use CM raee ay Si le mets (ts ham yihe (ae? (ree 


Denoting by ¢(é, 7, ¢) the logarithm of the function defining the distribu- 
tion of velocities, it may be shown that ¢(é, 7, ¢) + e(£1, 71, £1) 18 Invariant 
under the linear transformation in question,* and consequently 


(1) o(&, 1) ¢) a yf, 11) £1) 
= (2 bien eee i 1, a teeter cto. geri Sie) 


Assuming the existence of all six partial derivatives of the second order of 
y, it is readily seen that the general solution of this functional equation ist 


(2) Beet, 1, 6) = 0 Oye Done te UG Che a 77) 


with constant coefficients. 

It is the purpose of the present note to prove this result without any 
other assumption than that of the continuity of ¢ for all finite values of 
the variables. | 

From (1) subtract the equation obtained by setting all the variables 

* See, for a proof involving a minimum of assumptions, Hilbert, ‘‘ Begriindung der kinet- 
ischen Gastheorie,’”’ Math. Annalen, vol. 72, reprinted in his Grundziige einer allgemeinen 


Theorie der linearen Integralgleichungen, pp. 267-282. 
t Boltzmann, Vorlesungen tiber Gastheorie, vol. 1, pp. 128-131. 
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equal to zero; with the notations 
oil€, UB 5) a o(&, 15 ¢) = o(0, 0, 0) =; o(&, UB) ¢) — a, 


B) 
o filée+ &, +--+) =f(E+ &, ---) — FO, 0, 0, 0) 


we obtain 
(4) wil(En, §) - giléi, ni, 6) 

=filE+ 4,9 + ay $+ hy, Oba t t+ Et ar + oe), 
(5) Oi 0,208.0} 0 er (O00, 0,0). 0: 


Writing (4) for the two sets of arguments € + &, 7 + m, ¢ + ¢: and 0, 0, 0, 
we find with the aid of (5) 


pil—é + Se one 1) Che 61) 
iG see aner 1, Gad My Sec et)- an toatl) 2 ae ee 


In order to make the fourth argument in f; coincide with that in (4), we 
assume that 


Shr eee Gok = | 
and under this condition we have 
Pike toe) ct 11, Cees) — 1 Eins) eerie aa) 
Our condition is fulfilled by making £; = 7» = ¢ = 0, whence 
gil, m, $1) = gil, 0, 0) + ¢1(0, m1, £1), 
and also by making & = £; = 9; = ¢ = 0, which gives 
o1(0, 9, $1) = ¢1(0, 7, 0) + ¢1(0, 0, £1). 
Replacing 7; and ¢; by y and ¢ in the last two equations, we therefore obtain 
(6) vil, 9, £) = o1(€, 0, 0) + o1(0, 4, 0) + (0, 0, £). 
Combining (4) and (6), we see at once that 
IpleSamsshey) op HNO mp Ores am Up are me si ae aie ae ee 
(7) unl ar tan ea aah ae stl, Dar sinha ae aie 
TOMO Weer GiGi ar Gee 


We introduce the notations 
Eb, = 2, n+m= Y, C+ (1 = @, 
2+ £2 = u, n+ nv = 2, P+ CP = w; 


these six quantities are independent variables which, however, to insure 


(8) 
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the reality of &, &:, etc., must satisfy the inequalities 

(9) TO Spe See OATE 

Now (7) may be written in the form 

(10) filt, y,2,uUtov+tw) =f, u) + gy, v) + he, w), 


where f, g and hf are continuous in the region (9) and vanish for zero values 
of the variables. 

Permutating wu and v, which is permissible if x? and y? are both less than 
or equal to the smaller of 2u and 2v, we find 


Gd) fv, u) + gly, ») = f(z, ») + gly, w), 


and on making y = 0, v = vu = const., the last equation gives 

(12) | f(x, u) = f(x) + pu) 

for x? = 2u and x? = 2m. Here, p(u) = g(0, u) is continuous for all u = 0 
and vanishes for wu = 0, and since (12) may be written f(x) = f(a, u) — p(w), 
it is clear that f(x) is continuous for all finite values of x, and vanishes for 
x = 0. Similarly we obtain g(y, v) = g(y) + o(v), where g(0) = o(0) = 0, 
and substituting in (11) we get «a(v) — p(v) = o(u) — p(w), or making 
u = 0, c(v) = p(v). We thus finally have 


F(x, u) a Fix) Ae p(u), 
(13) gy; v) g(y) a p(r), 
h(z, w) ae h(z) ahr p(w), 


where f, g and h are continuous for all and p for positive values of the 
variable, and all four functions vanish for zero values of their arguments. 
Substituting in (10) and making x = y = z = w = 0, we obtain an equa- 
tion of the form pi(w'+ v) = p(w) + p(v), and making v = O we see that 
pi(u) = p(w), so that finally 


(14) p(u + v) = p(u) + plo). 


This is the classical functional equation of Cauchy, who showed in his 
Analyse algébrique that every continuous solution is of the form 


p(u) = cu, 
where c is a constant. 
Consequently, by (8) and (10) 


AEtantm ett 2A +t P+ E+ ast 5) 
eo OT + i) ta eee Oke tn Oe on 61); 
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and on writing 
(15) p2(&, 1) f) gil &, 1) ¢) va cle aia n a ep 
equations (4) and (6) become 
(AD (E07, teal C1 ecg ate Geer. 1) yt Gong 
(6’) v2(é, UB @) = g2(&, 0, 0) ae ¢2(0, 1) Q) oe ¢2(0, 0, cs 
In (4); make 7 = © = £; = 4) = (1 = 0, whence ¢.(¢, 0, 0) = f({, and 
then 7 = ¢ = 7; = ¢; = 0, which gives 
Gite eat £) eta £1), 


every continuous solution of which is of the form f(¢) = bié, where 6; is a 
constant. Similarly ¢.(0, 7, 0) = g(n) = ben and ¢2(0, 0, ©) = A(c) = bsf, 
so that, by (6’), 

(16) gol, 0, £) = diE + bon + a6, 

and the combination of (16), (15) and (8) finally gives the expression (2) 
for the most general continuous solution of our functional equation. 
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DEMONSTRATION SIMPLIFIEE DU THEOREME FONDAMENTAL DE 
M. MONTEL SUR LES FAMILLES NORMALES DE FONCTIONS. 


Par C. DE LA VALLEE POUSSIN. 


1. Dans un Mémoire trés intéressant “‘Sur les familles de fonctions 
analytiques qui admettent des valeurs exceptrionelles dans un domaine,’’ publié 
dans les Annales de l’Ecole Normale Supérieure, 3° série t. 29 (1912), M. 
Montel a démontré un théoréme trés remarquable, qui fournit peut-étre les 
- démonstrations les plus simples des théorémes de M. Picard sur les propriétés 
des fonctions uniformes dans le voisinage d’un point critique. La démon- 
stration que M. Montel donne de son théoréme fait appel aux propriétés 
des fonctions modulaires. I] nous a paru intéressant de montrer que les 
seules propriétés nécessaires peuvent étre établies par des considérations 
complétement indépendantes de la théorie des fonctions elliptiques et de la 
représentation conforme. Nous nous proposons done de prouver le 
théoréme en question en nous appuyant uniquement sur les principes les 
plus généraux de la théorie des fonctions et du prolongement analytique. 
Cette démonstration trouverait donc facilement sa place dans un Cours 
général sur la théorie des fonctions analytiques. 

2. Nous considérons la fonction g(x) de « complexe définie par |’inté- 
grale, effectuée le long de l’axe réel des wu, 


2 du 
re) i Vulu — 1)\(u — x) 


La fonction sous le signe d’intégration est holomorphe relativement A zx 
tant que x ne se trouve pas sur la ligne d’intégration, qui constitue done 
une coupure, et v(x) est holomorphe hors de la coupure. 

Nous fixons la détermination du radical en choisissant l’argument 6 de 
u—x entre+ 7. Alors l’argument de 1/V¥u—zx est compris entre 
+ 7/2 et il est de méme signe que celui de x (choisi entre + 7). Avec 
cette convention, g(x) a donc sa partie réelle positive et sa partie tmaginaire 
de méme signe que celle de x. 

Si 2 tend vers l’infini d’une maniére quelconque, tous les éléments de 
Vintégrale tendent vers 0 et g(x) également. Mais o(u) n’est nul que si 
ty Ga eae 

3. Voyons maintenant ce qui arrive sur la coupure. Soit x réel et > 1: 
e’est un point de la coupure. Désignons par e un infiniment petit positif. 
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Les deux points infiniment voisins de x de part et d’autre de la coupure 
sont x +e. Les parties imaginaires et réelles de o(a + e2) s’obtiennent 
par la décomposition 
| z du ie du 
fos mt A) { == I . 
o( ey 1 Vulu — Cane « WVu(u — 1)(u— 2) 


La premiére intégrale est purement imaginaire et la seconde réelle. Comme 
on vient de l’expliquer, la premiére doit recevoir le signe donné a « et la 
seconde doit étre positive. Ainsi les valeurs de g(x) sont conjuguées de 
part et d’autre de la coupure. 

Les deux intégrales précédentes se raménent l’une et l’autre a celle qui 
définit la fonction ¢ par un changement de variable approprié. En posant 














Tet Nom og ou Uu = U2, 


il vient respectivement (x étant réel et > 1) 














du wale dv ERI re) 
lees - Ne solo al eae ete ee v 


1 
. he Ke 
J Vu(u 5 (u — 2) a “f Vo(ve a (v — 1) \) 


Donc il vient (les signes -- se correspondant) 


(2) 

















e+e) = +ige(1 — 2). 
o( ) iE 9 ) 
Cette formule est trés intéressante, car le-second membre est holomorphe 
sur la coupure 1——~o sauf aux extrémités. Le second membre fournit 


done le prolongement analytique de la fonction g(a) des deux cdtés 
de la coupure. Ainsi la coupure était artificielle et elle ne renferme que 
deux points critiques 1 et ©. Toutefois la formule précédente fournit une 
relation qui se préte mieux a l|’étude du prolongement analytique. Elle 
montre que l’on a 


g(a + et) = go — et) + 2ig(1 — 2). 


Il s’ensuit que, si l’on traverse la coupure, la fonction v(x) se transforme 
(suivant le sens de la traversée) dans 


v(x) + 2ig(1 — x). 


Cette nouvelle fonction est holomorphe dans le domaine d’uniformité 
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commun a g(x) et o(1 — x), c’est-a-dire dans le domaine limité par les deux 
coupures 1——-~ et 0——— — », se rapportant respectivement 4 g(x) et 
g(1 — 2). Elle n’a sur la frontiére de ce domaine que trois points critiques 
0, let ~. 

4. Maintenant le prolongement analytique de la fonction g(x) se pour- 
suit indéfiniment sans nouvelle introduction de coupure, ni rencontre de 
nouveaux points critiques. Aprés un nombre quelconque de traversées 
des deux coupures précédentes, l’expression de v(x) garde, en effet, la forme 
définitive 

mo(x) + ng(1 — 2), 

ou m et n sont entiers positifs, nuls ou négatifs. En effet, une fois cette 
_forme acquise, elle ne peut plus changer, puisque 7¢(1 — x) varie de 
+ 29(%) et g(x) de + 27¢(1 — x) a la traversée de la coupure qui lui 
correspond. 

5. Considérons maintenant la fonction multiforme »(x), qui, dans le 
domaine initial limité aux deux coupures 1——o et 0 — 0, est 
définie par le quotient 





te te(1 — x) 


g(2) 
Comme g(x) ne s’annule qu’au point critique x = ~, cette fonction v(x) 
n’admet que les trois points critiques des fonctions g(x) et g(1 — x), a 
savoir 0, 1 et ©. De plus, la fonction »(x) est uniforme dans le domaine 
initial borné par ces deux coupures. Faisons maintenant varier x dans un 
domaine quelconque. Aprés un nombre quelconque de traversées de 
coupures, l’expression de la fonction prendra la forme 


m'o(x) + nigel — x) 
Meh) Me l\—a) 2 


ot les coefficients m, n, m’, n’ sont des entiers, liés par la relation 





mn’ — nm’ = 1. 


En effet, cette relation se vérifie dans l’expression initiale de v(x) ot 
m=n=O0etm=n' =1. Or, quand cette relation a lieu, elle n’est pas 
altérée a la traversée de la coupure 1 «© (net n’ variant alors respective- 
ment de + 2m et + 2m’), ni a la traversée de la coupure 0 
(m et m’ variant respectivement de + 2n et de + 2n’). Done la relation 
est générale. 

6. La propriété la plus remarquable de la fonction »(x#) est d’avoir sa 
partie tmaginatre toujours positive, sauf au point x = « ov elle est nulle. 
On le vérifie d’abord pour le domaine initial, de la maniére suivante: si 








—— CK) 
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l’on considére l’intégrale qui définit g(x), on voit que le facteur 1/Vu — ax 
et l’élement de l’intégrale avec lui, ont leur argument de méme signe pour 
toutes les valeurs de wu de 14 ». Cet argument atteint sa plus grande 
valeur absolue pour wu = 1. Done, les arguments étant d’ailleurs supposés 
compris entre -+ 7, il vient 


arg. o(4@) = — 5 arg. (1 — 2) (Une 105 


On trouve, de méme, 
/ 


arg. ¢(1 — 2x) = — Sarg. « (O2<00/ <a 
Mais les deux arguments précédents sont de signes contraires; leur dif- 
férence qui est l’argument du quotient ¢(1 — x)/e(x), sera done en valeur 
absolue inférieur 4 la moitié de langle des deux vecteurs x et 1 — x. Ces 
deux vecteurs, inclinés en sens contraires sur l’axe des x, font entre eux un 
angle < z. Doncl’argument de o(1 — x)/e(x) est < 7/2 en valeur absolue. 
Dans ce cas, la partie réelle de ce quotient, c’est-a-dire la partie imaginaire 
de v(x), est positive. Il ne peut y avoir exception que si v(x) s’annule, 
c’est-a-dire slu = ©. 
Cette propriété qui a lieu dans le domaine initial, subsiste dans les 
autres domaines. Soit, en effet, 


v(x) = a + 62, dans le domaine initial, 
v(x) = A + Bi, dans un autre domaine. 
D’aprés la formule du n° 5, on a, dans un domaine quelconque, 


m! + nila + Bt) , 
m+ nla + Br) ’ 


(mn! — m'n)p B 


~ (m+ na)? + B82 (m + na)? + n?62° 


Donec B est encore positif comme £. 

7. Cette derniére expression de B met en évidence un fait essentiel: 
supposons que x varie de manveére que B tende vers Vinfini, alors la partie imag- 
marre B de v(x) dort étre infiniment voisine de l'une des deux limites 0 ou 
linfini. En effet, de quelque maniére que varient m et n, deux cas seule- 
ment sont possibles: si n n’est pas nul, B est infiniment voisin de 0, cas il 
est de module = 1/8; si n est nul, m est égal A + 1 (A cause de la condition 
mn’ — m'n = 1), donc B est égal 4 6 et tend vers l’infini avec lui. 

8. Nous allons maintenant vérifier que, s7 x tend vers 0, 6 tend vers l’infint. 
Comme (0) = z¢(1)/e(0) et que ¢(0) est fini et positif, il faut montrer que 
la partie réelle de g(x) tend vers l’infini quand x tend vers 1. I] suffit, pour 


A+ B= 





B 
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cela, de chercher la valeur principale de l’intégrale 


‘ du 
0S) ol Serres east 





quand x tend vers 0. Pour obtenir cette valeur, bornons l’intégration 4 
Vintervalle (1, 1 + «) ot! l’élément devient infini; remplacons le facteur u 
par sa valeur limite | pour ¢ infiniment petit. La valeur principale cherchée 
sera la valeur principale, pour x tendant vers 0, de l’intégrale élémentaire 











(oan du P [ du — (xe -2du 
A Vu—luw—-14+2) 0 Vu(u + 2x) 0 Wte’ 
c’est-a-dire — Log x, les termes négligés restant finis. La partie réelle 
— Log | x | est bien infinie. 

9. Si l’on rapproche les conclusions des deux derniers n”* 7 et 8, on en 
conclut que, sz B ne peut tendre ni vers 0 ni vers Vinfini, x ne peut pas tendre 
vers 0. 

Nous avons ainsi obtenu toutes les propriétés de la fonction modulaire 
v(x) qui sont nécessaires pour prouver le théoréme de M. Montel. Arrivons 
done a celui-ci. 

10. Définition. Une famille F de fonctions f(z) est normale dans un 
domaine D, si de toute suite infinie f;, fo, --- appartenant 4 la famille, on 
peut extraire une suite convergeant uniformément vers une fonction ¢ ou 
vers l’infini, c’est-a-dire que 1/f tend uniformément vers 0, dans le domaine D.* 

11. Lemme. Si les fonctions dune suite normale ne prennent pas la 
valeur a (qui peut étre ~), la surte ne peut converger vers a en un point de 
Vinterreur du domaine D, sans converger vers a dans le domaine D tout entier, 
ce domaine étant supposé connexe. 

Comme on peut remplacer f par f — a ou par 1/f, on peut supposer dans 
la démonstration a = 0. Si la limite o de fi, fo, ---, fn, «+ n’est pas nulle 
partout, les zéros de ¢ sont isolés. Soit a l’un d’eux (non situé par hypo- 
thése sur la frontiére de D). On peut, dans D, tracer un cercle y autour de 
a sur lequel ¢ n’est pas nul, et alors on a 


: [S28 a ==) (0) 


27 Ol2) 


car cette intégrale donne le nombre des zéros de ¢ dans le cercle y. Mais 
ceci, d’autre part, est impossible car cette intégrale est la limite de celle-ci: 


1 (-fn'@) 
a : fn(Z) dz 


qui est nulle en vertu du méme principe. 





* M. Montel dit, au lieu de cela, dans tout domaine intérieur 4 D. La modification ici 
introduite simplifie le discours. 
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Le lemme précédent, déja établi par M. Montel, a été démontré autre- 
ment par cet auteur. Voici encore deux autres principes dis & M. Montel. 
Nous en passerons les démonstrations. Celle du premier principe est facile 
a retrouver et le second principe se raméne au premier. 

12. Principes de M. Montel.* 1° Une famille de fonctions holomorphes, 
bornées dans leur ensemble dans un domaine D est normale dans tout 
domaine intérieur 4 D (au sens étroit). 

2° Une famille de fonctions holomorphes dont les valeurs ne peuvent 
tendre vers une constante assignée ani étre égale 4 cette constante, dans un 
domaine D, est une famille normale dans tout domaine intérieur 4 D (au 
sens étroit). 

13. Théoreme fondamental de M. Montel.t Soit F une famille de fonc- 
tions f(z), holomorphes dans un domaine connexe D, limité par un ou plusieurs 
contours. Sz les fonctions f(z) ne prennent, dans D, ni la valeur 0 ni la valeur 
1, je dis que la famille F est normale dans tout domaine D’ interreur a D (au 
sens étrovt). 

Observons d’abord que la démonstration se raméne au cas ot! D’ est 
limité par un seul contour. En effet, par des coupures, on peut partager 
D’ en morceaux D,, D2, --- de cette nature. Or, sila famille F est normale 
dans chaque morceau, elle le reste dans le domaine entier D; + D.+ --- 
C’est presque immédiat. On peut extraire de F une suite F; uniformément 
convergente dans D,, de celle-ci une suite /, convergente dans D, (done 
dans D, + Ds) et ainsi de suite. La derniére suite formée convergera 
dans D’. 

Considérons done un domaine D’ intérieur 4 D et limité par un seul 
contour. Formons la famille des fonctions »(f) de z. Ces fonctions n’ont 
aucun point critique dans un domaine D” 4 contour unique contenu dans 
D et contenant D’, donc elles sont holomorphes dans D’’.. Comme la partie 
imaginaire de v(f) est positive, la famille est normale, en vertu du principe 
2° de M. Montel (n° 12), dans un domaine D’”’ contenu dans D” et:contenant 
encore D’. 

Nous allons montrer que la famille F l’est aussi. Extrayons de cette 
famille une suite infinie de fonctions fi, fo, --+, fn, «-: et considérons leurs 
valeurs en un point particulier z du domaine D’. La suite 


Fi(2o), fol), +--+) fn(Zo), «°° 


admet au moins une limite a, et l’on peut extraire de la précédente une 


nouvelle suite 
Tho gale keo)s yn (Zoe 


* Tl y a un changement dans |’énoncé provenant de la modification apportée a la définition 
des familles normales. 
+ Voir la Note précédente. 
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n’admettant que la seule limite a et, par conséquent, convergente au point 2. 
Supposons d’abord que |’on puisse choisir a différent des trois nombres 0, 
1 et «o. Alors nous formons la suite 


v( fr’), v( fo’), Wend. Wr gs 
Celle-ci est normale dans D’”’, done on peut en extraire une suite, con- 
vergente dans D’”’, 


AG kha v( fo’), Deic} VCfn ); ane 


Ces fonctions ont leur partie imaginaire positive et non nulle dans D puisque 
f’ n’y devient pas infinie. II s’ensuit que la partie imaginaire de ces 
fonctions ne peut pas converger vers 0 dans D, car alors elle devrait con- 
_verger vers 0 partout en vertu du lemme du n’ 11. Or cela n’a pas lieu, 
par hypothése, au point z. De méme, la partie imaginaire ne peut pas 
converger vers , car alors (f’’) devrait converger vers l’infini partout (n° 
11), ce qui encore une fois n’a pas lieu au point 2. Dans ces conditions, 
d’aprés l’observation du n° 9, f,’’ ne peut pas tendre vers 0 dans D’” et, 
par conséquent, la suite 


ie Ne es Oss eo Nereus 
Ue ues 9J/nMm 9 


est normale dans le domaine D’ qui est intérieur 4 D’”’. La famille primi- 
tive F l’est donc aussi. 

Supposons, en second lieu, que la suite f1(20), fo(Z), --- n’ait pas d’autre 
limite que l’un des nombres 0, 1, ~. Ce cas se raméne au précédent. 
D’abord on peut toujours admettre que la suite tend vers 1, car, si f tend 
vers 0 ou vers «, on peut lui substituer la fonction 1 — f ou 1 — 1/f qui 
tend vers 1 et qui ne prend pas non plus les valeurs 0 et 1. Supposons done 
que la suite f1(Z0), fo(@), --- converge vers 1. Nous pouvons déterminer 
les radicaux de maniére que 


Vf 1(20), V fo(Zo), cao 


ait pour limite 1. Alors la suite des fonctions 


Vfi(z), Vfo(2), OT 


prenant les valeurs précédentes au point z est normale. En effet, les 
fonctions sont holomorphes, parce que f(z) ne s’annule pas, et l’on peut 
appliquer la démonstration précédente. Donec la famille initiale F est 
normale aussi. 








FUNCTIONS WHICH MAP THE INTERIOR OF THE UNIT CIRCLE 
UPON SIMPLE REGIONS. 


By J. W. ALEXANDER, II. 


ib 
A necessary and sufficient condition that a function w = w(z) which is 
analytic at every point within the circle | z| = 1 shall map the interior of 


the circle upon a simple region in the w plane is that 


wei) — wee) 
Py ed 7 





(I) + 0 

as long as 2; and 22 are points within the circle. It is proposed to derive a 
number of other conditions, sufficient though not necessary, which can 
often be applied more readily than (I) in actually testing a given function. 
By means of these, it will be possible to.determine certain classes of func- 
tions which map the interior of the unit circle upon simple regions such as, 
for example, the functions (§ 8) 


2 3 
(1) w= att astagt 
and 

3 5 
(2) w= ae ttt 


where, in both cases, the a’s form a non-increasing sequence of positive 
numbers. : 

In the earlier part of the paper, the case where the function w(z) is a 
polynomial will be considered. A study will be made of the relation be- 
tween the mapping of the unit circle and the position of the roots of w 
and of dw/dz. 

SAE 


A polynomial w(z) of degree n maps the z plane conformally upon an 
n-sheeted Riemann surface W, except that at the branch points of W, 
defined by the vanishing of dw/dz, angles fail to be preserved. The unit 
circle in the z plane is mapped upon a curve C whose shape is determined 
except perhaps for a translation, rotation, and magnification when the 
position of the roots of w(z) or of dw/dz is known. If we write 


(3) w= ca*(2 — 2n41)(@ — ee42) +++ (2 — 2n) 
12 
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where 2441, 242, ‘°°, 2n denote the roots of w other than 0, it becomes 
evident that the change in the argument of w as z varies from 2’ to 2’ is 
equal to the sum of the angles generated at the roots of w by the vectors 
joining the latter to z, each root being counted with its proper multiplicity.* 

The ratio between the length of an element of arc in the w plane and the 
corresponding element in the z plane, or the distortion of the map, is | dw/dz |; 
the angle between the two elements, or the twist, is arg dw/dz. If we write 


(4) = SIMMER N GG com AGIA Sool atta fy ORS NCS et da 


we may easily visualize the distortion and twist at any point, as well as 
the way in which the twist varies when z moves from 2’ to 2”. 

As an immediate consequence of the above, it is clear that if all the 
roots of the polynomial w are on the same side of a straight line, the line 
is transformed into a curve which turns continuously about the origin, 
while if all the roots of the derived function are on the same side of a line, 
the line is transformed into a curve whose curvature is either everywhere 
positive or everywhere negative. 

We shall bring these preliminaries to a close by recalling that the roots 
of w have the same arithmetic mean as the roots of dw/dz, for if 


W = dy + -++ + On-1e” | + Anz”, 


both arithmetic means fall at — et ; 


n 


§ 3. 


‘Omitting the trivial case where the degree n of the polynomial w is 
unity, let us determine in the z plane a region R,, such that every polynomial 
w whose roots are all within or on the boundary of FR, shall map the unit 
circle upon a simple region. By observing for what values of a the function 


(5) Wee — 2) 

fails to have this property, we can immediately set bounds to the region R,. 
Thus, points within the unit circle are excluded at once, since dw/dz also 
vanishes at a. Moreover, since the function (5) transforms circles about 


a into circles about the origin and multiplies by n the angle subtended by 
an arc of the first of these circles at its center, the point a cannot lie so close 


* This geometrical method of interpretation may, of course, be extended to the case of a 
function defined by a convergent infinite product 


(3’) w = cz*(1 — glen )i(1 — 2/zn42)% ++, 


where the l’s need only be real. The angle generated at 2x42, must then be multiplied by J. 
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to the unit circle that the two tangent rays from a enclose an angle of more 
than 27/n. Therefore, the region R, contains no point within the circle K 
of radius 1/sin (a/n) about the origin. 

Now if we draw any tangent 7’ to the unit circle as, for example, the 
vertical tangent through the point 1, we may take for the region FR, that 
portion of the half-plane to the right of T which lies without the circle K. 
For when the roots of the polynomial w are all within the region RF, as thus 
defined, the roots of dw/dz are all to the right of the tangent 7, by the 
well-known theorem* that the roots of the derivative of a polynomial are 
all contained within every convex polygon which encloses all the roots of 
the polynomial itself. The left half-plane bounded by T' is therefore 
mapped upon a region containing none of the branch points of W and 
bounded by the image of 7, a curve which winds about the origin con- 
tinually in the same sense. As a consequence of this, two points 2’ and 2” 
of the left half-plane correspond to the same point w only if the linear 
segment 2’z’’ is mapped upon a curve which encloses the origin. But this 
is impossible when 2’ and 2”’ are within or on the unit circle, for they then 
subtend an angle of less than 27/n at each of the roots of w, or in all an 
angle less than 27. If the roots of w are on the boundary of R,, the image 
of the unit circle may touch itself, but the interior will still be mapped 
upon a simple region. The region Rf, therefore has the required property. 

We shall now prove that the region R, cannot be enlarged by the addi- 
tion of other points of the plane. Insofar as the points within the circle 
K of radius 1/sin (7/n) are concerned, this has already been proved; there 
remain to be considered the points outside or on this circle and to the 
left of the tangent 7. Every point P of the latter class may be joined to a 
point Q within the unit circle so near to the point 1 that when PQ is produced 
beyond Q to a point Q’ such that PQ’ = nPQ, Q’ shall lie within R,. If we 
then consider the polynomial w which vanishes n — 1 times at Q’ and 
once at P, we find that since dw/dz vanishes n — 2 times at Q’ it must vanish 
the remaining time at Q within the unit circle, by the theorem that the 
roots of w = 0 and of dw/dz = 0 have the same arithmetic mean. The 
point P therefore cannot be added to the region R,, and we have 

ConpiTion (II). Jf the roots of a polynomial w(z) of the nth degree all 
lie within or on the boundary of a region R, consisting of the points outside a 
circle of radius 1/sin (r/n) about the origin and on the side of a tangent to the 
unit circle away from the circle, the interior of the circle is mapped upon a 
simple region. Moreover, the test no longer holds if the region R, be enlarged. 

A function 


(6) 
ede Os tal Lees) hie, LO; = 1 
* A simple proof of this theorem is given by F. Irwin, these Annals, vol. 16 (1915), p. 138. 


w= (2 — a1)"(z — aa)™ ++ (2 — ay)”, 
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may be regarded as a generalized polynomial of degree n, where n need not 
be an integer. It will then be found that Condition (II) holds true for 
generalized as well as ordinary polynomials. In fact, the entire argument, 
Including the proof of the theorem referred to in the footnote on p. 14, 
may be applied with only trivial modifications to these more general func- 
tions. The argument may also be extended to many functions defined 
by infinite products. 


§ 4. 


A region every point of which may be joined to a point a by means of a 
linear segment consisting only of points of the region will be called a star- 
shaped region with center at a. When an arbitrary point of the region may 
be chosen as center, the region will be called convez. 

Now, let w = w(z) map the unit circle upon a star-shaped region. 
Then arg w isa never decreasing function of 6 = arg 2 as 2 describes the 
unit circle in the positive sense. If w = w(z) maps the unit circle upon a 
convex region, the slope, arg 2(dw/dz), of the image of a radius of the circle 
is a never decreasing function of 6 as z describes the unit circle, or as z 
describes the circle |z|/< 1 — ¢ when arg z(dw/dz) fails to exist on the 
unit circle. We can therefore state the 

THEOREM. A necessary and sufficient condition that the function w = w(z2) 
map the intertor of unit circle upon a convex region is that z(dw/dz) shall map 
the vnterror of the circle upon a star-shaped region with center at the origin. 

Let us now determine the largest region S, such that if the n — 1 
roots of the polynomial | 


(7) Meee Lone) 


other than zero lie within or upon the boundary of S,, the image of the 
interior of the unit circle shall be a star-shaped region. 

This problem may be solved at once. Clearly, the region S, contains 
no point a within a circle of radius n about the origin, for the derivative of 
the function 


(8) - w= 2(z — a)! 


vanishes n — 2 times at a and once at a/n so that we must have|a| =n. 
On the other hand, if the remaining n — 1 roots of w are all without a 
circle of radius n, the angle subtended at each by an element of arc ds on 
the unit circle is less than ds/(n — 1), therefore the sum of the angles 
subtended at them all is less than ds, the angle subtended at the root z = 0. 
The unit circle is therefore mapped upon a curve which turns about the 
origin continually in the same sense, and its interior is therefore mapped 
upon a star-shaped region. We therefore have the 
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THEOREM (ConpiTIon III). The function w = 2P(z), where P(z) is a 
polynomial of the (n — 1)st degree maps the interior of the unit circle upon 
a star-shaped region with center at the origin tf the roots of P(z) all le without 
or upon a circle of radius n about the origin. Moreover, the region S, composed 
of the points without or on the circle cannot be enlarged by the addition of other 
points of the plane. 

Regarding 2P(z) as the function z(dw/dz) in the first theorem of this 
section, we have the 7 

CoroLuaARY. The polynomial w = w(z) of the nth degree maps the wntervor 
of the unit circle upon a convex region wf the roots of (dw/dz) = 0 all lhe without 
or upon a circle of radius n about the origin. Moreover, the region thus defined 
cannot be enlarged. 

We also have the 

CorouuARy. The polynomial w = w(z) of the nth degree maps the interior 
of the unit circle upon a convex region vf its roots all lie within or on the boundary 
of the half-plane which 1s bounded by a line at a distance n from the origin 
and which does not contain the origin. 

For the roots of (dw/dz) = 0 then all lie without the circle of radius n 
about the origin. 

Corouuary. Let 2; be a simple root of the polynomial w(z) of the nth 
degree and let d be the distance from 2, to the nearest other root of w(z). Then 
dw/dz cannot vanish within a circle of radius d/n about 2;. Moreover, there 
exists a polynomial satisfying the conditions of the corollary and such that 
dw/dz vanishes on the circle of radius d/n. 

For, by a linear transformation, z; may be transformed into the origin 
and the circle of radius d/n into the unit circle. 

The extension of the results of this section to the case of generalized 
polynomials suggests itself at once and need not be insisted upon. 


§ 5. 


The position of the roots of dw/dz also determines whether or not the 
interior of the unit circle is mapped by w = w(z) upon a non-overlapping 
region, hence it ought to be possible to find the greatest region R,,’ such 
that when the roots of dw/dz all lie within R,’, the function w(z) satisfies 
Condition (1). This problem appears, however, to be much more difficult 
than the analogous one considered in § 3. We shall state a few theorems 
about the region FR,’ without defining it completely. 

The region R,’ contains no point within a circle of radius 1/sin (a/n), as 
may be seen at once by going back to Function (5). On the other hand, 
a circle about the origin can easily be found outside of which there are only 
points of R,’. For when all the roots of dw/dz lie without the unit circle, 
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the image C of the latter can overlap only if, when regarded as a curve of 
the w plane, it contains a closed loop winding in the negative sense about 
one or more branch points of the Riemann surface W. The presence of 
this loop is evident if we consider the variation in the image of a circle K 
concentric with the unit circle as the radius of K increases from 0 to 1. 
A double point can appear on the image of K only if the curve passes through 
a position in which it has a cusp or if it makes one of the negative loops 
in question. Moreover, a negative loop having once appeared cannot dis- 
appear unless the curve goes through a position in which it has a cusp. 
Now the curve cannot have a cusp at any stage since dw/dz does not vanish 
within the unit circle, therefore, if the curve crosses itself, it must include 
a negative loop. But the difference between the distortion at the beginning 
of the loop and that at the end must then be greater than 7 plus the angle 
subtended by the arc of the unit circle corresponding to the loop. The 
curve C therefore cannot cross itself if 


= + (0 within the unit circle and 


ae dw dw 
arg (=), — arg (=), =7+ arg (2. — 21) 


where 2122 is a positive arc on the unit circle. The second inequality may 
be written 


(IV’) | Ga) = 





d 
(V) arg (ir), = 


Therefore, we have 

ConpiTIon (VI). Jf the sum of the angles subtended at the roots of dw/dz 
by the tangents from these points to the unit circle is less than or equal to x, 
the interror of the unit circle 1s mapped by the function w = w(z) upon a 
sumple region. 

It also follows that the region R,’ contains all the points without or upon 
the circle of radius 1/sin (r/2(n —1)) about the origin. 

A better approximation of the region R,’ could of course be obtained 
by using Condition (IV) rather than (V), but (IV) does not appear to give 
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the entire region either. If we go back to the discussion in § 2, we see that 
the twist at the point of maximum twist on the unit circle tends to increase 
as the roots of dw/dz approach the unit circle and that it tends to be greater 
when the roots are grouped together at a point rather than evenly distributed 
around the circle. It is therefore highly probable that the region R,’ is 
determined by Function (5) and consists of the points outside the circle. 
of radius 1/sin (7/n) about the origin as center. 


S 6. 


Condition (V) implies that the range of variation of dw/dz on the unit 
circle is less than 7, or in other words that the function w’ = (dw(z)/dz) 
maps the interior of the circle upon a region contained within a half-plane 
bounded by a straight line through the origin. The problem of finding 
functions w’ which satisfy Condition (V) therefore reduces to one already 
examined by Carathéodory. If w’ be expanded about the origin in a 
series 


(9) w = a, + aoe + age? + ++, 


a necessary and sufficient condition that w’ map the interior of the unit 
circle upon a region contained in a given half plane is that the real and 
imaginary parts of the first n coefficients ai, ds, a3, --- shall for every 
n be the homogeneous coordinates of a point in a certain convex domain 
in 2n space.* The a’s may be made to appear in the series defining w 
by writing 

Ane” 


(10) w=Atae+—5 +--+= 





As a result of Condition V, we have the 

THErorEeM. If in the series (10), |ai1| 2|a2|+])as| + --- +] an] + 
-++, the interior of the unit circle 1s mapped upon a simple region. 

For dw/dz always lies in the half-plane bounded by the normal to the 
vector a, through the origin and containing the point a. 

In deriving Condition (V), we really assumed that w was a polynomial, 
but there is no difficulty in showing that (V) holds equally well for a con- 
vergent infinite series. That no two points within the unit circle can be 
mapped upon the same point w will then be seen by enclosing them within 
a circle interior to and concentric with the unit circle. The image of the 
interior of the latter circle can be approximated as closely as we please by 
a series of a finite number of terms. 


* C. Carathéodory, ‘Uber den Variabilitaitsbereich der Koeffizienten, etc.,”’ Math. Ann., 
vol. LXIV (1907), p. 95. 
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8 7. 


Although no root of dw/dz can lie within the unit circle if the curve C 
is to bound a simple region, it is possible for all the roots to lie upon the 
circle itself provided they are not too close to one another. Let us suppose 
that they are all upon the unit circle and follow one another in the order 
1, €2, +++, €n-1 as the circle is described in the positive sense. Then every 
are ¢;¢;41 is mapped upon a curve of positive curvature, since a point in 
describing the arc turns in a positive sense about all the points 1, f2, ---, 
fn—-1. The curve C therefore consists of n — 1 arcs all concave inward and 
abutting in pairs at the branch points of the Riemann surface W at each 
of which they form a cusp of C. It may further be seen that the curve C 
cannot cross itself if the angle made by the tangent to C increases by at 
least 7 as we travel along the curve from one cusp to the next. Because, 
under these conditions, the curve C would only cross itself by containing a 
simple loop winding in the positive sense about the region which it enclosed. 
But if the curve C contained such a loop, so also would the variable curve 
C” defined as the image of a circle concentric with the unit circle but of 
radius less than 1. For as we varied the radius from 1 to 0, the loop could 
only disappear by shrinking to a cusp, which is impossible. On the other 
hand, we know that when the radius is sufficiently small, the curve C’ 
differs by as little as we please from a circle. 

Now the angle through which the tangent to C turns is equal to the 
angle 6 subtended by the corresponding arc of the unit circle at the center 
of the circle plus the sum of the angles subtended at the points {1, f2, ---, 


Grail 
n—Il n+l 
Yar ape Alen 5 é. 





The curve C therefore cannot cross itself if 





20 
(VIT) hes 5 MOST 
By applying this test, we see that the functions 
gn 
(11) Ue Aye 
teh eas gn 
eR) 1 Ze cigars aa Lt 
23 zg? grkt+l 
(13) Wes) Cabarete oh OT ocmRy > 


map the interior of the unit circle upon simple regions since their derivatives 
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are 
dw 2Q0 
/ PERI? a Aas n—1 = 
(12) dw_y ams) 9 = ot 
, ioe Zap te aint 2 ) Te keg? 
(13’) Vous plaiseats oi tise a eT (9 = Dig 


respectively. We shall have occasion to consider the above functions 


presently. 
S 8. 


We shall mention one more test leading to a number of applications. 
The interior of the unit circle will be mapped upon a simple region if it is 
possible to draw from every point w(e” ) of the curve C a ray which satisfies 
the following three conditions: 

(a) The angle through which it must be turned in order to make its 
direction coincide with the positive direction along the tangent to the curve 
C shall be between O’and z inclusive. 

(b) The angle y which it makes with the positive axis of reals shall be 
a never-decreasing function of 6 (= arg 2). 

(c) The angle y shall not increase by more than 27 as @ varies from ° 
0 to 27. 

Condition (a) may be expressed thus: 


or 
us dw us 
(14) 9 = are (295) - =—59° 


It means geometrically that the ray never points to the side of C corre- 
sponding to the interior of the unit circle. 

To prove that these three conditions are sufficient, we observe first 
that dw/dz cannot vanish within the unit circle, otherwise the tangent to . 
the curve C would turn through an angle 2k7, (k > 1) as 6 varied from 
0 to 2x. It would then be impossible to find a set of rays satisfying the 
first and last conditions simultaneously. On the other hand, when the 
roots of dw/dz all lie without or on the circle, the curve C cannot cross 
itself unless it contains a closed loop winding in the negative sense about 
the region which it encloses (cf. §5). The slope of the tangent then 
decreases by at least 7 as the loop is described and Conditions (a) and (6) 
cannot both be satisfied. 
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Let us apply this test to the function 


LAT al Rear ea 
(12”) Oh OT ade nae 
previously considered. If we put 

2 
v= argyp rz: 


conditions (b) and (c) are certainly satisfied. Moreover, 
AW 
arg 2 “o — arg — = arg (1 — 2"), 


which satisfies (14) and therefore Condition (a). We are enabled, however, ~ 
to go much further than before if we observe that y is independent of n, 
the degree of the polynomial w,. For if two functions w; and w; satisfy 
(14) for the same choice of , so also does their sum, since arg (d/dz)(w;+w,;) 
lies somewhere between arg (dw;/dz) and arg (dw,/dz). More generally, 


if C1, C2, +++, Cn be a set of positive constants and wi, We, ---, Wn a set of 
functions satisfying (14) for the same choice of y, the sum function 
(15) W = CW, + Coe. + ++ + CnWn 


also satisfies (14). 
THEOREM. The function 
new 


n y) 


Aho2” 

Uae Citar an. i not 
where the a’s form a non-increasing sequence of positive numbers maps the 
interior of the unit circle upon a simple region. 

For w may be written as 


UL = AnWn + (Qn—1 ey HE Agi) aie Pe ae (ay my Ay) W4 


where w,, is the function defined in (12’’). The function w is thus seen to 
be of the form (15). 
Starting from 


3 n | 
(13) wa2t gto te, pea eT) 
and putting y = 2 , we have 
dw Wee (ee ven 1 n 
arg 2G — MET ay — EA 2 = Ore — 2") 


which also satisfies (14). This leads us to the 
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THEOREM. The function 
op 122k 4 


Ase 
ARC oa aoe six Siu ale i) 11 ye 





where the a’s form a non-increasing sequence of positive numbers EE the 
interior of the unit carcle upon a simple region. 

Other analogous theorems will easily suggest themselves. By the 
method indicated at the end of §6, we may pass to the case of infinite 
series and obtain the theorems mentioned in the introduction. 


§ 9. 


_ By the method of § 8 and starting from the function (11), we could have 
proved the theorem of §6. We shall now prove the stronger 
THEOREM. The function 
Ae” Cnc 


DD SARE aa Yale San aL 








\- = Aes 


where | a,| = >, |a;| maps the interior of the unit circle upon a star-shaped 
4=2 


region with center at 0. 
To prove this theorem, it will be sufficient to show that arg w is a never 
decreasing function of 6 = argz. But 











d a 
ag 28 WS lal | a arg z - Sail) roo 
= |a,| — Xo [as| 
==10); 


which proves the theorem. 
As a corollary, we have the 
THEOREM. The function 
22” One” 


eee CL capa tanes eer, 





+ . 


ies) 
where |a1| = >_|a;| maps the interior of the unit circle upon a convex 
PA 


region. 
For z(dw/dz) maps the circle upon a star-shaped region with center at 0. 
The author is happy to express to Professor T. H. Gronwall his indebted- 
ness for much useful advice during the preparation of this paper. 
PRINCETON, N. J. 


THE ITERATION OF FUNCTIONS OF ONE VARIABLE. 


By ALBERT A. BENNETT. 


A large part of the theory of the iteration of functions of several variables 
is illustrated by the relatively simple case of functions of one variable, and 
it is to the study of this case that the present paper is devoted. Several 
distinct classes of topics immediately suggest themselves in this connection. 
One of these classes comprises subjects of a purely formal nature, and is 
concerned only with expansions in the neighborhood of certain significant 
points. Another class of topics deals with the iteration of a real function 
within an interval. Still a third treats of the total behavior of the trans- 
forming function B(w), when the given function Aj(x) is analytic and 
defined for all values of zx. Except for certain simple cases the function 
B(x) cannot be one-valued. The present paper deals almost exclusively 
with the first two of the three classes of subjects just mentioned. In the 
formal problem, certain new points of view, and new results and formule 
are obtained, although a large proportion of this part is a systematization 
of results already known but largely unrelated. The second part of this 
paper deals with the iteration of a real function, a question which seems to 
have been neglected up to date.* The third topic mentioned above, has 
not here been touched upon, except in the case of certain simple rational 
functions. A few known theorems concerning the iteration of functions 
of a single variable, have been omitted, in view of the fact that they seem 
to have little significance in connection with the subject of the iteration of 
functions of several variables. Only those subjects have here been dis- 
cussed which appear as natural introductory material to the more general 
case. 

For references to those parts of the formal problem which have already 
been treated in the literature, one may consult the following: 

Pincherle, on ‘‘ Functional Equations and Operations,” in the Ency- 
klopadie d. Math. Wiss., II, A 11, and Encyclopédie d. Sci. Math., II, 26. 

E. Schroeder, Math. Ann., 2 (1870), p. 317, and 3 (1871), p. 296. 

J. Farkas, Journ. de Math. (3), 10 (1884), p. 102. 
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* Since this paper was written, there has been a report on one phase of the case of real 
iteration by Mr. J. F. Ritt. Cf. Am. Math. Soc. Bull., 21 (1915), p. 379. 
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O. Spiess, Math. Ann., 62 (1906), p. 226. 
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PART ONE. THE ITERATION OF POWER SERIES. 


Definition and Examples of Iteration. 


2. Let there be given an analytic function, Ai(z). The function 
A,[Ai(x)], we shall define as A.(x), and in general for n, a positive integer, 
we shall define A,(x) as identical with A,_,|Ai(x)|, or, what amounts to the 
same thing, as identical with Aj[An_1(x)]. We may similarly denote the 
inverse of Ai(x) by A_i(x). For two given functions A(z), and F(z) 
we may define a Gi(x), so that Gi(~) = F_1{Ai[F1(a)]}, or, in other words, 
so that Gi(z) is the transform of A,(x) through F_;(7). The Gi(z) and 
A(z) will then be so related that for any positive integer, or even negative 
integer value of n, G,(x) = F_1{A,[Fi(z)]}. In particular, we may 
replace the consideration of y = A,(x) by that of 7 = Gi(£), where 7 is 
obtained from y, and £ from x, by the same linear fractional transformation. 

It is natural to inquire whether we might not suppose Ai(2) and Gi(2), 
as given, and determine a transforming function F, such that Gi(v7) = 
F_i{A,[Fi(x)]}, or, as it may be written, A,[Fi(z7)] = Fi[Gi(a)]. In 
particular, we may examine the case in which G;(x) is simply x + 1. The 
function F associated with A by this particular choice of G, we shall call B. 
We seek therefore to determine a function B, such that 


(1) A,[B(a)|] = B(x + 1). 


We might equally well have started with Gi(x) as cz, where c is a constant, 
+ 0, + 1, and have sought a function E(x), such that 


(2) A,|E(x)] = E(cx). 
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The two problems are not, of course, independent. We need merely replace 
xz in (2) by ec”, to obtain 
A,[E(c*)] = E(c™), 

so that E(c*) is of the form of B(x). If a function B(x) be found, we may 
define A,(a), as identical with B,[n + B_i(x)], for n not only an integer, 
but, indeed, for all complex values of n, and similarly for E(v). The 
definition of A,(a), will depend to a considerable degree upon the particular 
function B or EH, that is selected, except for n an integer. We shall define 
A,(x) as the nth iterate of A,(~), and the process of repeatedly substituting 
A,(x) in place of x, or, in general, of determining A,(a7) from A(x), as the 
process of zteration. 

We shall now give a few simple examples of iteration, for which no 
extended discussion will be necessary. For the degenerate case of A(z) 
equal to a constant, equation (1) defines B(x) as also equal to a constant. 
For Ai(a) = x, B(w) may be any periodic function P(x), with unity for a 
period. For Ai(z) =x+1, B(x) is of the form x + P(x), where P(x) 
is defined as above. For A(x) =cx, 0 +c +1, B(x) is of the form 
el#tP@) liege P(x) ag before. This includes such expressions as ac’, where 
ais an arbitrary nonzero constant, and more generally, it includes an exten- 
sive class of elliptic theta functions. For A,(x), an arbitrary linear frac- 
tional function, we obtain, either directly, or by reducing to a normal 
form, a class of associated functions, B(x), containing an arbirtary periodic 
function P(x), with unity for a period. 

If A(x) be not a linear fractional function, then either A(x) itself, or 
else its inverse, A_;(x), must be multiple-valued, which would suggest that 
no one-valued function, B(x), could exist for such a function A(x). This is 
‘not, however, the case. For example, if we define Ai(x) by the implicit 
equation: 

Coo + C10% + C20X? 


+ €91A1(%) + €1y2Aq(%) + €2147?A1(2) =n} 
+ €2A12(%) + CrptAr?(%) + Co2%?A1?(x) 


where ¢;; = C;:,1,j, = 1, 2, 3, and where the determinant of the coefficients 
is different from zero, we shall have a non-degenerate quadri-quadric rela- 
tion between A(x) and. For this choice of A,(2), there exists among the 
solutions of (1), a B(x), which is a single-valued elliptic function. The 
corresponding A,(x) satisfies an analogous quadri-quadric relation for 
every particular choice of n, whether real or complex. This is the problem 
which arises in connection with Poncelet Polygons, and the addition 
theorem of elliptic functions.* 


* Cf. Cayley, Elem. Treat. on Ell. Funct., p. 340, and Halphen, Traité des Fonc. EIl., 
vol. II, Chaps. 9 and 10, and an article by the author in Annals of Math. (2), 16 (1915), p. 97-118. 
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The question arises as to what is the most general algebraic expression 
A(x), which is defined by equating to zero a polynomial in A,(x) and a, 
whose coefficients vary with n, but whose degree is, in general, the same, 
and for which there exists a B(x), satisfying (1), and one-valued all over the 
complex plane. This problem involves the question as to what types of 
algebraic curves admit of one to one continuous transformations into them- 
selves. As is well known, the rational and the elliptic curves are the only 
ones admitting such transformations. The problem just proposed reduces 
to the study of addition theorems of rational and of elliptic functions. 
We shall not go further into this matter, but shall proceed immediately 
to a more general problem. 


Significance of the Formal Iteration of Power Series. 


3. If we confine ourselves to the immediate neighborhood of a finite 
value of x, the equation (1) imposes no restrictions on B(x), and is without 
significance. It is only when 2 is in the neighborhood of infinity, that we 
can expect to draw formal inferences with regard to B(x), as a consequence 
of the behavior of A,(7). We shall seek to determine a solution B(a), 
which at least admits asymptotic representation along the positive real 
axis, using the term ‘‘asymptotic representation,’’ in its widest sense. 
In particular, we shall require that lim B(x) exists. By replacing Ai(z), 


x=-++ 0 


if necessary, by a linear transform of it, we may secure that hm Foxes |. 
or from (1), that lim A,(a) = 0, when x approaches zero algae a suitable 


path. There is shower reason, also, which induces us to require that 
lim A(x) = O for at least one reo of approach, a reason, which is 


x=0 


not explicitly related to the nature of the transforming function B(z). 
The problem of computing the coefficients of a power series representation 
of Ao(x) from the coefficients of a series representing Aj(z) requires that 
at least one point (e) be known, either finite or infinite, for which A(e) = e, 
unless we are to have recourse to infinite summations which cannot be 
convergent except when the circle of convergence for the series Ai(z), 
includes the point corresponding to the constant term of this series. 

The derivation of B(x) from A,(x) involves two steps; the first, that of 
the purely formal derivation of the coefficients, the second, that of proving 
the convergence or divergence of the series formally obtained for B(x). 
The first of these steps is not, however, entirely devoid of significance, even 
when the resulting series is divergent. The series 


Ana) = A110 + A207 + ce aL. Ointe +- et ats 


may be divergent, and yet it may well happen that there exists an analytic 
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function F(a), with an isolated essential signularity at the origin, for which 


f aL re) : 
ent dx" es age 





along a suitably chosen path of approach. This is the case presented by 
the classical illustration of y = e'’”, where the path may be taken as either 
real semi-axis. Were we to choose infinity instead of the origin as the 
point approached, we should have the usual case of asymptotic convergence.* 
The set of coefficients @11, Giz, Q13, «++, Gin, «++, determines what may be 
called a differential element of infinite order. Two distinct functions may 
admit of the same asymptotic representation for a given method of ap- 
proaching infinity, or to use more general ideas, they may have the same 
‘differential element at a given point, for a given path of approach. The 
two functions then represent curves which along a given path in the complex 
plane, have contact at the given point, of infinite order. So far as the 
formal determination of the series is concerned, we may suppose ourselves, 
throughout, as interested only in ‘‘asymptotic’’ forms, 1. e., in differential 
elements for which questions of convergence are without significance.* 
It has been shown and it may be immediately verified that the analytic 


functions represented by 
ih 


De all ease 
where 1 < b, > | dn |, bn and a, being real, have in general, an essential 
singularity at the origin, but have for real values the common differential 
element (a1, dz, --+, Gn, ---), at the origin. 

It would, of course, be possible to consider series Ai(x), with no absolute 
term, but with terms containing other than merely integral powers of x. 
These, however, we shall not investigate. Even in the case of direct power 
series, a classification of types will be found necessary. We might enunciate 
an apparently arbitrary classification, justified a posterrory by the different 
conclusions obtained. We shall however find that the types which arise 
are essentially those which are suggested by regarding iteration as a case of 
collineation in an infinite number of dimensions. It is this point of view 
that we shall now present. 


The Iteration of Power Series as Matrix Multiplication. Classification 
of Types. 


4. For many purposes, it is more convenient to replace the nonhomo- 
geneous relation y = A.(x) by the pair of homogeneous equations, obtained 

* Cf. W. B. Ford, S. M. F. Bull, 39 (1911), p. 347. 

+ Cf. Kasner, ‘‘Conformal Geometry,” Fifth Int. Cong. of Math. Proc., vol. II, p. 81 ff. 


The term, “‘differential element of infinite order,’ has been discussed by Kasner. See also 
J. F. Ritt, Bull. Am. Math. Soc., 21 (1915), p. 379. 
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by replacing x by x1/%0, and y by yi/yo. We shall indeed write 


Xv 
keaubess 
Yo = Xo. 


We define A,°” (x) as the polynomial of the mth degree in x, which is ob- 
tained by neglecting all but the first m terms of Ai(x). Now the first m 
terms of A,(a), for n a positive or negative integer, depend only upon the 
first m terms of Ai(x), that is, A,“ (x) is determined from A,(x) by using 
only Ayo” (2). } 

Every binary form of the mth degree in yo, y1, will be itself a binary form 
of the mth degree in Xo, 21, together with an infinite series, every term of 
which contains x» to some positive power in the denominator. We shall 
now define —;°” and n,‘” as follows: 


PRE tein es aon hG 2 OARS eae 77). 
né™ = integral part of series for yo’-yi”—* = Xo'[%0A1(41/t0) |". 


Here é;” is a product transform of the variables xo, and 21, and 7;‘” is 
related to the product transform of yo and y;.* The expressions ,‘”, 
1 = 0, 1, 2, ---, m, are linear in the m + 1 homogeneous variables, £,;™, 
(= 0, 1 e2see =, , cand sin particular yo: f= lye ed De MatoxeoteLnis 
linear transformation from the (m + 1)&”’s to the (m + 1), n“™’s we may 
represent by A,‘”. 

For any other series y = H(a) we may make an analogous discus- 
sion, and denote by H‘” the analogous matrix. The first m terms of 
z = H/A,(x)], where H(0O) = 0, depend upon A,;‘” and H“™ alone. Let 
us now define ¢;‘” as the integral part of the series for 29'.2,;"1 = 
yo lYoH (yi/yo) |" *, where 21 = yoH (yi/yo), and 2. = yo. We may deter- 
mine the first m terms of 2 = H[A;,(«)] in three steps, by first taking the 
m leading terms of y = Ai(x), secondly, taking the m leading terms of 
z = H(y), and thirdly, substituting the first m terms of Ai(x) for y in the 
first m terms of 2 = H(y), and taking the m leading terms of the result. 
This corresponds to considering, first, the symbolic equation 7°” = A,°™é™, 
secondly the symbolic equation ¢&” = H™y,™, and finally, substituting 
Ayme™ for n(™ in the equation for ¢™. Since Ai“ and H™ are the 
matrices of linear transformations, the result of the substitution yields 
merely a new matrix of the same type, which is the usual matrix product, 
H™A,™, If in particular H’™ = A,_.“™, then we see that A,‘ = 
A,-1°%A,"™, where the product is the usual matrix product. The signi- 
ficance of this relation lies of course in the fact that the initial first minor 
of A,“”"t» is simply A,‘” itself. 

* Cf. A. Hurwitz, Math. Ann., 45 (1894), p. 388, for the question of product transforms. 
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The relation Gi(a) = F_1{Ai[Fi(v)}] is equivalent to the equation 
Gi”) = FL, 414, F,™, where Fi‘™>—! is the inverse of Fy’ in the 
notation of matrices. This is the type of equation that arises in the theory 
of the classification of the linear transformations A;“™. Although the 
matrix F,°” is not of the most general form possible, still it is not surprising 
that many of the theorems concerning the normal forms of linear trans- 
formations have here an application. For the sake of concreteness, we 
now give the form of A, 


1 ADL AY) 0 0 0 
O dir Aye 3 O14 Ais 

wie - 0 O div 2diidi. 2@i11G13 + Ayo? 2aiidag + 212013 
Oe Or n= CO ai1® O011°A12 Od17A13 + 3A11012" 
Ope Usa 0 Qy1" 4a11°A12 
Of 0s 0 0 0 Qi 


The case of A,“ is typical of A,” to the extent that the first row contains 
only zero except for a one in the initial position, the elements below the 
main diagonal are all zero, while the elements in the main diagonal are the 
successive powers of dni. The roots of the characteristic equation of the 
matrix A,“” are clearly ai’, 7 = 0,1, 2, ---, m. Weshall now examine the 
normal forms for the linear transformations whose matrices are A,‘™. 

The first case to consider is that in which all of the roots of the charac- 
teristic equation are distinct. This is the casein which ay; is not an integral 
root of unity. We may without exception in this case* find matrices 
E‘™ by the method of undetermined coefficients, for which 


Am at E™, aA ER Ce) 


where A,“ has the same main diagonal as Ai“, but has only zeros above 
as well as below this diagonal. The matrix E‘” has a single arbitrary 
constant which is determined completely, if, for example, we put e; = 1. 
The only invariant of A,“” as m takes on successively greater integer 
values, is in this case ai. 

We next come to those nonsingular cases in which all of the roots of 
the characteristic equation coincide. This occurs when a;; = 1. We may 
now have as many as two algebraic and one arithmetic invariant. It is 
impossible to have more, however, no matter how great m be taken. When 





* This first case has been treated by nearly all of the writers on the subject, Schroeder, 
Korkine, Farkas, Koenigs, etc., already referred to. This use of matrices A,“ was made 
for the first time by H. v. Koch, Bil. t. Sv. Vet. Ak. Hand. 1, Math. 25 (1900), mém. no. 5, 
p. 1-24. 
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a;; = 0, for every 2 > 1, we have the case of the identity. We shall have 
in all other cases, an arithmetic invariant k, such that a,; = 0,1 <71=k, 
while a;,441 + 0. This is an invariant in the sense that no matter how F‘” 
be chosen, the positive integer k for G,°” where Gy” = F°™: 1A, FC) | 
will be the same as for A;“”. By the use of undetermined coefficients we . 
may find a matrix E“” such that | 


A” = EM “1A 0m Em), 


where this time we mean by Ai” the matrix obtained from a series of the 
form 


Ai(x) =2X2> Cine ee a" Gy oa A see ee ee a1, poset eee 


and where (1/x)A;(z) is a power series in x*. Both G1, 441 and G1, o%41, are 
invariants of A;(z) in the sense that any two series A,(x) equivalent to the 
same series A;(x), must have the same @1,;+1 and @1, 9441.” 

Of the nonsingular cases there remain to be considered those in which 
some but not all of the roots of the characteristic equation coincide. For 
these cases ad;; must be an integral root of unity and we may write ai," = 1, 
where h is the smallest positive integer for which this is true. But if A;(z) 
be of this form then A,(a) will be of the type already mentioned, since it 
will commence with «+ ---. Thus we have as invariants at least two 
integers h and k, and two algebraic invariants a,,441 and dp,2%41. Here k 
must be a multiple of h but need not be h itself. Furthermore by the use 
of the method of undetermined coefficients, these are found to be the only 
invariants. 

The only other cases which can arise are the singular cases, and in these, 


di; = 0. If every succeeding aj;, 1 = 2, 3, ---, vanishes, the expression 
A.(a) vanishes identically and is independent of x. Let us suppose then 
that ai; = 0,71 = 1, 2, ---, k — 1, while ay, + 0. In this case & will be 


an arithmetic invariant, and this is the only invariant.j When once a 
normal matrix A;‘” has been selected, the remaining problem is to express, 
if possible, A,‘™ as a matrix whose elements are explicit analytic functions 
of n. 
Synopsis of Types. 
6. On the basis of the above discussion we are prepared to enunciatet 
a classification of power series of the form 


Ay(@) = due + aye? + --- + ay a7 + --- 


from the point of view of iteration, into eleven types. We shall later 
examine the various cases in greater detail. 
* For this and the following case, see Leau, loc. cit. Cf. also Kasner, loc. cit. 


{ This is the case particularly investigated by Grévy, loc. cit. 
t This is given here for the first time. 


s 
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Case I. ay, is not an integral root of unity and does not vanish. 

Type la, | dit | < Ty as 0). 

Type Ib, | ai, | > 1. 

Ty peskeraed mim —mlpoutedie Ie ee 12, 

Cascel | ame—ale 

Type Ila, ay = 0,2 = 2,3, ---. 

Dypemiliaeare— Oster Aes ie DUG dy p47 + 0, and 201 oy... = 
(kh +.1)@y?, p41, where 1,441 and @1,o441 are the invariants of the normal 
form already mentioned. 

Typemlics ay = 0,2 = 2, 3, -«:, k, but ay 441 + 0, and 241 o441 + 
(k + 1)a1?, 441, where di, 441 and @1, 9,41 are defined as above. 

CaselII. ai. + 1, but ai.” = 1, where h is the smallest positive integer 
for which this is true. 

pee Lila — aU, Pao 


iy pee hllG a7 aU te 2a A DUt dp p41 = 0, and 2d, 2251 = 
(k + 1)a,?, 441, these being defined as above. 
Type Tile: ani = 0, (c= 2, 3, a ks but Qn, k+1 = Wy and D0 sed = 


(k + 1)a@,?, 441, defined as above. 
Coscia di) U. 
EMD CILY G. G1; =) Ute Le 2) : 

Type IV6, ai = 0, v il. 2, hae le dy but Qik + 0. 


Commutative Series. 


6. If the approximate structure of a series for A,(a) be once found in a 
more or less indefinite fashion, it is sometimes possible to obtain the coeffi- 
cients of A,(x), as explicit functions of n, without first reducing Ai(zx) to 
a normal form A;(z). This is done by using the following considerations. 
If a series A,(x) exists, it must satisfy the commutative condition 


A,[Ai(x)] = Ai[A,(@)]. 
Whenever the solutions C(x), of the equation, * 
(3) C[Ai(x)] = Ai[C(@)] 


form a one-parameter family, we may seek to identify this parameter with 
the n of A,(x). If, however, the C’s form a discrete set, or contain more 
than one parameter, we cannot obtain A,(a) by this means. In terms of 
matrices, we have the equation, 


Cim Am rs A™MC™ 


which obviously greatly restricts C‘™. It is found that except in those 
cases in which aj; is an integral root of unity, there always exists a unique 


* For questions of convergence this yields three quite distinct subcases, as we shall see later. 
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one-parameter family of series C(x), commutative with A,(a), in the above 
sense, provided that in the cases for which ai; = 1, we require also that 
c, = 1. In the cases in which a; = 0, the series C, although existing, 
are not, in general, in integral powers of zx. 


The identification of the parameter, with n, is, of course, not unique, - 


but involves an arbitrary periodic function of period unity. A particu- 
larly simple choice is in each case almost immediately obvious. For 
instance, to illustrate the most common case, let 0 + | ai: | + 1, and let 


C(x) = cw + cov? + ca? + --- 
while A(x) is denoted as heretofore. Then C[A,(x)] will be of the form, 
C1110 + C1Ay0u? + C1ay3v > +-:-- 
+ 6004170? + 260Q11019u? + --- 


“f CaQ11 a ee is 


| a 
and A,[C(x)] will be obtained from this by interchanging a,; and c,, 7 = 1, 
2,3, ---. Equating coefficients of like powers of x, we obtain, 


C1011 = 1101, 
Cidi2 + CoQ11? = Ai1C2 + A12C1", 


C1013 + 22011012 + C3011? = Q11€3 + 2042C1C3 + 3301", 











Hence 
i Ge 2 a 
: Qi1 (di on 1) ae 
Cy; (ce? — 1 C; (c, — 1 
C3 : ( - ) dig + 2 - ( * ) (cy > 111) 12”. 


3 iy (div? rs 1) ai (dit TEI 1) 


. » 


If C(x) is to be identified with A,(x), we must have for integer values of n,. 
C; = 11"... The most general form of c; is then, ai1"t*™, where P(n) is a 


periodic function of period unity, vanishing for n an integer. The most 


obvious choice of ¢; is undoubtedly that in which P(n) vanishes identically, 


so that for all values of n, c: = aii". Every succeeding c;, 71 = 2, 3, ---, 
is then completely determined. 


Discussion of the Different Types. 


7. For any type under Case I, we may always determine a series H(x),. 
and if we put e; = 1, it will be determined uniquely and in such.a way,, 


a att esl 
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that 
A(t) = E_ifayH (x)]. 


By writing H_;(ay”) = Bi), we obtain a B(x), for which 
A,(x) = Bin + B_i(x)], 


as was desired. This gives A,(x) as an explicit function of n. We may 
obtain, however, another form of A,(x), which proves for many purposes 
much more convenient than that just given. It is to be expected that 
by the use of the expressions A,(7), Ao(xw), ---, A,(xv), ---, where p is a 
positive integer, we may obtain a sort of interpolation formula, giving 
A,(x) for all values of n. We shall seek indeed a series of the following form 


nites 2 ai .(2), 


where U;(x) is independent of n, and is a power series in x commencing 
with a term in 2’*!, expressible as a linear function of Ao(w), Ai(x), ---, 
A(x), with coefficients which are themselves polynomials in a, with 
numerical coefficients, and where a; is a function of a;; and n alone. These 
conditions serve to determine the U’s and a’s as follows: 


Ue) = Aj(a) = 7, 
Ui(x) = Ai(x) — aniAd(z), 
it = ae Ts ee me ANG tga a11A,(2)], 


ss 


U; 0) Ue a) Satie UG) 


The coefficients, a;, satisfy the recursion formula, 


1 (Ay, ioe Laser 
Q11 (di1' 2 1) 





Oa An Oni. 


Then we will have 
1 (Q11” —1) 
Q11 (A14 i 1) 


1 (a41" s 1) ie a 1) | 
v ayy (dit fa] 1) (air? = 1) U2{(2) 3 
To prove that the A,(a) determined by (4) is actually identical with that 
determined by the use of the series B(x), we need only note the following 
facts: 
1. Since A,(~) commences with the term aj;‘x, the series U;(x) must 


An(x) = ay" [ire + — 
(4) 


U1(x) 
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necessarily contain no power of «x less than the (7 + 1)st, as is readily 
verified by the use of the recursion formula for the U’s. 

2. The equation (4) is an identity for n, a positive integer, say 7 — 1. 

For then, 

Vy ae (11° — L)aii 

mts Qi1 (di1' ee 1) / 





will vanish, and all succeeding a’s, while the non-vanishing terms add up 
to exactly A,(a), as is readily verified. 

3. As a consequence of the two facts just mentioned, the coefficient of 
x”, in A,(x), p a positive integer, and n arbitrary, will depend upon only 
the first p, U’s. It will therefore be a polynomial in a;," and contain n 
in no other way, the coefficients being rational in a;; and integral, rational 
in the first p coefficients of A,(x). 

4. The coefficients of x? in A,(x), as obtained by the use of B(x), will 
also satisfy the conditions just stated, and since these two polynomials in 
a1,” must coincide for an infinite number of values of ay", viz. forn = p + 1, 
p + 2, ---, the polynomials are identical. Thus the two determinations of 
A,(x) coincide. 

Another* and somewhat analogous representation for A,(#) may be 
obtained from (4), in which the variable n occurs in a more convenient form, 
but in which the coefficient of x”, p > 1, is in general an infinite series in a1. 
This is defined in terms of V’s, as follows: 


Volz) = Adz) = 2, 

Vit) = Aix) — anAd(z), 

Vo(w) = [Ao(w) — anAi(x)] — auf[Ai(e) — anAo(x)] 
= Ao(x) — 2ayAi(x) + ay17Ad(2), 


(DV e Vaal ATe) | ai Vee) 


sp dliuey = (5) anda) aF GS a1 A,2(@) — +++ = a11'Ad(), 


A,(z) = ary"[Vo(x) + ({) a Vila) + & ) ar Vile 





+ (Fea Vie) + 


ve} 11" 


In Type Ila, A,(x) is the identity. This case requires no further men- 


* Equations (4) and (5) are given here for the first time. 
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tion. Type IIb is a well-known form discussed by many of the authors 
already mentioned. By the use, for example, of the method of undeter- 
mined coefficients, the Ai(z) may here be transformed through a suitable 
F(x) into a series of the form x times a power series in x’, the leading term 
being exactly x. This applies also to Type IIc. There is a wide degree of 
freedom in the choice of the series. In fact only the coefficients of the terms 
in x, x*t!, and 2?**! are preassigned. For Type IIb, we may in particular 
take the series to be in the form 

ais 


y = Ai(x) = = ~ ; 
1(2) vin hay payee 








If in this expression we replace y by y', and x by 21’*, we obtain 


x 
1 — kay, k+10 : 


y = 
Replacing next, y by 1/y, and x by 1/x, we have 
y= 2 — kay ni, 
so that in this way we have secured a transform of y = Ai(a), in the form 
iO 
Putting — kai, e41y for y and — kay... for x, we arrive at exactly 
y=1+2, 


as desired. We need merely retrace our steps to secure the transforming 
series B(x). 

‘In the case of Type IIc, the best that we can do for the first two steps 
is to transform y = A(x) into 


x 





die 1tk 


1 — Kay, n41% = b| ds, ee cae 9 Git ss |? 





This is an analytic function in the neighborhood of the origin, that resembles 
somewhat the analytic function 

ge ee 

1 — ce’ 





Y 


where c is a Suitably chosen constant. Any transforming function, however, 
which carries the given function into one of the latter type, must have an 
essential singularity at the origin, it being understood that for Type IIc, 
201, 2r41 + (K+ 1)a?,441. Fora fairly complete discussion of the existence 
of this transforming function, cf. Leau, loc. cit. It will be unnecessary for 
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us to go into this particular question, since a direct representation in series 
may be found without the use of a transforming function. We need only 
regard Case II, as a limiting form of Case I, and pass to the limit in either 
(4) or (5). We obtain in both cases the same series.* We shall have: 


U(x) a A(z) = Cs 
O3(@) = Ayre ean), 
Uo(x) = Ao(x) — 2Ai(x%) +. Ad(z), 


UO Aa) Ree se) lee a), 
= Ale) ({ ) Ane) “ie (5 )An@) a ena 


while for a; we have 





Hence, when a;; = 1, 2. e., for Case II, 


1) 


(6) A,(z) =Ay+7(As ae sed 2) ch ea) Art ance 


For Case III, if A:(a) be given, there exist series C(x), for which 
ClAi(@)] = AilC@)], 


but these C’s, instead of containing but a single parameter, contain more 
than one, and in some cases, contain an infinite number of parameters. 
For example Ai(2) = — x is commutative with any odd function of wz. 
But if Ci(z) be commutative with A,(xz) then C,,(a) is commutative with 
An(x), where m and n are any positive integers, although the converse is 
not necessarily true. For cy; an integral root of unity, we may choose m 
and n so that dm; = 1, andc,; = 1. This carries us back to Case II. In 
particular, by taking m = 1, we may conclude that if Ai(x) be such that 
a C(x) exists for which c,; is equal to one, then C;(2) can contain, while 
C11 1s kept equal to unity, at most one free parameter, unless A;(x) is of 
Type IIIa. Those of Type IIIa all contain an infinite number of parameters 
as we shall presently show. The same remarks apply when c,; is any 
integral power of a1, say the l’th, since C,|A;_;(x)]| will also be commutative 
with A,(x), where h is the lowest positive integer for which a;,;" = 1, but 
Cy[A;_1(a)] will have unity for the coefficient of the first term. Apart 


* This series has been obtained directly by Schroeder, Math. Ann., 2 (1870), p. 317. 
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from C11, the only arbitrary parameter is a certain ¢1,;441, as is readily 
verified by the method of undetermined coefficients. Now 2 itself, is 
certainly commutative with A(x), so that there exists at least one series 
Cilz) ton whichvere—0l.c1,— 0) 2-—12,.3;"---. ‘Since-all series Ci(x) with 
the same c;; coincide as far as the term containing the parameter ¢, x41, 
it is clear that A,(a) which is commutative with A,(7), and for which 
Qn1 = 1, is of the form 


Ameen emt On, nak nt 


The method of undetermined coefficients which gives the k to be used, 
shows us that this é is h itself, or an integral power of h. Hence had we 
started with a series 


Ax(a) =r+0-+ ee +O + ay, perth! + ay, pe oeh? + 5 oan 


where a1, x41 +0, then the only expressions A q/;)(a), which can exist, will 
be for h, a factor of k. For types IIIb and IIIc, integer iterates, of course, 
always exist, and they will either be of the same type as the given series 
or of the analogous type under Case II. In some instances a few fractional 
iterates of the type of the given series may exist. However, no series A, (2) 
of Types IIIa, or IIIb, can exist, containing an arbitrary parameter, n. 

Type IIIa demands further attention.* For the sake of definiteness, 
we shall first consider the case in which h = 2. Here Aj(x) is such that if 
y = A(x) then x = A;(y). Viewed geometrically, this gives us a curve in 
the «, y plane, whenever the series A;(a) is convergent. This curve is 
unaltered by interchanging x and y, that is, it is symmetrical about the line 
y =«. If we transform the coordinates by writing 


Uo = 3(@ — Y), 
Ds ere ple a6 Y); 


the curve will be symmetrical about the line wu) = 0, i. e., the w-axis, 
and in the neighborhood of the origin it will have contact with the wo-axis, 
since the slope of the curve y = A(x) is unity, at the origin. Thus, if in 
the neighborhood of the origin, wu; be represented as a power series 1n Uo, 
for points on the curve, the series will represent an even function of Wo. 
Furthermore, this is the only restriction imposed upon uw, as a function of wo. 
We may select for uw, an arbitrary even function of wo, and determine 
x and y by the equations 

Oa Uo U1, 

Ota ee UI gre UAB | 

* This leads to A;(x) = x, which is known as ‘‘Babbage’s Problem.’”’ Cf. the following: 

J. D. Gergonne, Ann. Math., 12 (1821-2), p. 73. O. Rausenberger, Math. Ann., 18 (1881), 


p. 379. E. Iaggi, Nouv. Ann. (8), 19 (1900), p. 483. M. J. van Ufen, Amst. Ak. Versl., 
18 (1909), p. 860, and 19 (1910), p. 27-31. The discussion here is new. 
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If from these equations we solve for y as a function of x by eliminating the 
Uy and wu, the solution y = A,(x), will be such that also x = Ai(y). We 
may forego the geometric picture, and select uw; as an arbitrary series in 
even powers of wo without constant term, and not necessarily convergent. 
The series A;(x) obtained by solving as before, for y, will be determinate, 
and ify = A naye ee | 

The discussion for a general integer value of h, follows along similar lines, 
although no simple geometric illustration of an obvious sort suggests itself. 
We shall first suppose a series Ai(xv) given for which A;(#) =a. From this 
series we shall determine h series u;, 1 = 0,1, ---, A — 1, which we shall 
find to be restricted in a very simple manner only. This done, we shall 
start with the h series wu; and so determine the form of the most general 
series Ai(x) for which A, = 2. Let us write 


1 
Uo = 7, Ao + wAi +. w7Ae +--+ + w1A;_)), 


1 
Un i; (Apt Ww Ai > wt Aste eet lee 


1 
Un = 7 (Ao + Ai + Ao + ey + Ani), 


where w is a primitive hth root of unity. We wish now to discover what 
restrictions must obtain among the w’s in order that A, = Ao. If we 
replace A; by Aj41, Uo is carried into w/w, where w’ is the reciprocal of w, 
while w,_1 1s unaltered. Hence if we express u,;_1 aS a power series iN Uo, 
by eliminating the independent variable x, occurring in each A,;, 7 = 0, 
1, ---, h — 1, we shall find that only the terms in powers of wo” appear, 
for if any other term were to appear, it would be changed into the product 
of its original value by a power of w, different from unity, which is impossible, 
since U1 18 to remain unaltered. In a similar manner the power series 
for ui27= 1, 2, ---, h — 1, in terms of wo, contain only terms in which 
uo’! times a power of wo appears. These are the only restrictions upon the 
serles u; In terms of Up. We may suppose, if we desire, that the w’s are 
given, and that we are to find A,(7). We may take any h — 1 power 
series, P(t), 7 = 1, 2, ---, h —1, convergent or divergent and write 
Ui = Uo Pi(uc"). If we solve for the A’s formally in terms of the w’s, 
we obtain in particular 


A(x) ook = (Uo + ea) ries + Un—1) 


1.e., © = H_1(wo) where H_1(uo) is, by definition, the series in uy obtained 
by replacing each u;,27 = 0, 1, 2, ---, h — 1 by its series representation in 
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terms of wo, in the right hand member of the above equation. By definition 
of H_,, it follows that 

Uy — H(z). 
Now E_i(uo) is of the form 


E_1(uo) = Wi Ge Ue7P1(uUo") Ae Uo? P2(Uo") Se CI! Sa Uy Rae Uo): 


Thus H_i(wuo) is simply (wo + wi + wt. + --- + Uns), Since when 
we replace Up in u; = Uo’ P;(Uo"), by wuo, we obtain merely w*t!u,; But this 
expression for H_i(wuo) is exactly what we obtain formally, when we solve 
for A, in terms of the u’s. Thus we have A; = H_i(wuo) or 


Ax(ax) = E_i[wH(2x)], 


from which we verify that indeed A;(v) = 2, since obviously for 7 any 


positive integer we have | 
A(x) = E_,[w'H(a)]. 


Thus we verify that it is not only necessary but sufficient for u;:(uo) to be 
of the form w’t!P;(wo"), in order that the A(z) associated with the w’s 
as above shall be such that A,(x) = Ao(x). The E_ (uo) that we have 
obtained above is a power series in uo characterized by the property that 
the absolute term is missing, the coefficient of wo is unity, and the coefficient 
of u'*1, 1 = 1, 2, ---, vanishes. For any given series A(x) the series 
E_, satisfying the conditions just mentioned is uniquely determined by the 


equation 
Ai(z) = E_[wE (x) 


analogous to the equations obtained in Case I. Unlike the situation in 
Case I, we have here imposed additional conditions on H_;. If we replace 
Uy by a power series Uo = S_i(v), where S_; is restricted to the extent 
of having the coefficient of every term which does not contain v to a power 
of the form /k + 1,1 = 0,1, 2, ---, vanish, while the remaining coeffi- 
cients are arbitrary, then we obtain 


A,(z) = E_1{S_i[o'S (E(x) }]}, 


where A;, H, and w are fixed and S_; has an infinite number of arbitrary 
coefficients as already remarked. We may think of H_,[S_i(v)] as con- 
stituting a new series F'_,(v), for which the coefficients of v’*t!,] = 1, 2, --- 
are arbitrary, the others being then determined, if A; be given, so that 


Alon —— Fi Siiok (a)I. 


Case IV presents little of interest. Type IVa is trivial, and will be 
passed over without further comment. Type IVb has a general iterate as 
a function of n, but it is not expressible as a power series in integral powers 
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of x; terms with irrational exponents, for example, must be introduced. 
We may however obtain a transforming function, which reduces this case 
to Case I. We first choose a, as one of the (k — 1)st roots of ai, and 
replace y by y/a, and x by 2/a. We obtain in this way a new series of 
Type IVb, but one in which ay, is now unity. By the method of undeter- 
mined coefficients, we may find a series F(x) such that 


FAi(@)] = [F@)I*, 


so that A,(a#) is now transformed into x*. The equation y = «* is trans- 
formed into y = kz, by replacing y by e” and x by e?’, while y = kz is of the 
form Type Ib. 


The Transforming Series as a Limit Series. 


8. We shall now suppose that an A,(x) anda G(x) are given and known, 
while the existence of an F’;(x) is known but not the form of the series, where 


A(x) = 3G. 


We shall also suppose that the general iterate G,(x) is known, and we 
wish to determine F so that 


A,(x) = F{G,[F_1(@)]}. 


We shall now describe a method which in some important cases serves to 
define an F(x). The method is not always applicable but is of considerable 
interest in the cases in which it can be used.* 

For any given positive integer 7, let us consider the four series G_,[A ,(x)], 
Gp[A_p(x)], A_pIGp(x)], Ap[G_p(x)], of which the latter two are the in- 
verses respectively of the former two. A given term in any one of these 
series will be a function of p, which may or may not remain finite as p 
takes on successively larger and larger positive integer values. If it should 
happen that in one of these series the coefficient of each term approaches 
a definite finite limit for p = + a, then a limit series, L(«) will be defined. 
The question is one of convergence, not of the series as a series in x, but of 
the coefficients of the series as functions of p. If L(x) exists, its inverse also 
exists, so that we may without loss of generality suppose L to be the limit 
series of one of the first two mentioned above. From the definition of 


L(a) it then follows that 
G|L(x)|] = LIA (x), 
so that L(x) is a series of the form F_;(x) which was to be found. In 
determining L(x) we have not made use of the actual form of G,(x), for n 
other than an integer, so that when different methods of interpolation are 
used to give different forms for G,(x), correspondingly different forms will 
* Cf. G. Koenigs, Ann. Ec. Norm. (8), 1.(1884), Suppl., p. 19, and (8) 2 (1885), p. 385. 
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be obtained for A,(x), n other than an integer. If G_,[A,(x)] and G,[A_,(z)] 
both have limit series L, and these are distinct, then for every integer value 


of n, we shall have 
G,[L(x)] = L{A,(z)] 


true, for both choices of L(x), but for fractional, irrational or complex 
values of n, it may well happen that the same determination of G,(z) 
gives for the two L’s different determinations of A,(a), which corresponds to 
the arbitrary feature of G,(a). If C(a) be any series commutative with 
G(x), then C[L(x)| may be used equally well, in place of L(a). In particular 
C(x) may be an integral or any fractional iterate of G(x). But this corre- 
sponds merely to having considered G_p+,|A p(@)] or Gp—,[A_»(x)], respec- 
tively, in place of the given series, where q is a fixed number. Similarly 
we might have taken L[C(x)] in place of L(x), where C(z) is this time com- 
mutative with A(x). These two cases are not, of course, independent, 
since, as we have already remarked, G,[L(x)| = LiA,(2)]. The one- 
parameter family of series G,[L(x)|, q arbitrary, which exists if L(x) does, 
constitutes in many cases the totality of series F'_;(x). 


Investigation of the Convergence of the Series Employed. 


9. We now come to the question of convergence. In Type Ila, whenever 
Ai(a#) is a convergent series, the convergence of E(x) follows, and con- 
versely, as may be proved in several ways.* Type Ib, although not usually 
treated, presents no difficulties, since Ai(”) and A_i(x) yield the same H(z), 
and since when | ai,| > 1, then |a1,1| <1, a-11 being merely 1/ai. 
Thus, if Ai(x) is convergent and |ai,| > 1, then H(«) is convergent, 
because of the convergence of A_i(z). Type Ic is of a different sort. For 
A,(x) convergent and of Type Ic, E(x) may be either convergent or diver- 
gent. If Ai(#) is convergent certain conditions must be satisfied in order 
that E(a) be convergent. These are not formal conditions upon the first p 
coefficients, p = 1, 2, ---, since the problem is one having significance only 
for convergent series A;(x), and convergence is not dependent upon the 
values of any finite number of coefficients. If H(z) be convergent, A(z) 
must be. Necessary and sufficient conditions for the convergence of E(x), 
Ai(x) being given as convergent, may be given in different forms. We 
shall state a condition which theoretically is capable of explicit application 
in any case. The cases of Type Ic, for which H(«) is convergent, we shall 
call of Type Ic’, those for which H(z) is divergent, being of Type Ic’, 
provided that A,(x) is convergent, otherwise of Type Ic’’’. We shall now 
state 


* For example, Leau treats the equation in this instance both by the method of dominant 
functions, and by that of successive substitutions, loc. cit. 
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A necessary and sufficient condition for Type Ic’. It must be possible 
to find a circle about the origin in the complex plane such that if any point 
P other than the origin be taken within this circle, the totality of the 
positive and negative iterates of P, constitute a set of points lying every- 
where densely upon a simple closed curve of finite length, and with con- 
tinuously turning tangent, encircling the origin. 

This includes, in particular, the conditions of interior and exterior 
“stability,” about the origin. The condition of interior stability, frequently 
called merely ‘‘stability,” is the following: For any sufficiently small circle 
C, with center at the origin, there must be a smaller concentric circle C2, 
such that the positive and negative iterates of every point within C, is 
within C,;.* The condition for exterior stability insures that every iterate 
of a point in the neighborhood of the origin but exterior to a small circle 
enclosing the origin remains exterior to the same or a smaller fixed circle 
about the origin. 

To prove that the condition stated above is sufficient, we may notice, 
that if it be satisfied for a given P, we shall have a curve C’ completely 
determined by the iterates of P, together with the conditions that C is 
continuous, and its tangent turns continuously. This curve C may be 
transformed into a circle in the plane of a complex variable ¢ by a transforma- 
tion of the form t = E_,(@), where H_;(x) is an analytic function, as follows 
from the theory of conformal mapping. The function H_, will be com- 
pletely determined when we require the origin in the z-plane to go into the 
origin in the ¢-plane, the circle in the ¢t-plane being the unit circle and the 
positive real axis in the z-plane going into some sort of curve tangent to 
the positive real axis in the ¢-plane, at the origin. Any analytic trans- 
formation of the x-plane in the neighborhood of the origin, which carries 
the curve C into itself and the origin into itself, will correspond analytically 
to a transformation of the ¢-plane in the neighborhood of the origin, leaving 
the unit circle and the origin unaltered. Now A,(z) is such a transforma- 
tion of the x-plane, and it corresponds therefore to a rotation in the ¢-plane, 
since a rotation is the only conformal transformation of the unit circle into 
itself which leaves the center invariant.t But formally it corresponds to a 
rotation ai1:t, | @i1| = 1, where ay; is the initial coefficient of the series 
Ai(a). Thus the formal series H(x) is actually the inverse of the series 
corresponding to the analytic function H_;(x) just determined. Hence the 
above condition is sufficient; that it is necessary is seen immediately from 
the fact that if H is analytic then the successive iterates of a point P in the 
z-plane correspond to the successive images of a point in the ¢-plane, as the 
t-plane is rotated through an angle incommensurable with 27. 


* Cf. Levi Civita, Ann. di. Mat. (3), 5 (1901), p. 240, and Cigala, Ann. di. Mat. (8), 11, 
(1905), p. 67. 
} Cf. Osgood, Funktionentheorie, vol. I, 1st ed., p. 595-. 
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In the case of Type Ila, we may transform wz into itself by the use of 
divergent as well as of convergent series. No simple or direct proof of the 
convergence of the series transforming Type IIb into 


1 4b 
= bya 


seems to have been made. ' The convergence follows, however, when A,(z) 
is itself, convergent, from the detailed investigation of a function-theoretic 
character made by Leau.* Since the series used in Type IIc are not 


formally equivalent to 
a5 


aes 1 — 24,00’ 


no convergent power series can be found which transforms the former into 
the latter. The existence of functions in general analytic, but possessing 
essential singularities at the origin is proved by Leau for the cases in which 
the given series is convergent. 

The existence of divergent series of the Type IIIa has already been 
shown. Whenever the series is convergent, the h series, u;, 7 = 0, 1, ---, 
h — 1, are convergent, since they are linear combinations of the first h 
iterates of Ai(a), so that the corresponding E(x) must be necessarily con- 
vergent, while for A(x), divergent, H(x) is divergent. In the cases of Types 
IIIa and IIIb, for which, in general, no iterate containing an arbitrary 
parameter n, can exist of Case III, it is not surprising that no transforma- 
tion is known which reduces either of these types to the form cx, or x + ao, 
and. certainly no conformal transformation of this sort can exist, so that 
there is no question of convergence. 

A discussion of the convergence of the transforming function #7, which 
reduces Type IVb, to the form y = x* has been made by Grévy, loc. ctt. 


A Geometric Interpretation of Iteration. 


10. We have already mentioned an infinite matrix whose first principal 
minor of order m, we have denoted by A,‘”, which may be considered as 
serving to define the series Ai(z). We have mentioned the problem of 
the reduction of this infinite matrix to a normal form by successively 
reducing to normal form the matrices Ay“, m= 1, 2, ---. In place of 
the collineation symbolized by y = A,“™z, and its reduction to a normal 
form, we may consider the entirely equivalent problem of the simultaneous 
linear transformation of the pair of bilinear forms, or of the \-matrix, 
corresponding to the original matrix. In terms of the original series, A(x), 
this means that we may consider the analytic transformation of the pair of 


* Leau, loc. cit. 
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expressions y = x, and y = A,(z), or of the linear function of \, expressed 
by y = Ai(x) — Aw. Since any analytic curve in the real plane may be 
transformed analytically in the neighborhood of a non-singular point of the 
curve into y = 2, the invariants under analytic transformations of a pair 
of curves at a point of intersection, are the invariants of the pair y = 2; 
and y = A,(x), where A,(x) is the transform of the second curve. This 
excludes, of course, certain exceptional cases, as when a derivative of A;(a) 
becomes infinite, which, however, may be readily treated as limiting cases. 
The group of transformations, y’ = ¢g(y), xv’ = o(x), has significance 
chiefly in the “ function-plane,” and by change of variables, in the ‘‘inver- 
sion-plane.”” The study of the conformal invariants of a pair of real curves 
at a real point of intersection, is essentially the study of Cases II and III, 
discussed above, while the general conformal group without regard to 
reality involves also Cases I and IV.* Integral iteration corresponds to 
the multiplication of the angle between y = Ai(x) and y = 2, while division 
of the angle is secured by fractional iteration. 


PART TWO. THE ITERATION OF A REAL FUNCTION. 
The Domain of Definition of A.,,. 


11. We shall consider the iteration of a real function defined for the 
points within an interval a, b, a < b, where, in particular, a may be nega- 
tively infinite, or b positively infinite, or both. For many problems in 
analysis, it is immaterial whether we consider a real analytic function as 
defined also for imaginary points, or not, so far as the phenomena for real 
points alone are concerned. Iteration is not, however, one of these prob- 
lems, since it frequently happens that the iterate of an imaginary point is 
itself a real point. 

Let Ai(x) be a finite, real, one-valued function of x, defined over a range 
r,; in the interval a, b. Weshall usually suppose that the range r;’ of values 
taken on by x’ = A,(x) lies within the interval a, b, since otherwise, we 
might have extended our original interval a, b, so as to include 7,1’, without 
altering r; or any other data. 

The function A2(a) = A,[Ai(x)], will be defined only for the numbers of 
the subset r. common to 7; and 7r;’. If we denote by 72’, the values assumed 
by Ai(x) as x varies over 7r2, then A3(a2) is defined only for the subset 73, 
common to 7, and r2’, and so forth. It may happen that after iterating a 
finite number of times, we may eventually find an n, so large that r, is a 
null-set, and no expression A,(a) can be defined. This case, although 
common, presents but little of interest. If 7, be an open set, it may happen 





ater Kasner, ‘“‘Conformal Geometry,” loc. cit., and Pfeiffer, notice in Bull. Am. Math. 
Soc., 21 (1915). 


THE ITERATION OF FUNCTIONS OF ONE VARIABLE. 45 


that for every positive integer n, 7, contains some number, while no number 
is common to all 7,’s, owing to the fact that the limits approached lie out- 
side of r;. A third case arises when the limit set, r., consists of a finite 
number of points, €1, €2, ---, é:, so that these are the only points for which 
A,(x) can be defined for every positive integer n. Now A,(e;) must be equal 
to one of the e’s, say e;, for if A,(e,) is defined for all positive integral values 
of n, so must also A,_,[A1(é,)], since these are identical by definition, or in 
other words Ai(e;), is an e by definition. Since A,(x) is one-valued, each 
€é; must go into a unique e; either itself or another. Of the &k, e’s, e1, é2, 
+++, €x, it may happen that several distinct e’s are carried into a single one 
by the operation x’ = A,(x). There must be a non-vanishing subset of 
these k, e’s into each one of which subset, an e of the original set is carried 
by 2’ = A,(x). By repeated selections of such subsets, we obtain finally a 
non-vanishing set of k’, e’s, which we may call e;, é2, ---, x, such that each 
e of this set is carried into an e of this set and is obtained from an e of this 
set by any transformation x’ = A,(x), n, a positive integer. Since k’ is 
finite, and each e; is carried into but a single e;, each e; must be obtained 
from but a single e; of the set of k’, e’s. We have then a permutation group 
upon k’ elements, and the transformation xv’ = A,,(x) must leave each of 
this set unaltered. Other cases arise in which r,, coincides with r;. It may 
possess no fixed points, a finite number, or an infinite number, and every 
point of r,, may be fixed. 

We may distinguish in all cases, as we have already done in one case, 
a subset of r,, which we shall call r.,’, where not only is A,(x) defined for 
every point of r..’, for n an arbitrary positive integer, but A_,(x) is also 
defined for all positive integral values of n. For the subset of r,, obtained 
by removing r,,’, we have points which are carried into other points by Ap, 
but which are not obtainable from other points by an A,, where n is a 
sufficiently large positive integer, in each case. The subset denotable by 
Too — To , May be further subclassified. Regarded as a set of points it is 
completely arbitrary in character. The set 7.,’, may be divided into sub- 
sets, Toi’, Tor, °° *, together with certain residual sets 7.” eu, Tx par ANA 1’, nyp- 
The set r.’,, for p a positive integer, is defined as a set which is carried 
pointwise into itself by A,(x), but by no A,(x),n <p. The set r,’ on is 
carried into itself circularly, but no point is carried into itself exactly by 
any An, n, a positive integer. This corresponds to the case of a rotation 
through an irrational angle. The set 7,’ 4,», is a set carried into itself by 
An(z), n a positive integer, but not pointwise, there being for any par- 
ticular case two limit points, after the manner of a hyperbolic linear 
fractional transformation. Similarly any particular set r..’ pa has one 
limit point. The set r.,’ is absolutely arbitrary in form. The set 7.,’ is 
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restricted to the extent that it must consist of a set of pairs of points, 
without repetition, or as it may be regarded, as a pair of sets of points, 
the points in one set being in one to one reciprocal correspondence with 
those of the other. Similarly the set 7...” must consist of sets of n points 
without repetition, or n sets in one to one reciprocal correspondence with 
one another. The sets, 7,’ «1, may be regarded as constituting independent 
systems, as also in the cases of 7’ par ANd 1a’ en- 


Some General Theorems on A,. 


12. We shall state a few of the numerous theorems which are valid 
for real one-valued functions defined over a ranger in an interval a, 6b, a < 6, 
extending, in particular cases, to infinity. The method of proof is fairly 
obvious in every case, and as the proof itself is never difficult, it will be 
omitted. The index n, of iteration will be restricted to positive integers. 
We shall use the notation c, d; for an interval, c = x = d, included within 
the given interval. 

If Ai(a) is periodic, A,(x) is periodic in so far as it is defined. 

Every point of intersection of y = Ai(x) with y = 2, is also a point of 
intersection of y = A,(x) with y = a. 

Tite Ai@) = d,, whenever ote do, 108 C5 oe C1 ten 
the same is true for A,(x). 

If 0 = si < s2, and A;(e) = e, and if also for x in the interval c, d, where 
c=e=d, A,(x) lies between e + s;(x — e) and e + s.(x — e), then for x 
in the same interval, A,,(x) will lie between e + s,"(a — e) ande + s8"(x — e) 

If e be a value for which A,(e) = e, then every point of intersection of 
y = Ai(x) and y = eis also a point of intersection of y = A,(xv) and y = e. 

Hence we obtain also the following theorem, 

live] Aa(2) = d, for a =e=h, and sie yee ore. Ge nn een 
An(x) = Ai(a). | 

If for every 41 < %2, Ai(~) < Ai(x)s, then also An(w1) < An(@e2), in so 
far as A,(a) is defined. 

If the absolute minimum of Aj(x) is unique and occurs atc, and Ai(c) > c 
and also the absolute maximum of A,(x) is unique and occurs at d, and 
Ai(d) < d, and if Ai(x) in so far as it is defined is an increasing function for 
¢ =x =d, then whenever A,(c) is defined it will be the unique absolute 
minimum value of A,(#), and An(c) > An_.(c), + = 1, 2, ---, n, in so far 
as these are defined. A corresponding situation holds for A,(d), and 
A,(x) will be, in so far as it is defined, an increasing function of x for 
Cia roa 

If for every 21 < 22, Ai(@1) > Ai(ae2), then also Aon_i(a1) > Aon1(X2), 
while Aon(t1) < Aen(%2) In so far as Aon_i(#) and Aon(x) are defined. 
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If A,(a) is either undefined or is equal to c; and for a =x; < 2 = Co, 
Ch Ain) ane le bemande if fort cy = 2 < x, = b, a= Ante 
Aj(X2) = ¢;, while A,(b) is either undefined or equal to or less than C1, 
then there exists a pair of number c,;™ and c,, for which an analogous 
situation holds for A,(z). 

If in the preceding theorem we put “=” in place of “=”, and 2n — 1 
for n, the theorem continues to hold, but if we put “=” in the hypothesis 
and 2n in the conclusion, we must read ‘“‘=”’ in the conclusion. 

Other theorems might be mentioned of a nature analogous to those just 
cited. We shall now however give a few of a different type, in which the 
continuity of Ai(%) is supposed, as well as the existence and in some cases 
the continuity of the first derivative of Ai(x) with respect tox. The proofs 
are obvious and will be omitted. They involve chiefly the use of the 
identity, 

An(@) = Ai'[An1(&)]-A1'[An_o(w)]-- -Ay[Ai(z)]-A1'(2), 
where A,’(x) denotes ae 

If the total number of maxima of A,(zx) be finite and equal to m, while 
A,'(x) does not remain zero over any interval, the least possible number of 
maxima of A,(x) will be m — 1, and the greatest possible number will be 
2”~"m". Examples of the two cases are most readily grasped by means of 
figures. Fig. 1 represents a broken line joining in order the points whose 


DZONE A 


Brews 


coordinates are, [0, 1/(m — 1)], [1/(m — 1), 0], [2/(m — 1), 1/(m — 1)], 
[3/(m — 1), O], ---, [2 — 1/(m — 1), O], [2, 1/(m — 1]. Odd iterates of 


Bigs. 
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this curve coincide with the curve itself while even iterates are of the form 
illustrated in Fig. 2, where we have a broken line joining in order the points 
whose coordinates are [0, 0], [1/(m— 1), 1/(m—1)], [2/(m — 1), 0], 
[3/Gnm— 1), Afni 1), 2 Gn pee eee 
example of the second case is given in Fig. 3, by the broken line joining in 


Fre. 3. 


order, the points, [0, 0], [1/m, 2], [2/m, 0], [3/m, 2], [4/m, 0], ery, [2 Sis 1/m, 2], 
[2, O]. The above theorem holds also if ‘‘ minimum ”’ be read for ‘‘ maxi- 
mime 

If for every x, | A,/(x) | < s, where s is a constant, than | A,’(x) | < s”, 
throughout the interval. Hence if y = A;(x), be a curve of limited varia- 
tion, so also is y = A,(x). The length of arc of y = A,(x) between x = ¢ 
and « = d, c < d, will be less than (d — c)s”. 

TeOre ye < As’ (2) << So, Then ee ee ee 4 6 eae 

If | Ay'(z) | = 1, throughout the interval, then the number of maxima 
of A,(x) cannot differ by more than one from the number of maxima of 
Ai(x), provided that A,'(x) does not remain equal to zero over an interval. 
The same theorem holds true if ‘‘ minima,” be read for ‘‘ maxima.” 

If throughout the interval, A,(z) =a-+ (a — a)*/(b — a)*"1, then 
An(z) = a+ (a — a)*’/(b — a)". The same theorem holds if “=,” be 
replaced by *“*=.” 


One-Valued Iteration, A,, for n Varying Continuously. 


13. Let us examine those cases in which A;(x) is one-valued, and A,(x) 
exists aS n varies continuously over real values. We shall have given a 
range r over which Aj(x) is defined. In 7, we shall distinguish two classes 
of points, which we shall call singular points, and ordinary points. An 
ordinary point will be defined as a point of r, for which there is no next 
point of r whether to the right or to the left of it, the other points are the © 
singular points. A point which is not of r, but which is a limit point of 
points of r, and for which on both sides, there is no next point of 7, will be 
called a gap point of r. We shall suppose that except in the neighborhood 
of = a, and x = b, A,(x) exists for all values of n for which | n | is suffi- 
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ciently small. Since for n irrational, A,(x), is defined only by means of 
interpolation, we shall be forced to regard A,(x) for any given z in 7, as 
varying continuously over r, when n varies continuously over real values. 
This does not mean that A,(x) for a given x varies continuously in the 
interval a, b, as n varies continuously, but simply that it varies continuously 
with reference to the inner structure of r. Since continuous variation from 
a singular point is impossible, we must have A,(xv) = a, for every singular 
point. It must be borne in mind that a point is singular or not, purely in 
terms of the internal structure of r, and the end point of an interval c, d of 
points of r need not be a singular point. Since by continuous variation in 7, 
a gap point may be approached but not passed, we see that the limit points 

approached by A,(a#), for x given, and n increasing by integers toward 
infinity include in general gap points. If we take three numbers, 71 < 22 
< 23, then for |n| small, we must have A,(21) < An(a2) < An(%3), pro- 
vided, at least, that a < x, and 23 < 6, since a continuous group of trans- 
formations of the form here considered cannot include a transformation 
by which sense is altered, except possibly in the neighborhoods of a and 8, 
for |n| small. We may make three possible conventions with regard to 
the end points a and b, which will be in accord with the conditions imposed 
upon interior points. 

First. We may require A,(2) to be defined at a and b only when n is 
positive for one of these points and negative for the other. 

Second. We may require A,(x) to be defined at both a and 6 for | n | 
small, and for n both positive and negative. 

Third. We may regard the interval a, b, as treated cyclically, so that: 
a and 6 are not distinguished, and a point to the right of a is treated as to 
the right of any point to the left of b, only cyclic order being essential. 
In this case, we may, if desired, require, in particular, that r coincides with 
the whole interval a, b, and A,(x) is defined for every point of the interval, 
whenever | n | be small, whether n be positive or negative. 

In the first case, a and 6 will be essentially different from any other 
points of r, if they, or either one, beinr. The range of definition for A, (2), 
will in general depend upon n, and various small difficulties arise. It is 
however a common and important case. In the second case, a and 8, if in 
7, are merely singular points, as already defined, and are not to be dis- 
tinguished from the other singular points. In the third case, a and b may 
be regarded as a single point in no way distinguishable from any ordinary 
point or r, either in terms of the structure of r itself, or in terms of the 
behavior of A,(x), as a function of n. 

We may describe the curve y = A,(x), where A;(x) satisfies the condi- 
tions of this section as being with respect to r, a series of monotonically 


50 ALBERT A. BENNETT. 


increasing curvilinear segments, and discrete points. The discrete points 
are all on the line y = z, and have for their abscissas, the singular points 
of r, measured on the z-axis. The curvilinear segments, if they have end 
points, have these on the line y = x. If we require that the range of defi- 
nition interior to a, b, with the possible exception of the neighborhoods of 
a and b themselves, shall not vary with n, then we have also that curvi- 
linear segments, where there is no end point, approach, i. e., at a gap point, 
the line y = x, and have a point of y = x for limit point. When referred 
to the interval a, 6, without the intervention of 7, a more complicated 
description of y = Ai(#), is, of course, necessary. 


The Transforming Function B(x). 


14. In defining A,(x) for n, a fraction, we may make use of a trans- 
forming function, B(x), such that if y = A,(x) 


ds Jase); 
a Dice Bin ia t), 


so that A,(7) = Bln + B_i(x)]. If y = An(x) is to be a one-valued func- 
tion of x, for positive values of n, then B(t) must be monotonic if it be con- 
tinuous, that is, if A,(a) be a continuous function of n for a given az. For 
suppose if possible that B(¢) is one-valued and continuous but not mono- 
tonic. Then let B(a + t,) = B(t,), whence since A,|B(t1)] = Bla + ty), 
we have A,[B(t:)] = B(t:) and therefore 4,,,[B(t:)] = B(t:), where m is 
any positive integer, or Bima + t,] = B(t:), m = 1, 2, ---. Bd), being 
supposed non-monotonic, will have either a maximum or a minimum, if not 
many of each. Let us suppose there is a maximum 8 = B(y). A line 
x = B — «, € > 0, will cut the curve, x = B(t), at two points in the neigh- 
borhood of (y, 8), which we may call t = y — 6;, andt = y + 6, 6; > 0, 
52 > 0. Making use of our previous remark, we conclude that 


Blm(6. aa 61) + Vien 6;| = Bly — 51), m= 1 2, Feo 


Thus the line « = 8 — e contains a set of points of the curve x = B(t) 
beginning with ¢ = y — 6,1, and succeeding each other at a constant interval 
6, + 62. As eis taken smaller and smaller, we obtain new lines and each 
contains points of the curve x = B(t) distributed in the same fashion at 
constant intervals from each other, the constant interval, however, decreas- 
ing with e. From the continuity of B we would conclude that in the limit- 
ing case of the line, x = 8 every point of this line to the right of t = y, ought 
to be a point of the curve x = Bit). But if x = B(t) is to be one-valued, 
such a situation is impossible. We therefore conclude, that for x = B(t), 
continuous and one-valued, this curve is also monotonic. The proof for 
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the case of a minimum but no maximum follows in the same fashion and 
is therefore supposed completed. 

The range of the variable ¢, has, of course, nothing to do with the range 
r or the interval a, b. If B(¢) is monotonic and one-valued, its most sig- 
nificant characteristics will be its vertical and horizontal asymptotes if 
one or both of these exist. If wu = B(t) has a horizontal asymptote u = e, 
theneai—tomiseastixed point for y— A,(v)-~ If « = Bi) has a vertical 
asymptote, then y = A,(x) has for every n, a fixed common horizontal 
asymptote, and the interval a, b must be infinite, while if the curve u = B(t) 
be defined to the left of a vertical asymptote, then y = A,(x) has a vertical 
asymptote. Further theorems of a like sort are readily obtained, for in- 
stance: If uw = B(t) approaches minus infinity, as ¢t approaches e, from the 
left, then y = A,(a), is an increasing function with a vertical asymptote 
x = e — 1, and lying to the right of the asymptotes. 

A transforming function B(t) must be itself monotonic and is adapted 
for the study of only monotonic functions y = Ai(x). If in the neighbor- 
hood of a point x = y = e, y = Ai(#) is monotonic and increasing, we may 
obtain for this neighborhood a transforming function 2 = B(t). The 
question arises as to whether if we continue Ai(x) beyond the neighborhood 
in which it is monotonic, there will not be a corresponding extension of 
B(t), so that the B(¢) so extended shall still serve as the transforming func- 
tion of y = Ai(x) when this latter is extended. We shall find that no ex- 
tension of B(t) can be made to serve as a transforming function for A,(z) 
when extended beyond the region in which A,(x) is monotonic. If, how- 
ever, A(x) is analytic, we may determine B(¢) analytically, and each will be 
continued analytically beyond the region in which it is monotone. What 
then is the relation between these continuations? For y = A\(x), one- 
valued, but not monotonic, the extension beyond the monotonic interval 
containing a point x = y = e, leads us to an extension of B(t) into an 
auxiliary part, such that 2 and y may both vary on the principal part B(t) 
with the relation « = B(t), y = B(1 + 2#), but x alone varies on the auxiliary 
part « = B(t), while y continues to satisfy y = B(1 +2). The situation 
may readily be grasped upon inspecting the case in which A(z) = sin z. 
The curve u = B(t) is indicated, Fig. 4, by a heavy curve, while the 
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auxiliary part wu = B(t), here consists of an infinite sequence of branches 
a few of which are here indicated by dotted curves. 

No inverse A_;(x), in a strict sense, exists when A,(2) is non-monotonic. 
For example, the equation y = arc sin [sin 2], is satisfied not only by y = a, 
but also by y = x + 2mm, and y = (2m + 1)a — 2, where m is an arbitrary 
integer. or these reasons the study of the complete behavior in the 
complex plane of a transforming function B(t), for a given A(x), does not 
present the interest that might be at first expected. 


Multiple-Valued Functions. Weights. 


15. We shall now consider the case of multiple-valued real functions. 
Let y = A(z), y = Fila), y = Gila), ---, be a set of single-valued func- 
tions, which taken in their totality constitute a multiple-valued function 
y = gi(x). The expression y = o2(%) may be regarded as an abridged 
way of writing the set of one-valued functions 


y = A2(x), y = A,[Fi(x)], y = AilGi(a)], ---, 
pes F[A,(2)], Uae F(x), Ya Fi[Gi(x)], SS 
y = GilAi(z)], y = GilFi(@)], y = G(a), 


In most cases of multiple-valued functions ¢, the expression, y = ¢,(2), 
can have no meaning for n other than a positive integer. It sometimes 
happens that two or more of the original one-valued components of 
yY = oi(@), are commutative, e. g. perhaps F,[Ai(x)] = A,[Fi(a)]. In 
this case, y = A,|F1(x)], occurs twice in the expression y = g(x). This 
requires us to consider the curves as weighted, each curve having a positive 
integer weight, corresponding to the number of times that it is to be counted. 
One of the most important cases of a multiple-valued real function is 
the very special case in which ¢(x) consists of two parts, one of which is 
simply y = x, and the other of which is a real monotonic, increasing, 
single-valued function, y = Ai(x). We shall obtain in this case, 


vol) =a = Ad(a), 


g1(x) — {A (2), A(x) }, 

goa) = {Ad(x), 2Ai(x), Aa(zx)}, 

g3(t) = {Ao(x), 3Ai(x), 3A2(x), As(x)}, 

n(x) a {Ao(x), ()Ai(z), (3) Aa(x), ae, (Fao) Le ‘ 


for n a positive integer. By extending the notion of weight so as to include 
negative,. fractional, and irrational values of the weight, we may define 
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¢n(x) for all real values of n by the relation 
On(Z) =a {A o(x), (()Ai(2), (5)A2(2), he int? (Oval Gale pee ie 


the expressions (7) indicating as usual the coefficients in a binomial expan- 
sion. It is, furthermore, only by some such extension that the expression 
y_1(x) can be determined or even defined. 


Matrix Interpretation. 


16. The iteration of a real function derives a great deal of added sig- 
nificance when regarded as a matrix multiplication. The matrices A,‘” 
which we have hitherto considered have contained but a discrete set of 
elements. We shall now consider matrices of a more general type, in which 
the elements that appear in the matrix may form continuous systems. 
One such type of matrix is suggested by the A,‘” already considered. 
The elements of the (¢ + 1)st row of A,“™, are the coefficients of A,(x’), 
where the coefficient of x7 appears in the (7 + 1)st column, 2 and 7 being 
integers. If now we allow 7 and 7 to take on all real positive values, we 
shall obtain an analogous matrix, in which zeros occur everywhere except 
on the main diagonal and lines parallel to it starting with the columns at 
integral units distances from the initial element, and in the first row. 

We shall now introduce certain functions M,(z, y) of two variables, 
x and y, which functions we shall call matrices. The matrix M,(z, y) 
associated with a single valued function y = A,(a), will be the function 
which vanishes for points not on the locus y = Ai(x), but is unity on the 
locus. More generally, for a multiple-valued and arbitrarily weighted 
function y = ¢1(x), we shall mean by M,(2, y) the function whose value 
at any point (x, y) is equal to the weight of the point, where points not on 
any component of y = ¢1(#) are considered as of weight zero. The matrix 
product of M,(a, y) by itself we shall call M,.(x, y) and in general the matrix 
product of M,_1(x, y) by M,(a, y) we shall denote by M,(z, y). The value 
of M.(x, y) for any point (a, y) is defined as the algebraic sum of the values 
of the algebraic product of M,(a, t) by M,(t, y), as t varies over the interval 
a, b, in accordance with the usual notion of matrix product extended in an 
obvious manner. 

If we write y = gi(t), and t = g(x), and give x and y arbitrarily 
selected values, y; and 2, respectively, the roots of y; = gi(t), ¢ = (ti, te, és, 
---) are in general all distinct from the values of t = o1(a1), t = (t1’, te’, 63’, 

--). Let however the common values, if any, be denoted by t1’’, t2’’, t3”’, 
The weight of the point (¢,’’, y1) we may denote by a;,2 = 1, 2, ---, 

aud theaweient of the pomt, inet; \e by 6,4 — 1,.2, ...... To obtain 
Y = ¢2(x), we must eliminate ¢ from y = oi(t) andt = 9,(x). In particular 
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the weight of the point (21, yi) will be the sum of the weights given by the 
points, #:’’, t:’’, t3’’, --:, or in other words it will be 2,a,8; Hence the 
process of determining ¢, is much the same as that of finding M.2(a, y); 
in fact the matrix M,(z, y) is exactly the matrix M corresponding to 
y = ¢2(x), and, in general, the matrix of ¢,(x) 1s exactly M,(q, y). 

We may now find an entirely new interpretation to one of the formulas 
already given. Let us denote by ai1z2 a matrix which vanishes except for 
x = y, for which equality, it assumes arbitrary values along this diagonal. 
By V1(z) we shall denote a matrix which vanishes along the main diagonal, 
1. e. for x = y. By Ai(z) we shall denote the matrix which is the sum of 
a2 and V,(z). We shall regard z as a symbolic variable upon which we 
are operating with the matrices ai, V1, Ai, etc. The matrix product of 
the operation a1,z by itself we shall denote by aj,,?2 and the inverse of a112 
by (1/a11)z, ete. We shall then have the formula (5) as holding also with 
this new interpretation, namely, 


A,(#) = au"[Volz) + (7 )=r@ + Gre Vata 
+ (F)5V@) 4-4 


VJ ai 





where 
Ve) =A (2) — (au As i) Ae ai a ei ee a 


and where in the present instance V,(z) is the ith iterate of Vi(z). It is 
particularly important as a formula, when V;(z) represents a curve which 
is one-valued and monotonic. The weight of V;(2) may vary from point 
to point. When a; is equal to unity along the main diagonal and the 
weight of V; is either one or zero, V; being the matrix of a one-valued 
monotonic function, we reobtain the formula given in § 15 for ¢,(z). 

. We have interpreted the iteration of a real function as finding the power 
of amatrix. It is also possible to interpret finding the power of an ordinary 
matrix as a case of iteration. For concreteness let us consider the example 
of the following normal matrix: 





iy esis al) een) Om 
Poy ip Oral) 
Osst Saar, OE 8 
Pee Oa Os vars Sopp e UMD 
Oa Owe) to Oem 
OF RU am) re O 
(3m) Ors 
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Here we have for aj 








re 30) One 0.0 
Oi tre 0 Oia Oba 0) 
oy EE aay EY 20, 
reas Osea Oemers Ot 0) 0.1. 
Cie eer Oa Nae v7 one au) 
Cue emo arse 0) 
nme ae Cme ees SO r 
while V, is 
| COmestm 60s Ue 200 
Um Cies se Oe Om 0720 
Cie Jer Ore 0.20 020 
Ve Ome On Or soy 0) 0 
Retr Jee Oa Ot 0280 
Vere OF a Ole Oy 200 
Cae OF a. Ca Ore Oise () 








Here V» contains but a single element different from zero, and V3, V4 ---, 
vanish identically. From the formula, we obtain 





Tiga em IS Te goon) ip rept: JAY 0 OSeet) 

0 ti nr" 819 0 0 One 

0 0 Ti 0 0 Ome 0) 
A, = 0 0 0 Roum Lame Sayeeda Onn 

0 0 0) 0 2” Ume.0 

0 0 0 0 0 re” 0 

0 0 0 0 Oe yey 





which may be readily verified.” 
PART THREE. SOME PROPERTIES OF CERTAIN RATIONAL FUNC- 
TIONS UNDER ITERATION. 
A Special Class of Rational Functions. 
17. One of the simplest and most interesting classes of functions 
y = A,(x) to study in the complex plane, is that of the rational functions. 


* Cf. Van Vleck, ‘““One Parameter Projective Groups... ,’’ Trans. Am. Math. Soc., 
13 (1912), p. 353-386. 
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Certain rational functions with real coefficients have the property that the 
iterates of the real function are identical with the iterates considered as 
real functions. In these cases the positive and negative iterates of a real 
point are themselves real. It is a class of these functions that we shall now 
consider. 

Let us be given a rational function A,(x) of degree r in numerator and 
denominator. For one value of 2, y = Ai(x), will have but one value, 
while for y assigned arbitrarily x must have r values. If these are to be 
real whenever y is real, which we must require in order that real points 
are carried into real points by A_j, then the r zeros of A:(a2) must be real 
and distinct; since if y = 0 yields two coincident roots, then y = c, where 
c is properly selected with respect to sign, and different from zero, will have 
two imaginary roots. Furthermore and for the same reason y = Aj(x) can 
have no horizontal tangent at a finite point, so that between any two zeros 
of y = Ai(a), there must. be a pole of this function, and this continues to 
be true when we regard the range cyclically. Thus the poles and zeros 
alternate. The curve y = Ai(x) must then either increase monotonically 
between every pair of vertical asymptotes, or else decrease monotonically 
between every such pair. In either case the expression ee) ust 
have the same sign at all of the zeros of Ai(v). The straight line y = x 
meets the curve y = A(x) inr + 1 points real or imaginary. If the curve 
decrease monotonically between asymptotes, that is, if [dA 1(x)]/dz is negative 
at the zeros of Ai(x), then these r + 1 points of intersection must all be 
real and distinct, while for the curve increasing between asymptotes, r — 1 
at least must be real and distinct, these lying between successive vertical 
asymptotes, while the two remaining are either conjugate imaginary, real 
and coincident, or real and distinct. 

The sum of the residues of 7/[A:(~) — 2], must be zero. We shall sup- . 
pose that the points of intersection é1, @2, ++, @r41, of y = x with y = Ai(z) 
are all finite. We may then obtain a relation among the slopes of the 
curve at the points e, by use of the residues of 1/[Ai(~) — 2]. The curve 
y = A(x), will be supposed to have r finite poles, and hence it must have 
a real horizontal asymptote, say, y = a. If 1/[A:(7) — 2] be expanded in 
descending powers of 2, its first coefficients will be given by using the 
expression of the form 
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which determines the residue at infinity of 1/[Ai:(7) — x] as being equal 
to unity. If for dA,(x7)/dx we write A,’(x), the residue at e,; will be 
1/[A,’(e;) —1], hence we have, 


r+1 1 
2 |. — Aaile:) 


If Ai(a) decreases between the vertical asymptotes, then A,’(x) is 
certainly negative in particular for the r + 1 points e;,4 = 1,2, ---,r +1. 
If it is increasing between the asymptotes, then A,’(«) is real and greater 
than unity at each of r — 1 points e, one lying between each pair of vertical 
asymptotes. If the two remaining e’s are real and distinct then A,’(z) 
will be greater than unity at one of them, and positive but less than unity 
at the other. 

In case A,’(x) is negative at the points e, there can be no question of a 
real one-valued function y = A,(x) which is a continuous function of n, 
and which leaves one of the e’s invariant. For if such an A,(2) existed its 
slope at any e, 1. e., A,»’(#) would be equal to [Ai’(x)|" at the same point, 
but this cannot be real and vary continuously with n and still be negative 
for n = 1. We shall examine now in greater detail the case when a func- 
tion y = A,(x) might exist and vary continuously with n, 1. e., the case in 
which A,’(x) is positive at the real points e. We shall confine ourselves 
also to the case in which not only r — 1, e’s are real and distinct but in 
which the two remaining e’s are real and all r + 1 are distinct. The cases 
in which the two remaining e’s are conjugate imaginary or coincident may 
be treated in an analogous manner and present no new features of special 
interest. 


= 1. 


The Iteration of Certain Rational Functions. 


18. If we be given a rational function, y = A(x), we may, as we have 
stated before, replace x by a linear fractional transform of x, and y by the 
same linear fractional transform of y, and the transform of A, obtained in 
this manner has for its iterates the transforms of the iterates of the original 
A,. By taking a real linear fractional operation we may arrange matters 


in such a way that r — 1, e’s, é1, €2, ---, @--1, occur each between a pair of 
vertical asymptotes, while e, and e,.; occur to the right of the right-most 
asymptote. 


We shall suppose therefore that we are given two polynomials P(x) and 
Q(x) of degree r, and we shall write Ai(xz) = P(x)/Q(x). We shall suppose 


P and Q to be real, and the r zeros of P(x), 21, 22, ---, 2, to be real, and the 
r poles of Ai(x), i. e., the r zeros of Q(x), 71, Po, «++, pr, to be real while 
— 0 < pi < 21 < po < 2, +++, < Pr<2@< + ©. Weshall also suppose 


that A,’(z) > 0 for each point z. There will be r — 1 points e,, 2 = 1, 2, 
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--, r—1, for which A,(e;) = e;, and such that p; < e: < pisi, while 
Aj/(e;) > 0. The two remaining roots of Ai(x) = 2, e,, and e,41, we may 
denote also by f; and f. respectively. We shall suppose these to be real 
and distinct, and satisfying the inequality p, < fi < fe. Then Ai‘(fi) > 1, 
and 0 << A1'(fe) ce ip, 

For n a positive integer greater than one, the function y = A,(a) has 
many features analogous to those of y = Ai(a). It is a rational, real 
function of degree r”, with r” real zeros and r” real poles, and the poles 
and zeros alternate. The roots of A,(x) = x are 7” + 1 in number of 
which r” — 1 are real and occur one each between every pair of poles, while 
the last two are real and to the right of the right-most pole, and coincide 
indeed with f; and f2. The left-most pole of A, (a) is to the right of the left- 
most pole of A,_1(@) but lies also in the interval 1, ps. The right-most pole 
of A,(x) lies to the right of the right-most pole of An»_i(x) but also in the 
interval p,fi. The function y = A,(x) increases monotonically between 
every pair of poles, while A,’(f:) > 1 and 0 < An’(f.) < 1. If a; denotes 
the asymptotic value of y = Ai(x), then the asymptotic value, an, of An(x), 
is such that a, < ay. 

For n positive but nonintegral, the functions A,(2) which we can 
determine in the neighborhood of f; and of f2 coincide, in the sense that the 
series valid at f; when analytically extended must be valid at f2, and must 
coincide with the series obtained at f2, for no singularity can occur between 
these two points. It might be at first supposed that by further continua- 
tion we should obtain a function with essential singularities, perhaps, on 
the real axis, but none the less one-valued in the complex plane. This 
cannot however be the case if n be allowed to vary continuously, as we 
shall proceed to show by the use of the Riemann surface for A(x). That 
y = A,(x) is not one-valued when n = — 1, and r (the degree) is greater 
than one, is obvious. 

Let us mark in the complex plane of x, the branch points of y = A_i(x), 
and join these by cuts, to obtain a region Ro, which is simply connected and 
includes all points of the complex plane not themselves on the cuts. Since 
fi is not itself a branch point we shall suppose that no cut actually passes 
through f:1, and likewise for f2. Now the interior of a small circle about 
f. is carried by the transformation y = A_,(x) into the interior of a curve 
approximately circular and concentric with the given circle, since f2 is 
carried into itself, and A_,’(f2) is real and greater then unity. So that any 
small region, X, inclosing fs is carried into a region Y entirely including X 
within its interior. Now A_i(x) is defined as one-valued, either finite or 
infinite, for every x in Ro, so that as X is successively extended Y suffers 
a like extension and always so as to include X, as long as X is within Ro. 


THE ITERATION OF FUNCTIONS OF ONE VARIABLE. 59 


As X comes to coincide with Ro, Y is, of course, no longer a non-overlapping 
region but coincides with the Riemann surface for y = A_i(x), except for 
certain cuts, a region which we shall call R_;. We shall define R_, as the 
multiple-sheeted region that Y becomes when X is taken as R_,, and in 
general for X = R_, we shall have Y = R_(n41). On the other hand, 
for Y = Ry, X becomes a region included within Ry and only partially 
covering the complex plane. This we shall call R,. We shall define anal- 
ogously R., R3, ---. Now,we have a series of regions, 


| Pury. Rs, Ra, Ri, Ro, ea. R_», R_s, y 


each included in the following, and building up successively an infinitely 
- sheeted surface, which we shall call R. 

By the discussion made in the first part of this paper, we may obtain 
the coefficients of a power series E(x) which represents an analytic function, 
such that EH[A_:(7)]| = (1/ai.)H(xz). If we write ¢ = E(x), then the trans- 
formation y = A_:(x) corresponds in the ¢tplane to the transformation 
t’ = (1/ai:)t where t’ = E[A_i(@)|. Thus the mapping of R, upon R,_1 
has for its transform in the ¢-plane, a mere magnification leaving the origin 
invariant. The straight lines through the origin in the ¢-plane are carried 
into themselves by the magnification, and are the path curves of the trans- 
formation in the é-plane for ¢’ = (1/a,,")t. The corresponding path curves 
in the x-plane, are the path curves for A_,(«), as n varies over real values, | 
and are curves starting at f. and passing, in their totality, through every 
point of R. For ¢ = E(#), as ¢ varies over the ¢-plane, x varies over R, 
so that RF is the Riemann surface fort = E(a). Now let us take a number z. 
There will be one point in each sheet of the infinitely-sheeted surface R, 
having x for its coordinate. Through each of these points there will be a 
path curve terminating at f.. To determine A,(), for a given real, positive 
n, we must follow along a path curve from x toward f2 a distance correspond- 
ing to n in the scale that is determined along the path curve by its very 
nature. The infinite number of points which we shall obtain by starting 
with the same x but in different sheets, can only be superposed for all 
choices of x and n when the path curves in the different sheets of R are all 
superposed. This is not, however, the case unless the rational function be 
linear fractional, since otherwise y = A_;(x) would carry a single x into 
but a single y. Hence A,(«) is not a one-valued function of x as n varies 
over real positive values. 

The function « = H_,(t) is a one-valued meromorphic function of ¢ 
with infinity as an essential singularity, while H(x) itself is an infinitely 
many-valued function with Ff for its Riemann surface. 

The same sort of discussion will show that if A(x) be an analytic function 
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defined with its inverse, all over the plane and A(x) is one-valued, then 
while A,(x) cannot be one-valued for general values of n, still the inverse 
E_, of the transforming function EF is in general one-valued and mero- 
morphic over the complex plane, provided that there is one point of f used 
in defining E for which A.(f) =f, and | Ai’(f) | = Ai’(f) < 1.. We shall 
not investigate less stringent conditions at this time. 


PRINCETON, N. J., 
February, 1915. 


THE CAUCHY DEFINITION OF A DEFINITE INTEGRAL. 
By D. C. GILLESPIE. 


Cauchy* gave the following definition of the definite integral of a 
continuous function f(x) between the limits (a, b): 


ff sa)az nim fayei— a) fied) ea: - + f(tm1) (b — fn). (1) 


‘Int justifying his definition he proves that the limit of the sum on the right 
is the same for all modes of subdivisions of (a, b) in which the limit of the 


b 
largest sub-interval is zero. He also proves of the integral I f(x)dx as 
thus defined that 


ff seca a2 in is a aa ER Ge a ey EGG Ses 


where £---&, denote numbers chosen at random in (a, 21):++(@m-1, b). 
Riemann{ takes the limit of the sum (2) as his definition of the definite 
integral of any function f(x) in the interval (a, 6). 

A bounded function f(z) will therefore be said to be integrable in the 
Cauchy sénse if the limit on the right in (1) is unique for all modes of sub- 
division of the interval (a, b) in which the limit of the largest sub-interval 
is zero; and in the Riemann sense if the like is true of the limit on the right 
in (2). It is the object of this note to prove that these two definitions are 
equivalent. 

Since the sum (1) is included among the sums (2), if f(x) is integrable in 
the Riemann sense it is obviously integrable in the Cauchy sense. It is 
therefore only necessary to prove that if f(x) is not integrable in the Riemann 
sense it is not integrable in the Cauchy sense. 

The necessary§ and sufficient condition that f(x) be integrable in the 
Riemann sense is that every closed set|| contained in the set of points at 
which the oscillation** of f(#) is greater than any positive number k that 


* Cauchy, Lécons sur le Calcul Infinitesimal, p. 81. 
{t Cauchy, Oeuvres, Ser. 2, Vol. IV, p. 122-128. 
t Riemann, Werke, p. 213. 
§ Hobson, Theory of Functions of a Real Variable, p. 342. 
|| Hobson, loc. cit., p. 64. 
** Oscillation-Saltus, Hobson, loc. cit., p. 233. 
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may be assigned has the content* zero. Hence if f(a) is not integrable in 
the Riemann sense there is at least one closed set G of content c(> 0) at 
the points of which the oscillations of f(a) are greater than some constant 
k(> 0). But it can be shown as follows that if such a set G exists, two 
systems of subdivisions of (a, b), Di; and D2, can be formed for which the 
limits, granted that they exist, of the sums of the form (1) will differ by 
ck/8; so that f(x) is not integrable in the Cauchy sense. 

Let D be a division of the interval (a, b) into m equal subintervals. 
To prove the existence of D; and Dz we shall consider those intervals of 
division D which contain points of G either within or at the end points of 
the intervals. Let x;, x:11 be the end points of such an interval. If x; is 
not a point of G, then there is a first point of G beyond w,, since G is a closed 
set. Let us designate this first point of G, provided it lies in the interior of 
the interval (v;, i41), by p;. If x; is a point of G take a point v; such that 
Xi << V; < Ui, and such that (v; — x;) < c/2m. If v; is a point of G we 
shall also designate it by p;. If v; is not a point of G, and there are points 
of G between v; and #;11, we shall designate the first of these points beyond 
v; by p; Apply this process to all the intervals of the division D which 
contain points of G. Then all the points of G, except possibly b, will lie in 
a set of intervals, not greater than 2m in number, such as (a;, v;) and 
(p;, Xi41). Each of the intervals (x;, v;) is less than c/2m; since there are 
not more than m of them, their sum is less than c/2._ Therefore the sum of 
the intervals (p;, %:,1) must be greater than c/2. 

We choose now a positive number d; smaller than the smallest of the 
three numbers (p; — 2;), (%i41 — pi) and ck/32mM (where M is the upper 
limit of | f(x) | in (a, b)). Then with p; as center construct an interval of 
total length 2d; Within this interval about p; there are two points, 
which we shall designate by s; and t,;, such that f(s;) — f(t;) > k/2. 

Let the division D; have for end points all the end points of D and in 
addition the points s;, and let the division D, have for end points all the 
end points of D and in addition the points t;. Now the sum (1) due to the 
division D; minus the sum (1) due to the division D, is greater than ck/8. 
For the sum (1) due to division D; would be made up of terms such as 
f(xz)(s; — x7) + f(si)(@ix1 — 8:), together with terms due to those intervals 
of D in which there is no point p;.. The sum (1) due to division D. would be 
made up of terms such as f(«,)(¢; — x;) + f(t) (wu1 — ti), together with 
terms due to those intervals of D in which there is no point p;. The differ- 
ence between the terms of D,; and D, just indicated is 





* Hobson, loc. cit., p. 98. Content, as used here, is called upper content by Pierpont, 
Theory of Functions of Real Variables, p. 352. 
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A) Sea ee Cee eee eet Sae ls) CC — De t= Ds — f:) 
= f(x) (Si = &) Ss) — fs) es — ;) +f (ss) (p: — 8.) — f(t.) (pi—t). 


The total difference between the sum (1) due to division D,; and the sum 
(1) due to division D. would be the sum of all such terms. 


| Zf (as) (si — &) | < e since fee) = = M and |(s; — t,)| < 261 < ape 


See) eer D3) = 7 since f(s:) — f(t) oy Sand pai pp a WR) os ; 


| =(f(s:i) (pi — 83) | < 35 ck 


ck 
35? since | f(s:)| = M and |p; — s;| < 6; < 501m: 


ck ck 
| =(f (ti) (pe = $e ti) | <5 BY since |f@)| = M and | DP tice b; | < oF < 29MM’ 
Therefore the sum due to D, minus the sum due to D, is greater than ck/8. 
This difference is independent of m. Thus as m becomes infinite the limits 
of the sums due to D,; and Dz can not both exist and be equal. 
CorNELL UNIVERSITY. 


SURFACES WITH ISOTHERMAL REPRESENTATION OF THEIR LINES 
OF CURVATURE AS ENVELOPES OF ROLLING. 


By LutTHer PFrAHLER EISENHART. 


In a former memoir* we have established the existence of transforma- 
tions of a surface 2 with isothermal representation of its lines of curva- 
ture into surfaces 2; of the same kind, such that 2 and a transform 2, 
envelop a two-parameter family of spheres and the lines of curvature 
correspond on = and 2. Envelopes of spheres possessing the latter 
property were considered by Ribaucour and are called transformations of 
Ribaucour. It is a property of these transformations that on the locus 
of the centers of the spheres the curves corresponding to the lines of cur- 
vature on Y and 2, form a conjugate system. 

In a recent note Bianchiy developed the idea of the envelope of a plane 
invariably fixed to a surface Sas the latter rolls over an applicable surface 
S,f called the surface of support. He called = an envelope of rolling and 
showed that given any non-developable surface = the problem of finding 
pairs of applicable surfaces So and S, such that, as So rolls on S, a plane 
conveniently fixed with respect to So envelops 2, requires the solution of 
a partial differential equation of the second order. In a later note$ 
Bianchi considered the case where the envelope of rolling 2 is a surface 
with isothermal representation of its lines of curvature, and found that 
a transformation of the kind referred to above of 2 into a surface 2, 
with isothermal representation of its lines of curvature, called by him a 
transformation Em, gives a solution of the problem. In fact, the locus of 
the centers of the spheres is the surface of support and the corresponding 
rolling surface Sy is found by quadratures. 

In the present paper we solve the converse problem: T'o show that the 
transformations E', are the only transformations of Ribaucour for which the 
given surface vs an envelope of rolling with the locus of the centers of the spheres 
the surface of support. In order to establish this result we prove also that 
the transformations EH, are the only transformations of Ribaucour for 


* Transactions of the American Mathematical Society, vol. 9 (1908), pp. 149-177. 

+ Rendiconti della R. Accademia dei Lincei, vol. 23 (1914), pp. 3-12. 

t For the meaning of the term rolling as here used see Darboux, Lecons sur la théorie générale 
des surfaces, Fourth Part, Chapter VI. 

§ Rendiconti della R. Accademia dei Lincei, vol. 24 (1915), pp. 366-377. 
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which the correspondence of the spherical representations of the lines of 
curvature of the two sheets of the envelope of spheres is conformal.* 

2. Envelope of Rolling. Let = be a surface referred to its lines of 
curvature; p1, p2 be the principal radii of normal curvature; X, Y, Z the 
direction-cosines of the normal to 2; and 


(1) ds? = Edu? + Gdv? 


the linear element of 2. Let M bea point on 2 and M, the corresponding 
point on S, a surface of support. Bianchi has shown that Mp, is on the 
normal to 2 at M. Hence if x, y, z and 2, yo, Zo are the cartesian cooérdi- 
nates of M and M, respectively, we have 


(aa toa eu a hX, yo=y — RY, 2.9 = 2— RZ, 


where RF is a function of wand v to be determined. From (2) it is readily 
found that the linear element of S is | 


dso? = LyYdu? + L.2dv? + dR?, 
where we have put 


(3) I, = vE(1 +=), Ln =V@(1+=), 
Pt p2 


Evidently = is one of the sheets of the envelope of the spheres of radius 
Rand center My. It is a known property of envelopes of spheres that as 
the locus of the centers is deformed the two points of contact of each 
sphere with the envelope retain invariable positions.t| Hence when S 
is applied to So, the planes tangent to 2 assume one and the same position 
inspace. If this plane be taken for the xy-plane, the codrdinates of So are 
x, y, R, and consequently its linear element is 


dx? + dy? + dk?. 
Accordingly as S and Sp are applicable, we must have 
(4) LYdw + L,?dv? = dx? + dy’ 


Since the curvature of the quadratic form on the right is zero, the same 
must be true of the left hand member. Expressing this condition,f we 
obtain the equation of Bianchi 





*In the Rendiconti del Circolo Matematico di Palermo, vol. 39 (1915), pp. 153-176 we 
established transformations © of a surface S into surfaces S; such that the common conjugate 
systems on S and on S; have equal tangential invariants and the lines joining corresponding points 
on S and S; form a congruence whose developables meet S and S; in these conjugate systems. It 
was shown that the transformations #,, are the only transformations Q for which the surfaces S 
and S; envelop a two-parameter family of spheres. 

+ Bianchi, Lezioni di Geometria Differenziale, vol. 2, p. 88. 

t Cf. the author’s Differential Geometry, p. 155. 
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(5) 





ee 1 aR) a(e 1 aE VEG 


p2 Ly Ou ; pi Ls dv ny Pipe 


Conversely, when R satisfies this condition, the reduction of the left hand 
member of (4) to the form of the right hand member requires at most one 
quadrature, after which the coérdinates of So are known. 

3. Transformations of Ribaucour. Darboux* has shown that if \ and 
uw are such that 


the envelope of the spheres of radius \/u and center 


N 
6 =f ——X =) t-te —2——7 
( ) 5 noe U] Y u ¢ ue? 
gives the most general transformation of Ribaucour of >. We note that 
the preceding equations are of the same form as the Rodriques equations 


for >, namely 


- = Ox ox 


x 
PERLE, = 0, Pron ie ber on Ut 


Let Xi, Yi, Zi and X2, Y2, Z, denote the direction-cosines of the tan- 
gents to the curves v = const. and wu = const. respectively on 2. The 
cartesian coordinates 71, yi, 21 of a transform 2, of > are given by equations 
of the form 


1 
(7) 4 ee 2 rr Hee + aXi+ BX), 


where m is a constant and the other functions satisfy the following com- 
pletely integrable system of differential equations: 


aN 2 an 
>, = VEa, ay = VGB, 
Qu NE ou _ NG 
Ou Pi : Ov ae 
(8) ti RD NE 
da gitB ONG ane 
av) Ale l6u du “VG ov? 


* Lecons, vol. 2, p. 388. 
t Cf. Eisenhart, Annali di Matematica, vol. 22 (1914), pp. 194-197. 
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(8) 0B 1 avG VG 





avis Scent | Malt NG), 
dloge _ a 0 log a 8 

1 ie oD TS 

0 1 avE 8B 
[Lea] 

al —TGNG a a 
oe = kl a £0 + |, 


and the quadratic relation 
(9) o? + 6? + p2 = Qmdo. 


Conversely every set of functions satisfying equations (8) and (9) deter- 
mines a transformation of Ribaucour of 2. 

The functions k? and P are equal respectively to EH, and G4, the first 
fundamental coefficients of 2, The direction-cosines X17’, Yi’, 27; 
X>2', Yo’, Zs’ of the tangents to the parametric curves on 2; are given by 


dat 
OU 


oe aS NG X 0’, 


= VEX, Ov 


and similar equations in y; and z;._ It is necessary to distinguish between 
two cases, namely il aH 
(a) k = — VE, lL = VG, 


(b) k = VF, L = VGh. 


In order that the mutual orientation of the trihedral for 2; shall be the 
same as for 2, the direction-cosines of the normal to 2;, namely X’, Y’, J’, 
are given by equations of the form 


I 


moti (XX) aa (Je 


where the upper and lower signs before X’ correspond to cases (a) and (6) 
respectively. 

Expressing the condition that the equations of Rodriques for 2; are 
of the same form as for 2, we are led to the respective pairs of equations, 
for the determination of pi’ and py’, 


G10ei | ane 2 (2) = 
au (+5 +%)- 5 an? 


0, Lop'o: (ie aan 3 (4) = 
av (4 +4) -$ jut 





(10) 
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We consider now case (a). The corresponding equations (10) are 
reducible by means of (8) to 


VE, (=,+#) = vE(— +4), 
P1 r Pi d 


Cn ene \ (= H) 
: VG +) = NG peax ; 
4. Solution of the problem. In accordance with the problem as stated 


we consider now the case where equations (2) and (6) define the same 
surface. If we put 


(11) 


= d/u, 
it follows from (8) that 
Oh _ a OF By 
ies 00 eee 


Substituting in equation (5), we reduce the resulting equation by means 
of (8) and (9) to 


MG (— WB, +B) + EG + WG + 2 - 0 


] 


which because of (11) is equivalent to 


i EXE _ SENG, 


By similar processes we find for case (b) the equation 


NG VE, , VE B NG; 


p2 p1 Pi p2’ 








(12’) = 0. 


If the linear elements of the spherical representations of 2 and 2, be 
written 


ds’* = edw? + gdv’, ds;'* = e,du? + gidv”, 


then* ¥ oy 
_ ME Me AG oo Ne Gy 


pi’ y P2 P1 d P2 








Also we havet 


13) dve_lavE aNg_ 19N@ 


Consequently equations (12) and (12’) give 


* Cf. the author’s Differential Geometry, p. 200. 
1 IbidS p.4157 
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(14) 


from which it follows that 

A necessary and sufficient condition that the locus of the centers of the 
spheres of a transformation of Ribaucour of a surface = be the surface of 
support with > the corresponding envelope of rolling is that the correspondence 
between the spherical representations of the lines of curvature of the two sheets 
of the envelope of spheres be conformal. 

5. Transformations L,,. Now we shall show that transformations E,, 
are characterized by the property mentioned in the above theorem. 

We replace equation (12) by 


i, Eo GG 
pe a, tt po’ p2 


svi 








where the factor of proportionality p is to be determined. Now equations 
(11) may be replaced by 


(5) Wi-VE=Ve-»), Wat+vG@=-Wra +>). 


If these values of VE, and VG, be substituted in the last two of equa- 
tions (8), we find that p must satisfy the equations 


0 0 6 
5, 108 Pp = — a loge — rac af Nh 
(16) 
0 0 a 
pp OAS Tam ree MOM oe rac. + p)e. 
Expressing the condition of integrability of these equations, we get 
0? € 
Cary: ee = (), 
Hence 
endl 
ra 


where U and V are functions of w and v respectively, that is, the spherical 
representation of the lines of curvature of = is isothermal; and in con- 
sequence of (14) the same is true of 2. 

When similar processes are applied to (12’), we get the same equations 
(16). 

By a suitable choice of the parameters we can reduce U and V to unity 
and then we introduce functions @ and ¢ by the equations 


(17) ve = Vg =e, p = eul¢, 
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where the e’s of the right hand members are the Naperian base. Now 
equations (16) reduce to 


CUR ereat | 40098 9 
(18) OU oP Qe, Ov =? Be’, 


which are readily found to be consistent. 
From (15) and (17) we have 


(19) VE, = E+ *(e*—e#), VG, = -G-*(er pe). 


Substituting these values in the expressions (8) for 0 log «a/du and 
0 log a/dv, we have 











DUS OAS dlogo  dlogd , Ad logue 
ahh ou Oi Be dv 0 as 


Hence to within a constant factor we have by integration 
(20) Cr aU 


This constant will be taken equal to unity, as the constant m appears in 
(8) and (9) as a multiplier of co. 
Now the first eight of equations (8) and (18) are reducible to 


a hs VEa, bir GB, 

Ou 8 OM _ ~6 

jules mee dv ea Gs; 

Oa 08 

aa ea ryes ar et — Me Ore ft), 
(21) 

da a8 a8 

Ov aut? Ou av” 

Oop 086 

ame SR heme HOR N= ou). 

OP _ 6 Og _ 6 

ay ee Meet Bem 


These equations are obtained in case (6) also, and the only change neces- 
sary is that of the sign of VE, in (19). 

Equations (21) are equivalent to the equations of a transformation 
E, derived by Bianchi.* Hence we have 





wb tow vey Si: b, 
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A necessary and sufficient condition that the correspondence between the 
spherical representations of the lines of curvature of two surfaces tn the relation 
of a transformation of Ribaucour be conformal is that the spherical represen- 
tations be isothermal, in which case the transformation is an Em. 

Combining these two theorems, we have the desired result: 

Transformations E,, are the only transformations of Ribaucour for which 
the given surface is an envelope of rolling with the locus of the centers of the 
spheres for the surface of support. 

PRINCETON UNIVERSITY. 


A THEOREM CONCERNING REAL FUNCTIONS. 
By K. P. WILuiAMs. 


The purpose of this note is to state a theorem that can be made to 
apply to any function not a constant defined on a linear interval, and which 
has a corollary one of the most important theorems concerning continuous 
functions. As the demonstration is very simple it is thought that the 
theorem can well be used in an introductory course on the real variable. 
While in such courses the Dirichlet definition of a function may be given, 
no general properties are usually obtained until some rather strong hypothe- 
sis, such as continuity, is imposed upon the function. 

Let f(x) be a function defined throughout the closed interval (a, 6), and 
suppose it is not constantly of the same sign, and not everywhere zero. Then 
there exists at least one point such that in no vicinity of the point rs the function 
constantly of the same sign. 

Suppose the theorem not true. Then about each point of (a, 6) we 
can construct an interval throughout which the function is of the same sign 
or zero. ‘These intervals will overlap, so that by the Heine-Borel theorem 
a finite number of them covers (a, b). As these also overlap it follows that 
the function must be of the same sign throughout (a, 6), or else everywhere 
zero, Which is contrary to hypothesis. ‘Thus the theorem must be true. 

If f(z) is continuous and both positive and negative, it follows at once 
that it is somewhere zero. 

It is apparent that the theorem can be modified so as to generalize the 
theorem that a continuous function actually assumes all values between 
any two of its values. Let f(x) be any function not constant, and M and m 
its upper and lower bounds, respectively. Then if 1 is any number between 
m and M there must be at least one point in no vicinity of which | — f(x) 
is of the same sign. 

The theorem can be generalized so as to apply to a function defined 
on a very general range. In the form that follows the terms used are those 
employed by Fréchet, ‘Sur Quelques Points du Calcul Fonctionel,”’ 
Rendiconti del Circolo Matematico di Palermo, T. XXII, 1-42. 

Let U be an operation defined for each element of an extremal class E, 
which is itself a sub-class of elements of a normal class. Then either there 
exists an element h of E such that on no sub-class of E to which h is properly 
interior is U constantly of the same sign, or else E can be broken up into a 
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fimte number of closed sets, having no elements in common, and on each of 
which U is constantly of the same sign or constantly zero. 

Suppose there exists no point such as h. Then each element a of H 
gives rise to a sub-class H,, to which a is properly interior and on which U 
is constantly of the same sign or constantly zero. From the generalized 
Heine-Borel theorem it follows that there is a finite number of these classes, 
call them Ey, Eu,, ---, Ha,, such that every element of # is interior to one 
of them. In case two of these classes have an element in common, they can 
be combined into a single class on which the function is constantly of the 
same sign or constantly zero. Suppose next that an element d of Ha, is a 
limit element for elements of H,,. Since d is properly interior to some one 
of the classes we see that U is of the same sign or zero throughout the 
combined class Hy, + Ha, It follows from this that the m sets Eu, Ha, ---, 
E,,, can be replaced by n sets (n < m), call them Hi, E2, ---, H,, which 
are all closed, have no elements in common, and on each of which U is 
constantly of the same sign or constantly zero. Thus the theorem is 


proved. 
UNIVERSITY OF INDIANA. 





NOTE ON AN OPERATION OF THE THIRD GRADE. 
By AusBert A. BENNETT. 


If a and 6 be numbers, the operation of adding b to a has been called 
an operation of the first grade (Stufe), that of multiplying a by 6, an opera- 
tion of the second grade, and that of raising a to the power b, one of the 
third grade. With this definition an operation of the third grade bears a 
relation to one of the second grade different from that existing between the 
first two grades. Nowa X b may be written, when dealing with ordinary 
numbers, as ele ¢tloe >, Tf in this expression we replace addition by multi- 
plication we shall have e(1es @ (og ») = gels les @F log log” Which we may define 
as ajb. We may similarly define ajb as ees: ls > and in general for n an 
integer, a2b as ele 4na lox >, Wherein particular aj}b = a + 6b and a{b =a X b. 
An operation, $, exists for every modular field and for each choice of a primi- 
tive root of the field, but no analogous operation, §, can be defined for 
modular fields, since the set of indices obtained as exponents of the primitive 
root, do not themselves form a field having a primitive root. 

The question arises as to whether for the ordinary real or complex 
number systems we are able to interpolate in the series of operations, °, 
operations, such that ? may be defined continuously for all real or complex 
values of n. We shall be able to do so when once we have obtained the 
iteration of e” for all values of n, the index of iteration, or as we may write 
it H,(x), where E,(a) = e* and F,(x) = e”, ete. 

We can obtain a definition of L,(a2), even when we restrict ourselves to 
real numbers, by finding a function f(x) such that ef = f(a +1). With 
such an f(x), we may write H,(z) =f[n +f7(a)]. We may take f(0) 
= — o,s0 that f(1) = 0, while between 0 and 1, f(x) is defined as a real one- 
valued function. It may, however, have finite or infinite discontinuities 
of an arbitrary type between 0 and 1, but it will in any case be completely 
defined for all positive values of x when once defined forO0 <a <1. Itis 
natural to seek to determine a particular f(x) such that y = f(z) is as 
regular as possible as x approaches + o. Since f(+ «) = + ©, we 


1 ee 
shall use g(x) = F(x): A solution g(x) may be found which is asymptotic 


to 0a gt ee +—+ ---. It might be at first supposed that but 


one solution g(x) of et’ = 1/g(v@ + 1) could be found for which g(1) = © 
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and which is asymptotic to 0 +2 ae 060 Se < + ---, but such is not the 


case. For example, if f(7) be defined between 0 and 1 as consisting of a 
finite number of arbitrary portions of arbitrarily selected meromorphic 
functions, and meromorphic at each point of discontinuity both from the 
right and from the left, then g(vz) = 1/f(#) will of necessity be asymptotic 
to the above series. Thus the asymptotic behavior of g(x) does not serve 
to identify it. 

Probably the simplest method of obtaining a function f(x) satisfying 
ef) = f(z + 1) which shall be continuous together with all of its deriva- 
tives for positive real values of x is to resort to the complex plane, and apply 
the usual methods for finding the iteration E,,(7).* Thus we seek first a 
number c such that ee = c. Any such point c = u + wW, will be given by 
the intersections of the curves v? = (e”)? — u? and wu =vecotv. These 
intersections are isolated, infinite in number, and are situated symmetrically 
with respect to the real axis. If c, is the root, above the real axis, of smallest 
absolute value, the series expansion obtained for H,,(x) at cq, by the usual 
method will determine the same function on the positive real axis as when 
we start with ¢,, the conjugate of c,. In a strip lying to the positive side of 
the pure imaginary axis, including the real axis, c, and ¢, but not including 
any other root c, H,(a) thus defined will be one-valued, analytic, and will 
carry real points into real points, regarded as a function of zx, for any 
positive real value of n. 

It might have been supposed that since f(a) is determinate for x = 1, 
2, +++, 7, +--+, we might apply Newton’s interpolation formula, and have 
obtained an analytic function f(z) as desired, although confining ourselves 
to real numbers. The function obtained by the interpolation formula is, 
however, readily seen not to satisfy e/ = f(a + 1), since, for example, it 
will be finite for ¢ = 0. When, however, we use the point c, the function 
E,(x) obtained is exactly the one obtained by a slight modification of 
Newton’s formula. We have merely to expand by Newton’s formula, 
E,,(x)/a", where the first n is the index of iteration, and the second denotes 
raising to a power, and where a = (e”)’| ,-.,, 1.@, @=c. Thus, with 
the usual notation, if yn(v) = En(a)/c”, for integer values of n, then 


n(x) = eslyole) + ( )ayola) + (5 )atuvte) +--+ + (7 Jaryola) + = 


PRINCETON, N. J., 
September, 1915. 





* Cf. article by author, Annals of Mathematics, Vol. 17 (1915), p. 31, ff. The expansion 
given below is identical with eq. (5), p. 34. 


DETERMINATION OF ALL TRIPLY ORTHOGONAL SYSTEMS CON- 
TAINING A FAMILY OF MINIMAL SURFACES.* 


By T. H. Gronwa tt. 
1. Introduction. 


Two systems with the property indicated in the title are known: 

First, the general triply orthogonal system containing a family of 
planes, and generated by tracing any orthogonal system of curves in a 
plane and letting this plane roll on a developable surface. - 

Second, the system containing a family of minimal surfaces of revolu- 
tion, that is, catenoids, the axis of revolution being the same for each 
individual surface. ‘This system appears as the last case in the present 
investigation (eq. 58 and 59). It may be observed that this case falls | 
under the first, since every triply orthogonal system containing a family 
of surfaces of revolution also contains a family of planes passing through 
the common axis of revolution. To these may be added at once the 
systéms containing an arbitrary family of imaginary minimal cylinders 
represented by the equations in art. 189 of Darboux’s Théorie des sur- 
faces, vol. I, 2d ed., p. 341. This case, and that of the planes, exhaust 
the cases where the minimal surfaces cannot be represented by formulas: 
(1) in § 2. Ee 

In the present paper, it is shown that besides the cases indicated there 
exists only one family of minimal surfaces belonging to a triply orthogonal 
system, namely the imaginary quartic surfaces 


eerie + wy)? + (a + wy)(a — iy + W(p)) + 2 = 0, 


where k(p) and [(p) are arbitrary functions of the parameter p. In § 2, 
the differential equation of the problem—eq. (6)—is derived, and since 
the direct integration of this equation would present great difficulties, a 
preliminary function theoretic examination of the singular points of the 
equation is given in § 8, the result permitting the restriction of the solu- 
tions, a priori, to a small number of types, falling into two classes, to each 
of which one of the following two paragraphs is devoted. In these para- 
graphs function. theoretic methods are used freely and enable us to keep. 
the necessary algebraic calculations within very moderate bounds. 
* Read, in part, before the American Mathematical Society, April 1914. 


| Darboux, Legons sur les systémes orthogonaux et les coordonnées curvilignes, 2d ed., Paris, 


1910, chapter 2. 
16°. 
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2. The differential equation of the problem. 


Disregarding, from the outset, the case of a plane, or the imaginary 
cylinders mentioned in the introduction, any other minimal surface may 
be represented by the Weierstrass formulas* 


Tent eee Of 9", 
(1) at ree Om eavg — 29, 
py ee uf" ca fi a vg” ae oe 


where f and g are analytic functions of wu and v respectively. For a real 
minimal surface, u and v are conjugate complex variables, and f’”” and g’”’ 
are conjugate functions. From (1) we obtain 


0 be Tale 0 . YA § 0 EL 

ee eae Maer (C0 ty) — maa. 
(2) 

0) . oe Pa EY oO . Ais: 9/1? 02 na wr 

ay erw=9", EG A a Dat Ect py 8 Meare U1) 
and 

2 w@@ty +2) =2 [e+ we — wy) +2] 

Ou OU 
(3) Sees Cle un) dul ing) 2g) fae 


< (2? + y? + 2?) = [— 29+ (1 + w)?f” — 2011 + we) f’ + 2v?f]q’”. 


We now form the partial differential equation defining the conjugate 
system formed by the lines of curvature on the surface (1), that is, an 
equation of the form 

070 


2 2 
Ane paste Gy ca 


06 00 
Ou OUdv Ov? a Day as Ba, att 


(where A = A(u, 2), etc.), admitting the particular solutions x + ty, 
x—wy,zand2?+ y?+ 2%. This equation is found to be 








0 kare H)-8arbe 2) 
( du\ (1 + w)?f’” du} dv\ (1 + w)’9’” dv)? 
as may be verified by (2) and (8) in the following manner: 
First, « + vy is a solution, since 
0 les Us) aes Un ee 0 F 
du (1+ wu)? dudvl+w dv (1+ w)?’ 
* Darboux, Théorie des surfaces I, 2d ed., p. 340. 
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second, x — zy is a solution, since 


i t i te? v oie (etre 
du (1+ wo)? dudv1l+uv ov (1 + w)?’ 





third, z is a solution, since 


0 U oO? — 1 


cue mae 
dv (1 + wv)?’ 





and finally, x? + y? + 2? is a solution, since 
0 2f aa ee 2 Cay 
= (-qpapte techn? +7 ) 


- 0? 2(of.+ ug) 
~  gudv 1l+tw 





Ol By) 20a eee 2v" E 29 
=5(4 miipceay 1 Ghae ayy am): 


If in (1) we let f and g depend also on a parameter p: f = f(u, p) and 
g = g(v, p), we obtain a family of minimal surfaces. Let Hdp denote the 
distance, at the point.z, y, z, between the two surfaces corresponding to 
the parameters p and p + dp; then, when 2, y and p are taken as inde- 
pendent variables, we obviously have 








and taking wu, v and p as independent variables, this expression is trans- 
formed into 

(x, Y, 2) 

0(u, v; p) 


BY (8) Cea) 


Calculating H for the minimal surfaces (1), we readily obtain 





























RO a) Wi CR) 20 of(u, p) Zu g(v, p) 
(5) H= dud p a dude i A e+ ae. dpe Mie er ite ala 


In order that the family (1) of minimal surfaces belong to a triply orthog- 
onal system, vt 1s necessary and sufficient that the expression (6) for H shall 
be a solution of the differential equation (4).* 





* Darboux, Lecons sur les systémes orthogonaux et les coordonnées curvilignes, 2d ed., p. 76. 


DETERMINATION OF TRIPLY ORTHOGONAL SYSTEMS. 79 


Since (4) and (5) remain unchanged when wu is replaced by v and f by 
g, the substitution of (5) in (4) gives an equation which, upon multiplica- 
tion by (1 + wv)®, takes the form 








(6) Me J; U, Vv} = OPO v, U}, 
where 
U0, uo} = (1 tuts (e5cr) — 0 + wo) 
— 2v(1 + uv)? a Cg ae ) + 6v?(1 + wv)é hae 
(7) 
+ 2*°(1 ++ wv) a7 (8 a6) ~ 8 9 of 
— 2. + w) 325% + 805g 
and 
1 1 
(8) Be Et) 8) aarp)? HT) Ary pre 
ou? ov? 


Equation (6) is the differential equation of our problem. 


3. Preliminary discussion of equation (6) and classification of possible solutions. | 


We begin by proving that, if f, g is a solution of (6), and we give p an 
arbitrary but constant value, either the pair of functions £ and Of/dp or 
the pair 7 and 0g/dp (or both pairs) has only isolated singular points. 
The method used will also give a first classification of the solutions. 

To this purpose, we differentiate (6) four times in respect to wu and four 
times in respect to v; after the necessary algebraic reductions, we obtain 


ae ae mal? d°g 4 ae | 











ie due dv'dp | Maur \" avtap | ~ av%dp 
9 } 
0° Q° 0° ot O° 
a OHS SD pant tain) ae 
Owdp Ov Oud p 0uU°d p Ov 
Writing 
oi O°f o“f 
gi(u) = au? ) g2 (u) = aud p’ g3(u) = U dud p = du dp ) 
(10) 0° hy. 0*g 
2 phe 
Wi(v) aT av ’ po(v )= fee ¥3(v) = ” av'd p 4° 4 dv30p’ 


(9) takes the form 
(11) gi(u)yo(v) + ugi(u)bs(v) = xrilv) g2(u) + vyi(v) ¢s(u), 
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and here we may distinguish three cases: 

Cases: eile) 10 io)" 0- 

Then (11) reduces to g(u) + ve3(u) = 0 whence go(u) = g3(u) = 0. 
gi(u) = 0 gives & = P,(u, p), where Py is a polynomial of the fourth 
degree in wu; and (wu) = ¢3(u) = 0 gives d*f/du3dp = 0 or, by (8), 
dé/dp = 0, so that P, = P,(u) has its coefficients independent of p, and 
the same equation gives df/dp = P.(u, p), a polynomial of the second 
degree in u. Therefore, finally, 


BENS 
Op 
so that the only singularities of € and Of/dp are at infinity. The case 
Vi(v) = 0, gi(u) + O evidently reduces to case I by interchanging uw and 
v, f and g. 

Cased iment) a— aviv) = 0. 

Equations (10) and (8) give immediately € = P,(u, p), 7 = Qu4(v, p) or 
o°f 1 0g 1 


(13) du’ P,(u, p)? dv Qalv, p)’ 


0° 1 
Ade) + Ar(o)u + Ar'(ou’, § F4= pon, 





(12) 





where P, and Q, are polynomials of the fourth degree in w and v respec- 
tively; the coefficients, however, are not necessarily independent of p. 
The only singularities of df/dp and 0g/dp at finite distance are the zeros 
of P, and Qu. 
Case III: oi(u) + 0, Wi(v) + 0. 
Writing (11) in the form 
Ya(v) ,  ¥alo) _ exlu) , esl) 
W1(v) Wi(v) gi (u) gi(u)’ 
differentiating once.in respect to v, and then giving v a constant value, 
it is seen that o3(u)/ei(w) must be a linear function of u. Substituting 
this in our equation, we find the same to be true for g2(u)/gi(u), so that 


glu) = (a + bu)gi(u), 
os(ur = (¢ + du)gi(u), 


where the constants a, b, c and d will of course depend on the parameter p. 
Substituting (14) in (11), we have 


Yo(v) = (a + cv) f(r), 
v3(v) = (6 + dv) f(v). 
By means of (10), equations (14) may be written 














(14) 


(15) 
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CHEE 
Ju4dp = (a a bu) = a 


O*f 


duzdp 


orf 
OGLE Rn © 


af 0s ae ate 
duwdp aC = x | bey ou*?’ 


a¢ (af F E 
wal“) = jai (e+ au) Fe | — 40 gas 


whence, integrating four times in respect to u, 


(rae du) o-* a ) 
or 





of 
Ff (a + bu) 2% — abe + Aut + Bat + Cu + Da, 


16 
(16) ‘at 
dp 


0 
= (c + du) = — 4dé + Aow? + Bow? + Cou + Dro. 
The elimination of Of/dp between these two equations gives 


[bu? + (a — du — eJS> — A(bu — dE + Aww + (By — As)u! 
-|- (C1 == B.)w -L (D; — Cy)u a D; = Q. 


(17) 


Similarly, we obtain from (15) 


of =(a+ ov) 5 =. — 4cn + Azv? + Bzv? + C3v + Ds, 
(18) 
Dale gee 2, 


[cv? + (a — d)v — ape — 4(cv — d)n + Azvt + (B3 — Ag)v® 
+ (C3 — B,)v? 4 (D3 a Or) —> Ds => G3 


(19) 


From the first equation (16) it is clear that the only singularities of df/dp 
at finite distance are those of &, and these, according to the linear differ- 
ential equation (17) defining £, cannot occur elsewhere than at the zeros 
of bu? + (a — d)u — cc, or, should this expression vanish identically, at 
the zero of bu — d. The same argument applies to 7 and dg/dp. The 
argument fails, however, when also bu — d vanishes identically; but then 


G = 0a ed = 0; 
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and from (17) and (19) we obtain A, = A; = 0, and (16) and (18) give 
= Byw? -- Cyu {+ Di, 
(20) P 
5 = By3v’ -t- C'3v a. Ds. 
p 
From these expressions we calculate H by (5), obtaining 


C, + Cs + (By ag Ds)u 5 (Bs me Di)v- 
1 + w 





(21) Ho= = Cvs Gs) ive 


It is seen at once that in order that either 0H/du or 0H/dv shall vanish 
identically, H must also be identically zero; a case evidently to be ex- 
cluded, since then (1) defines a single surface only, and not a family. 
Therefore substituting (21) in (4), we obtain 


p= (1 oe hela opi Gy ) a 


ou. 





and giving v a constant value for which 7 is holomorphic and d0H/du 
does not vanish, it is evident that this expression for & has only a finite 
number of singularities, and a similar conclusion applies to 7. Our 
proposition is thus proved in all three cases. 

We now proceed to deduce certain functional equations connecting 
Of/dp and ~— with dg/dp and 7», and thereby obtain a second classification 
of possible solutions. 

Equation (6) contains only the four functions referred to (and their 
derivatives), and since for a given value of p either df/dp and ~ have only 
isolated singular points, or else dg/dv and 7 have the same property, it is 
evidently possible to find two points wp and vo for which 1 + wv = 0 
and such that df/dp and ~ are holomorphic for |u — uo| < 2r, dg/dp and 
7 holomorphic for |v — vo| < 2r, where r is sufficiently small.* 

Consequently, for |wu—wuo| <r and |h| sufficiently small, the 
value of v defined by 


will be such that |v — v9| < 2r, and we may substitute this value of v in 
(6) and expand both sides in powers of h. This gives 
* Since one of the two points wo, vo is inside and the other outside the unit circle, this statement 


would be erroneous if, for instance, both f and g existed inside the unit circle only. Hence the 
necessity of the preceding investigation. 
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( 
- + 8hE(u ; 0) ae) Ne) a) + 3(4-3 vz) §(u u, p) ee) 


ag (— 3 2) secu p) 

















1 
— 2Quh 3p ey +8(-2 ) ew, ») 
1 1 
Vee ea) 
x ; F +h i _ 
Bienr 
1 | Hh 1 
#'9(—<, p] ag(—7, p) an(—=, 0) 
+ 8uthin ( p) i + 2uth ——. Tae 
eC 
U U 
1 
1 an(—<, 0) 
— 8y3 n(—Z,0)+ A-+.. 











7 394 p) 
dp 








where the terms of second and higher order in h are not written out. 
Identifying the terms independent of h on both sides, we obtain 


oe ace vee | La( Gis) G8 » |= 


Op wei Tdp 





Identifying the coefficients of h on both sides, and replacing differentiations 
in respect to — (1/w) by such in respect to wu, so that 
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1 1 1 
an(—1, 0) an(—<, 0) '9(-<, 0] '9(-<,e) 
Ve ; = ; 
a(-=) ou a(-<)ap dud p 
we find 
ae d°f(u, p) 1 Of(u, p) OE(u, p) 12 Of(u, p) 
ae p) Oud p a Op Ou Spe p) 0p. 
1 Ave tl 
a9(-5,0), '9(-=,p) 
E(u, p) U 
Pee ee AOD ie UNO airy: 
(23) 1 1 1 
a9(-=, p) a9(-=, p)an(—2, 0) 





1 
ania?) 
Op Ou 


Supposing the first factor in (22) equal to zero, we have 


= 0. 


F 1 
#9(—7 0) EES DY Oh) 


Oud p uw dudp de hop 





and (23) reduces to an identity. 
On the other hand, when the second factor in (22) vanishes, but not 
the first, we have 


1 
an(— 7.0) 1 at(u 
Peet 0) a 
Ou Pig} ss je gee Ms p) 





and (23) becomes 


1 
d&(u, p) [aul ai? ») _ of(u, »| 
OU Op Op 


U’ wu’ o°f(u, p) ya 
— 2&(u, p) | wv udp + 2u dp 11) p = Ut 


Since the first factor in (22) does not vanish, this may be written 














il 


2 du au Ok Jp a ap 
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whence by integration 





iT 
Og wage tee p ew 
(24) | “?) — FP (9). EG, 


u 3p 
where Q(p) + 0. 


According to (22) and (24), we may now distinguish two cases: A 
and B. 
Case A: 


1 
(25) af(u, a) 
Op Op 





Substituting v for — (1/u), this may obviously also be written 


(25)’ Cd Gaara, 


dp Ip = 0. 





From these equations an important conclusion may be drawn at once. 
Let us start at the point uw» with a certain branch of the function f(u, p) 
and continue it analytically along a closed path, returning to wo with a 
branch f,(u, p) of our function; then, since (6) subsists also for the branch 
fi, and the continuation process does not affect the function g, it follows 
that (25) subsists also for the branch f,, so that 


afi(u, p) _ Af(u, p) 
Op Opn oc 





and a similar argument applies to (25)’. Therefore of(u, p)/dp and 
dg(v, p)/dp are uniform functions of uandv. The case A will be examined 
in § 4; it will be found convenient to subdivide it into three cases AJ, AIT 
and AITI corresponding to the three cases of our first classification. 

Case B: 


(26) | n(—70) — a8 p) = 0, 





1 
(24) RG i?) he 
p 


F) = O(p) vE(u, p), Q(p) + 0. 
p 


The last equation determines, rather completely, the form of £(u, p). 
In fact, differentiating it in respect to u, we have 
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1 1 
ag(— 5,0) '9(—7,0) 1 af (u, 
Oh ave 
2u dp sats 1 “we dudp 20) “a 
a(— 7, or 


‘) 
og — ie) 


Op 





or replacing by its value from (24), 





*i(=art) oun) _2are 0 ) + Op ) [3 oe |. 


ta ee 
*0(- ie) °F, p)’_ 5, P04 P) 1 9 











af(u, p) 
Op ) 





and repeating the same procedure 


1 
'g(—7,e) ot a3 VE 
[yr autip + Me See 
Naps) 


but from (8) and (26) we obtain 


0(- 7, °) _ 8% (u, p). 


1 \? ae 
= 5) 


differentiating in respect to p and comparing with the preceding equation, 
it is finally seen that 
0° VE 


ou® 











=n) or VE = aw + bute, 





where a, 6 and c may depend on p. We can now replace (26) by the 
following 
E(u, p) = (au? + bu + ©)?, 
(27) 1 
AON (oh ve(— >? p) = (cv? — bv + a)?. 
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The process of analytic continuation used in case A does not here 
show the uniformity of 0f/dp, since in (24) Q(p) may have different values 
for different branches of f. We may however conclude that, when f(u, p) 
and f:(u, p) are two branches of f, there subsists a relation of the form 





cog) Palle £) _ SIE PD ip) AEC, 0) = M(o)(ant + bu + 6). 


The condition (26), which may be written 


ey us) = 9-2), a") = 59" (5), 


U v 
has a simple geometric interpretation. From (1) we obtain 
dx + idy = — wf’ (u)du + g’’(v) dv, 
dx — idy = ff’ (u)du — v’g’’"(v) dz, 
dz = uf’ (u)du + vg’ (v) dv, 


and writing the same equations for the parameter values wu, and 1, 
di, + tidy, = — u2f’’(u)dun + 9’ (un) dn, 
da, — idy, =f’ (m)du, — v9" (v,) dy, 
dz, = wf’ (u)duy + 149/""(01) dy. 


Now make uw = — 1/v, », = — 1/u, which gives 


1 1 Loe 1 
da, + irdy,; = —5s""( 5) a tT a9 (=) au 
— 9g" (v)dv + uf’ (u)du 


by (26)’, so that dz, + idy, = — (da +idy). Similarly (da, — zdy;) 

= — (dx — idy), dz; = — dz, whence dx, = — dz, dy, = — dy, dz, = — dz, 

and denoting the constants of integration by 229, 2yo, 220, we have 
Cea (CL o)) Yi en eo), Zi co (2 — 20); 


so that the surface (1) 1s symmetrical about the point Xo, Yo; Zo- 
The case B will be examined in detail in § 5. 


4. Case A. Detailed discussion. 


Case AI: This case is quickly disposed of; for by (12) and (25)’ we 
have of/dp = Ao’ + Ai’u + A2’u?, dg/dp = Ay’ — Ax’v + Ao'v?, and the 
comparison with (20) and (21) gives H = 0, which was previously recog- 
nized as impossible. 

Case AIT: In eq. (18), let u = wm be a root of P.(u, p) = 0; in the 
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vicinity of uw, we then have an expansion 


o*f a 


Ay—1 a are 
a Gi a ee st a = yt Oa 


U 
a,+0andl=anr=4 


If w, a1, «++, @, are independent of p, and if this is true for all the roots 
of P4(u, p) = 0, then P, is independent of p and we find, as in case AZ, 
Of/0p = Ao + Au + Apu’, dg/dp = Ap — Aw + Ao? and H = 0. 

For the root uw, we may therefore suppose that either uw itself depends 








on p, or in the contrary case, that at least one of a, ---, a, is a function 
of p. From the above expansion we obtain 
du; os duy dds du, 
of s AQ, J dp a ra Nias 1)ay1 dp th dp = Fi Ua = dp 
ducdp = (uw — uy) (uw — U)* a (uw — U1) 
(29) 
ev 
ahr a a positive powers of u— Ww. 
Ube at UE) é 


On the other hand it is necessary, in order that df/dp be a uniform 
function of u, that the coefficients of 1/(w — wm), 1/(u — w)?, 1/(u — wW)3 
in (29) all vanish. Consequently \ = 3 or 4; if \ = 8, then du;/dp + 0, 
and we have another root uw, which is simple and independent of p, as 
well as the coefficient of 1/(w — ue) in the partial fraction for 0*f/du’. We 
therefore have, in this case, 


(30) E(u, p) = = a 2 





and decomposing its reciprocal into partial fractions 


Oflu, p) _ _——s(p) | = —w)? mM-% 1 1 | 


due 9 Gin =e)? | (a wy)? 9 =a ee 








Since the coefficient of 1/(w — uw) must be independent of p, we have 


k(p) = — 2c(u — uw)’, where c is a constant, and we obtain 
d 
of c(uy te) 
(31) dp wa mt Ao Ce) + Ai'(p)u + Aa’(p)u?. 


If however \ = 4, we may write 
4 
(32) E(u, p) = wy" 


— 6k(p) 
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\ 


and obtain immediately 





ke duyz dk 
Ui ee dp 
(33) in Gi = on Maeno + Ayu + Ae’u?. 
Similar considerations apply to g, and it follows from, (25) that v9, = — 1/w 


and that df/dp and dg/dp must both be of the form (81) or both of the 
form (83). In the former case, 


(v — v,)3(v — w%) 
n(, p) eee 201 (0; 7 by) 3 ) 


dv, 
tac 2 
ag Ci (v, V2) dp 





+ Bo + Byot+ B,'v*, 








Op (BE acetal 1p 


and computing H, we find 

















d d d 
2c(u — Up)? ae 2c,(v, — na Oy c(u, — ts) a 
BEE Ss (wu — wu)? a @—n?  1+tw, U— UW 
d 
2u c1(0 a ») A , B , 
a v— Vy yas ea 
i. 9 An’ + By + (A,’ aie By’)u Se (B,’ al Ao’)v. 
1 + w 


In the expression 





fa ( (1 a =) 


there is one term containing 1/(v — v) as a factor, namely 











‘i — yt 
(V1 V2) dp | A (2 as u)3(u a 2) 1 
C(u; — U)® du (1 + uv) Vv — 0,’ 


whereas the right-hand side of (4), substituting H for 6, contains no 
negative powers of v — v,, owing to the presence of the factor (v — v,)* in 
n(v, p)» Consequently we must have 


0 (“ — %4)?(u — %) 
Ou (1 + wuv)4 


which condition immediately reduces to w*(u; — Ue) = 0, but neither of 
these two factors can vanish on account of du,/dp + 0, so that the case 








1 
)=0 forv=u=-2, 


1 


j 
| 
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considered is impossible. We now take up the case \ = 4; then é and 
Of/dp are given by (32) and (83), and we also have 






































BUS vik 
n(v, p) az 6ki(p)’ 
(34) dv; dk, 
ag_ “dp | dp 
ee / / 1.2 
hy di = Haare ie eae + Biv + B'0". 
Suppose first that du,/dp + 0; then also dv,/dp + 0 since 1 = — 1/uw, 
and we find 
ap dp bee dp x dp z dp 
i) at) a), 
du, dk dv, dk; 
2) amen dp cn | ae a | cre | 
1l+wtlhu-—w)? u- uM 1+wtlw—v)? v-Yy 
2) ye + B, + (A, — By )ut+ (By — Aol)e 


1+ w 


Substituting this expression in (4), we see as before that, n(v, ») containing 
the factor (v — v,)*, no negative powers of v — v,; occur on the right-hand 
side of the equation, while on the left-hand side we have the terms 





dy dy 
1 oO (ao). ‘dp dp 








Tf on mae Om ne b= a 
(36) ‘tye 
ee Uae "dp | 
= 3k ow) | een oe 
where, in the last expression, we have replaced 1, by — 1/w. It is. 
evident that the factor multiplying 1/(1 + wv) does not vanish for 
v = — 1/m, so that also this case is impossible. 


Next, we assume that du/dp = 0 but wm + 0; then we must have 
dk/dp + 0. The expressions for 0f/dp and 0g/dp now become, observing 
that v, = — 1/um and writing k’ and k,’ for dk/dp and dk,/dp, 


of 
dp uUu- wm 





+ Ay + Aju ae A,’u’, 


ot 
( ) Og Mika. 


dp) desea 





+ Bins + By’v + Be 0. 
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Substituting these expressions in (25), we obtain 
ie ae 
ky'u2 + B,’ — Ay’ = 0, 
ky/u? — By — Ai’ = 0, 
ky’, + Bo’ — Ay’ = 


and the expression for H becomes 


(38) 








iE Then U1? ae U1 ak 2v Uy? 
(39) wk! ~ = (u—-wm? O+tu)? ltwu-u 
39 
Zt 1 UW +uU— Uv 








ir aL ey 1 + w 
Introducing this in (4), we obtain after some algebraic reductions 


1 Un? iL Uy? 


ie tee eo Bad 1 a)?’ 


whence k = ki. Writing k& instead of k;, and expressing the B’ in 
terms of the A’ by (88), equations (37) give upon integration in respect to p 


Fu, p) = wee) 
(40) ; 
a(v, p) = pe wo + Aa(p) — uk(p) + [utk() — Arto) 
+ [Ao(e) — wk(p) jv”. 


The family of minimal surfaces defined by these values of f and g is a 
special case of one determined later (case B2). 
Finally, we have to discuss the case when uw = 0; then 





rt Ao(p) + Ai(p)u + As(p)u?, 





of = — 6k k 
ae — ane i = aa Ayt Ayu <1 Azu’, 
cE =F 4 Ag + Alu + Aste’ 
1 
ag af(-5, 0] 
dp = =o; eee 0? Ag AL) Age, 


g(v, p) = — kv? + As — Aw + Aw?’ + golv), 


d 
oo = — 6h(p) +? 
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1 1 ‘ 204041 2uv® 
Be pe aw a Tw 
— gt 
U U 


and substituting this value of H in (4), we find that this equation reduces to 


d®go(v) 
ape 7 D> 





so that we obtain the following expressions for f and g, 


_ ko) 
(41) f(u, p) moe 


AGL} = ear ea) = An aree ZANE: 


We have here assumed go(v) = 0, which is legitimate, since the addition 
to g(v, p) of a polynomial of the second degree with coefficients independent 
of p merely signifies a simultaneous translation, of constant magnitude 
and direction, of the entire family (1). The family defined by (41) is 
again a special case of one considered later (case B3). 

Case AIIIT: We begin by examining the cases where, in (16) and (18), 


(42) ad — be = 0. 


+ Ao(p) + A1(p)u + Ao(p)u?, 


First, suppose a = b = c = d = 0; then (20) and (25)’ give df/dp = 
Bw? + Cy + Di, dg/dp = Dw? — Cw + Bi, and by (21) H = 0, which 
was seen to be impossible. Second, suppose } = d= 0, but either 
a + 0orc + 0; then the second equation (18) gives 


=Aw+Buy+C, fa, 
whence, by (25), 
of 


Ato Ag — Bau + Ca? — Dyu', 

p 

and according as a + 0 or a = O, the first or second equation (16) gives 
—& = P,(u, p) or € = P;(u, p). But at a zero of ~, df/dp becomes infinite 
according to (8) and thus contradicts the first equation (16), unless this 
zero and all the corresponding coefficients in the partial fraction for 1/é 
are independent of £, that is, unless 0£/0p = 0. Then, however, (8) and 
(25)’ give df/dp = Ao’ + Ai’u + Ad’v?, dg/dp = Ao’ — Ai’v + Ao’v?, and 
we have again H = 0. The case c = d = 0 is treated in the same way. 
The case d = 0, b + 0 and c + 0 is impossible, since then ad — bc + 0. 
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There now remains the case d + 0, in which we obtain from (16), (18) 
and (42) 


(48) (bu —d) Lm (Ay — dAn)ut + «++ + (DD: — aD»), 


(44) (ee : yen mee De aD.) 
and applying (25) to (44), we find | 


(du + 0) = (cy — dds) «4 — (CBs ~ AB) 
ae (6G = dC’3)u ee (cD, ae dD3)u?. 


If b = 0, then (42) gives a = 0, (43) and (45) show that A; = 0, so that 
the first of (16) gives df/dp as a polynomial of the second degree in uw, 
whence we conclude as before that H = 0. If b +0, and bu—disa 
factor of the right-hand side in (48), we arrive at the same conclusion. 
Finally, when the right-hand side in (43) is not divisible by bu — d, the 
comparison of (43) and (45) gives 


b/d = — d/c or bc + d? = 0, 


cA, ad dAs = 0, bA» —— dAi = 0, 
whence, by (43), 
of Re P2(u, p) 


(46) dp bu-—d° 


(45) 


The combination of bc + d? = 0 with (42) gives a + d = 0, and by (46), 
the first of equations (16) may now be written 


- ay A 


(bu — d) = — 4b¢ = 2 PR ene OAT 


Integrating this linear differential equation of the first order, we obtain 


2 a | { (aoe a pA hehe + =!) du fe ote) |, 








or performing the integration 


E = Pilu, p) — Fs (bu — d)' log (bu — A) 


pecan this expression back into the first equation (16), we see that, 
since a = —d, Of/dp = P3(u, p), so that df/dp has no pole at — d/b 
contrary to our hypothesis. 

We may now assume that ad — bc + 0. Then equations (16) may 
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be solved for £ and 0£/du, giving 


E(w 0) = — qaqa ge {bw + (a - du — SE = (a + bw) 


x (Agu? + cikelis + D2) + (e + du)(Aiw® + sone +D)}, 
2 8) AL (a — bu) fh = dln’ +--+ + DY 


+ (Agu! + ++ + Di) f, 


(47) 





whence, differentiating the first equation in respect to uw and substituting 
in the second, we obtain the following linear differential equation for df/dp: 
of 


(48) [bu’ + (a — d)u — qo + [— 2bu + (a + 3d)]2- 


dud p pt Patt, ) = 0, 


where the coefficients in the polynomial of the second eM in u, P2(u, p), 
are of no particular interest to us. From (18), we get expressions for 7 
and 07/dv similar to (47), and the differential equation for dg/dp: 


(49) [cv? + (a — d)v — bee + [— 2c + (a + 3q))°4 a+ Oe ee) Ub 


ary: 


From (47), and the similar expression for n(v, p) it follows that, since 
Of(u, p)/dp and dg(v, p)/dp are uniform functions of wand v respectively, 
the same is also the case with £(u, p) and n(v, p). 

Let us first suppose that the roots a and 6 of bu? + (a — d)u—c=0 
are distinct; the roots — 1/a and — 1/8 of cv? + (a — d)v — b = O are 
then also distinct. According to (17), the only singularities of £ are a 
and 6 (and infinity, if both a and £8 are finite). Suppose that a is finite, 
then, since a and @ are distinct, a is a regular singular point for the linear 
differential equation (17), and since é is uniform, a can only be a pole, 
in the vicinity of which we have the expansion 


Qy- ay 


Ue" 





De 





Goan ers ot Fe ae =f oer NENG > Urata 41); 
But at a pole of é, its reciprocal 0°f/du* is holomorphic, and consequently 
also Of/dp. Substituting the expansion of é£ in the first equation (16), 


we obtain 
a+ ba = 0, — db — 4b = 0, 


whence, since \ > 0, b = a = O and ad — bec = 0 contrary to our assump- 
tion. Thus é has no poles at finite distance, but is an entire function, and 
by the first of (16) the same is true of df/dp. <A similar reasoning shows 
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that dg/dp is an entire function of v, and (25) and (25)’ prove that either 
function has a pole of no higher than the second order at infinity, that is, 
Of/dp and dg/dp are polynomials of the second degree. Now (25) and (21) 
finally give H = 0, which is impossible. As is readily seen, the preceding 
argument holds even when bu? + (a — d)u —c vanishes identically. 
There remains the case when bu? + (a — d)u —c = 0 has a finite 
double root a, so that 
(50) | (a — d)? + 4be = 0. 


If — has a pole at a, the preceding argument holds; we must therefore 
suppose that a is an essential singularity of & Then a is also an essential 
singularity of df/dp, for in the contrary case, the first equation (16), 
regarded as a linear differential equation in £, would show that a were at 
most a pole of é. 





Now transform (49) by making v = — 1/u; as (25) gives 
1 
O es 
i o( u?) _ af(uy p) 
0p Cpa 


ag(—=, o) snl SO) Ete 0 
ee a. 
arp 


[bu? + (a — d)u — c] juadp + [— 2bu — a + aise — wel, p) ==.(); 





we obtain 


This equation must be identical with (48), since otherwise the combination 
of both would show that df/dp were holomorphic at a; consequently 


atd= 0, 


and this equation, combined with (50), gives ad — bc = 0 contrary to 


our hypothesis. 
5. Case B. Detailed discussion. 


This case will be subdivided according to the various forms which 
the expressions (27) for € and 7 can take, in the following manner 


Case B1: a + 0, b? — 4ac + 0, 

Case B2 a + 0, b? — 4ac = 0, Cea 
Case B38: a + 0, 0 — ac = 0, c= 0, 
Case B4: a = ¢ = 0. 


The only remaining possibility, a = 0 and c +0, reduces, by inter- 
changing wu and f with v and g, to B1 or B3 according as b + 0 or b = 0. 
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Case B1.—We have, denoting by u, and w% the roots of au? + bu +c 
= 0, 
(u == U1)? (u — Un)? 








E(u, p) a ke ) UW + Us, 
and by (8) and (27) 
gy x k 
du? (wu — W)?(w — Us)?’ 
(51) 
0°q k 





ove (1 + wmp)2(1 + mo)?’ 


Decomposing into partial fractions, we find 





Ot k 1 1 
du? (us — al (u — wu)? i Gamal 


2k | De sso | | 
(my —mFelu-um uw—wy? 



































(52) 
0°g _ k | Uy Un? | 
Aue ie (in = 15)® | Cl ean) ed eae? 
Dhuyue | 1 Sage es ee | 
(wm — wm)? Li tae 1+ wp]? 
whence 
duy du; 
ee) 2k dp oOo mee 
Sutdp Gaetan)? | Gr fan)? 2 GS 
dk duyz dus 
i dp 8 ae), Daca, 
(Ui — Us)? (ui — U)? Ueertling 
dk duyz duz 
5 KG =?) pon 
(ui — Uz)? (U1 — Up)? (wu — Ue)? 
= 23; (waa eee ea 
dp\(w—wm)?/ lu—-uwm u—w% 
and 
jane k duy dus 
(53) ape)? =| da log (wu — ws) + an log (u — ws) | 
dk 2 (290 — G2 ) 
dp dp dp 
RE Co —ar (u — U1) log (u — mw) 
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dk duy dus 
af Da leee = 9 
d d d 
SY Ce see) =) ) ag ta) OE es) 


d k 
= 5 (eg ) [lu — 1)! Hog (ut) — (41m)? og (wt) 
ot Ao’ + Ayu -+- A,'u?, 
Making an analytic continuation around u = ~m and applying (28), we 
obtain 
ko du | -2 (c=) 
(uw, — wm)? dp [---](u — m) dp \(t, — ws)? -(u — Uy) 


= h(u — uw)(u — uw), 





and setting wu = w, this reduces to du:/dop = 0. Similarly du/dp = 0, 
so that uw and uw are independent of p. We may now show that this case 
reduces to case B4 by changing our coérdinate axes. 

For this purpose we shall use a theorem which is obtained immediately 
by combining the formulas in Darboux’s Théorie des Surfaces, vol. I, p. 
391, with those p. 46 and following, namely: 

The substitution of U, V, F(U) and G(V) for u, v, f(uw) and g(v) in 
equations (1), where 




















_lu—-—m Tee 

oF nut p’ — mv + il’ 
ie aR(U) _ (nu + p)* d*f(u) BG(V) — (mv + l)* d’g(v) 
dU? ~~ (lp+ mn)? du® ’ dV? — (lp+mn)? dv? ? 


and |, m, n, p are constants (lp + mn + 0), is equivalent to the orthogonal 
coordinate transformation defined by 


(a + ty) — m(a — ty) + alma 








edb Hie a 
mea ae CUS ae Sie = ee Sine 
(55) X—-iY= Pete 


— In(x + ty) — mp(a — ty) + (lp — mn)jz 


tar lp + mn 


In the case under consideration, make 1 = 1, m=w,n=1, p = — WW; 
since wu; and uw, are independent of p, the same is the case with the coeffi- 
‘cients in (55), so that every individual surface of our family is referred 
to the same new system of codrdinates X, Y, Z. From (54) we obtain 


98 T, H. GRONWALL. 














taal ne 1 + wy 

Ub — Up’ — Lt wy’ 
HE A= Ah k a k Abs 
ne (Uy van Up)? (wu am U1)?(u os Uy)? ae (uy ne U2)? U2? 
0G (1 + uyv)* k k 1 











OV? (uy, — ue)? (1 + wmyv)2(1 + wv)? = (1 — a eee 


or writing 











mM 2k(p) 
K(p) = ~ GRE 
Ou ep) OG meer Cp) 
OU mm 210277) O50) V3 ery ie LD. V2 


which are precisely the equations of definition of case B4. 
Case B2.—We have 











O*f(u, p) _ 6ku;4 d°g(v, p) ss «ss Okey" “6 
dues (th — hy)?” pe (1 + wv)?’ ta +0, 
whence 
ae 
Bt, p) ay a Ao oie Ayu + Azu’, 


go, p) = is + Bo + Bi + Bor 


If first dui/dp + 0, the reasoning which led to formulas (85) and (86) is 
still valid, and yields the same contradiction as in case A. Therefore 
U, 1s independent of p, and the present case may be reduced to case B3 
by making 1 = 1,m = m,n = 0, p = 1m (54) and)(55), whence 


Vv 
U=u- uw, Ve Mclagie? 
Ode. ie 6ku,4 a 6ku,4 
OUP te ee) ae 
OG 6ku,4 





avs Ta (1 aF uyv)4 ? (1 a uv)! St eh a 6kuy', 


or by writing K(p) = k(p) Uy’, 


0° 6K (p) 0°G 
ari ae De mee 





that is, the equations of definition of case B3. 
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Case B3.—We now have 


Ey =a 109) = aE 


? k 
Pets p) Safes Ay + Au + Anu’, 


g(v, p) =.— ky 4+ Bo -+- By + By, 
and (24) gives, writing Q(p) vE(u, p) = U’(p) - uw’, 
\Bo’ a Aes = Le By a Ay’ = 0, By a Ao’ = 0, 
1 v 2l’u 
ene iS eee 2 pee she 
ii = (a+ +22) 1+ ww’ 


As is readily seen, this H satisfies (4); the corresponding family of minimal 
surfaces is 





: 1 
P(t) 


(56) 2 — iy = 2b(o) (Zs + 0°) — Ue), 


None of these surfaces are real; in the special case | = 0, we obtain the 
surfaces defined by (41). The elimination of the parameters u and v in 


(56) gives 


1 . ; 
(57) Z3942 & + yi + e+ ye — wrt +2? = 0. 
The only singularity of this surface is the double point x = — 3l, 
y = — 3l, 2 = 0, which is also a point of symmetry of the surface. The 


only straight line on the surface is x + ty = 0, z = 0. 
Case B4.—We may write 


E(t) = — gay: (0 0) =~ 70, 


k; 
fu, p) = 5 (u log u i: u) = Ao = Ayu = Anu’, 


ke . 
g(v, p) ae 5 (v log v Sa v) + By + Bw + Byv’, 


and (24) gives, l(p) being arbitrary, 
B,’ — A,’ = 0, Bi + Ay = —k’ -l, B,! — A,’ = 0. 
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The equation (4) is satisfied, and the corresponding minimal surfaces are 
catenoids with the z-axis as common axis of revolution; for (1) gives 


: k 1, 
Lat =e teak 


k (1 

(58) e—iy=5(S+e), 
k 

acs — 5 (log u + log v) + l, 

whence 
‘Me 1 A ee Ey 1 
ety=F(w+2+2.), +9 =5 (ww +——), 
Nii een 

(59) V2 + y? = 5 (em? [& 4. e-(@—D [ky 


k = k(p) and l = I(p) being arbitrary functions of p. 
PRINCETON, July 10, 1915. 





AN ISOMORPHISM BETWEEN THETA CHARACTERISTICS AND THE 
(2p + 2)-POINT.* 


By Artur B. CosBie.t 


The theta functions of two and three variables have been studied in 
connection with respectively the set of 6 points on a conic and the set of 
8 base points of a net of quadrics. The main object of this article is to 
show that there is a grouping of the theta functions of p variables which 
is isomorphic with the grouping of the simplest system of irrational 
~ Invariants of a set of 2p + 2 points in a projective space S,. This iso- 
morphism is set forthin § 2. Theta relations suggested by it are developed 
in § 4 for the case p = 3. In § 1 the tactical relations of the period and 
theta characteristics which appear most clearly in the light of finite 
geometry,{ are developed in remarkably simple form with reference to a 
basis configuration. In §3 a transition is made from the geometric to 
the arithmetic characteristic in order to determine the signs in a theta 
relation. 


S 1. The Characteristic Theory With Reference to a Basis Configuration. 


In the finite space S:,-1 (mod. 2) let us take the supernumerary 
coordinates 


ee TMG yim dvb, Pops are Oe Up 
Then the bilinear relation between the points y and y’, 
(QR yiyr’ + Yoyo" +++ + YoppYor41 = 0, 


is the equation of a null system C. The points y and y’ are syzygetic or 
azygetic according as they do or do not satisfy (2). The points of Sep-1 
are identified with the period characteristics (other than the zero char- 
acteristic) of the theta functions, the null system C’ with the bilinear 
relation on the periods, and the projectivities in Soy: with the integral 
linear transformations on the periods when reduced modulo 2. 

The 2p +1 Sop»’s, yi = 0, constitute an S.,-».-base in the usual 
projective sense. As usual it determines a point-base ordered with regard 

* Read before the American Mathematical Society, Jan. 1, 1915. 

{ This investigation is in progress under the auspices of the Carnegie Institution of 
Washington, D. C. 

t Coble, ‘An application of finite geometry etc.,”’ Transactions of the American Mathe- 


matical Society, vol. XIV (1918), p. 241; referred to hereafter as F. G. 
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to the S.,~.-base. The point Py; of the point-base associated with the 
Sop-2, Ys = O, has the codrdinates, y; = 0, y, = 1 (kK +1). Evidently 
corresponding point and S22. are point and null So,» under C whence 
the two bases will be called a self-dual base of C and will be denoted by Bo. 
The further point, Pi; = Pi; = Por + Por @ + hjt,k = 1, ---, 2p +71), 
on the line Po;Po, has coordinates y; = y, = 1, y; = 0 @ +7 = *) and 
is called a residual point of the base By. According to F. G., p. 271, the 
(p + 1)(2p + 1) points P;, G@ +k; 7, k= 0, 1,°-+-; 2p + 1) form the 
basis points and the residual points not only of the particular base Bo 
but also of any one of 2p + 2 bases B; (@ = 0,1, ---, 2p + 1) where the 
base B; contains the 2p + 1 points P;, for which k +1, k = 0, 1, 2, ---, 
2p + 1. These bases B; also are self dual under C, the null Sj,» of Pix 
being y; + y; = 0. Thus the 2p + 2 bases B; form a symmetrical basis 
configuration B and the point P;; of B belongs to the bases B; and B,. 

The remaining points of S.,1 are determined in conformity with (1) 
by the following relations: 


P pic ie lk, 
Pin = Py t+ Pa = Pir + Ph = ees 
(3) Pirinn = Pait + Pan 3) = ge ee ee 





Pow... (Qk—-1) = P ene ktt)(p+t) 


Ego Qn. = 0. 


That the 2?? — 1 points of S.,_1 are thus given, each in two ways, by the 
above notation is verified by 


2 2 2 2 2 2 1 
Gri ere Ge 


It is clear from the form of (2) that 

THEOREM 1. Two points of Sep-1 are syzygetic or azygetic according 
as a symbol of one has an even or an odd number of subscripts 1n common 
with a symbol of the other. 

It is shown in F. G., p. 271, that the group of C contains a subgroup 
Genie); Which permutes symmetrically the bases B;. The collineations 
which correspond to the transpositions in the symmetric group are the 
involutions which are attached to the points of B as described in F. G., 
p. 246 (12). Then one sees at once from the above notation for the 
points that 

THEOREM 2. Under the Gep42), of B the points of Sop. divide into p/2 
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or (p + 1)/2 conjugate sets according as p is even or odd. The k-th set 
k= 1,2) 3 pi) ori 12) consists of. the Gay ) points whose 
symbol has 2k or 2p + 2 — 2k subscripts; except in the case k = (p + 1)/2 
a ra) 
+1 

Let us now classify the 2?” quadrics which belong to C (t. e., whose 
polar systems coincide with C) according to their behavior under G12): 
According to F. G., p. 270 and p. 257, there is a unique quadric, R, =>) yiyx 
(,k = 1, ---,2p +1; « < k), which contains none of the residual points 
of By. The remaining quadrics are obtained from R, by attaching any 
number of the squared terms y,”, --:, y3,,, to R, Since >) y? =0, any 
quadric can be expressed in two ways whence 3 2??'#/= 2?” quadrics are 
so obtained. 

Consider the particular quadric, R, + y’2+--- + y,?. The point 
be when either, ji = dn i: pia < kk) .or 4,4 = p + 1, -%-,.2p 1 
(2 < k) is not on R, but is on y;? + --- + y,? and therefore is not on the 
quadric; while the point P;, when z= 1, ---, pandk=p-+l, -:-, 
2p + lisnot on R, nor on y;? + --- + y,? and therefore is on the quadric. 


: O ; 
The point Po, is ers op itepeis ea dd al the point Po; is es 


when the number vs = 5 (7 


not on 


ke> p 
whether p be odd or even. The above quadric can be denoted by 
ae Bis eo ie nee, aes DME ae iat Fe 


the notation indicating that it contains all the points P;; of B for which 


ee oe ks hwise 


WCIeaiCl =") ate een de ges the quadric when 


zis drawn from 0, :--, pandkfromp + 1,---,2p +1. Again according 
tout pees, lis an 0 | quadric according as p = ; mod. 2. 


The null point of y; + --- +y, = 0 is on R, if es = 0 mod. 2 


2 
when p = 1 mod. 2, Therefore in all cases Qo...» is an H quadric. 


From its behavior with regard to the points of B we see that 
THEOREM 3. There exists for the basis configuration B a set of 


Li 2p aan (2p + 1 eae vf 
5 (een 1 ) =| - ) median™ E quadrics of the type Qo,1,.--,p = 


* The term ‘‘ median” refers to the fact that te number of squares is as close to 3(2p + 2) 
as possible. 
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Qp+1, p42,-ap41 = Ry +yP+--- +y,? where R, vs the quadric on none 
of the residual points of By. Each is determined by a separation of the 2p + 2 
bases into two sets of p + 1 each and contains the (p + 1)? points Pi, of B 
such that B; and B, are drawn from different sets. This set of quadrics is 
conjugate under the Gep+.2), of B. 

Of the two ways of writing a quadric, the one contains an even, the 
other an odd, number of squares. Let us for convenience write it so 
that the number of squares is even or odd with p + 1. Then the quadric 
of ‘Theorem 3s “Qotites » = Qe. oop = ey Yee ee ee 
Furthermore every quadric can be expressed as Q’ = Qo.1,..., » + Dizi 22 
‘where the z’s are any 2k of the y’s and where 0 <k <p-+1. Suppose 
to fix ideas that / of the 2’s are yp_i4i, -)-, Yp and 2k — | are Yous, ---, 
4) po paion LOB eee ane NU Sere Ol) CheRpOilt er yes ee 


ae | 2k 
This point is ae Qo,1,-.-, p When ( 9 ) +1 or when k — lis ae : 


Since we know when the point P;; lies on Qo... », and when it lies on 2 2;? 
it is easy to verify that the point lies on Q’ if one of its subscripts is drawn 
from the set 0,1, ---,p —l, p +1, --:, p + 2k — 1 and the other from 
the setp —1l+1,---,p,p+2k —14+1,---,2p4+1. 

THEOREM 4. Every quadric belonging to C is uniquely determined by a 
separation of the bases of B into two sets of p + 1 — 2k and p+ 1+ 2k 
each. It contains those and only those points P;; of B which belong to bases 


B; and B; drawn from different sets. It is an ia quadric when k is 


even 


ee }. The particular quadric associated with the separation Bo, ---, 


Bo 3k} Doii1-on, °°, Pop ri?S Qo, ...np oe = Wee ee nae eo ioe Ue 
= 0. If p+1 ws even we have for k = (p +.1)/2 an isolated quadric 

Q = Qo,1,--,2p41 Which contains none of the points of B. Under the Gen): 
P aD i conjugate sets uf p rs | ae : 

EK. g., when p = 2 we have 10 # quadrics Q;;4 = Qimn and 6 O quadrics 
Q; = Qikimn. When p = 3 we have 35 # quadrics Qij11 = Qmnop, 28 O 
quadrics Q:; = Qkimnop, and 1 HE quadric Q = Qo12345¢7. 

The question as to the incidence of a point P whose symbol has 2s 
subscripts with the quadric Qo,..., »2, is easily answered. Let the set of 
2s subscripts of P be that set which does not contain 0 and of these let r 
be found in the set 0, ---, p — 2k. Then the result of substituting in the 





of B the quadrics divide into 


equation of the quadric as given in Theorem 4 is ()) + 2s — r which is 


even or odd with s +r. But s +71 is even or odd with s + (2s — r), or 
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ith De eas een pee e eae Or with (p + Ie— s)--. (p + t 
— 2s — 2k +r) so that 

THEOREM 5. A point lies on a quadric if half the number of subscripts 
uma symbol for the point together with the number of subscripts common to 
this symbol and a symbol for the quadric is even. 

EK. g., when p = 3 the # quadric Qi;41 = Qmnop contains the 16 points 
the. = cya ay the 18 points Een = arate and the point eer = easy 
‘VhesO -quadricsd)) —1Q) a,,07) contains the 12) points P;, = Pyrrsp and 
the 15 points Pij41 = Pmncp. The &-quadric Q = Qitimnop Contains the 
Bo points Pgsn = gees 

The result of adding to the quadric above the square of the null S,,_» 
of the point P is evidently a quadric for which the 2s — r common squares 
reduce to zero mod. 2 so that the new quadric contains r + (p + 1 + 2k) 
— (2s — r) squares. Hence 

THEOREM 6. The symbol for the quadric obtained by adding to a given 
quadric the square of the null Sop» of a given point has for rts subscripts the 
aggregate of the subscripts in a symbol of the given quadric and a symbol of 
the given point less the subscripts common to the two given symbols. 

The group of the null system is generated by a conjugate set of involu- 


tions J,,, ,,-.. each associated with a point P,,,,,,.....Theinvolution I,,, ;,,... 
Pes ites em DOL UMiec tr mbm 1USelie Iiwtiope se oO Ps ieee are 
By 2) occ ObleLwiseinto the point Pp, set leed, by, x = Lr,, roy oss 8s, See es 


where like subscripts cancel each other when adjoined. It is often con- 
venient to effect these generating involutions upon the quadrics attached 
to the null system and this is accomplished as follows: 

THEOREM 7. The involution determined by a given point P with 2k 
subscripts transforms a given quadric whose symbol has o subscripts in 
common with P, into rtself when k + o is odd; but when k + a is even into a 
quadric_ whose symbol has for subscripts the sum of those of the given pornt 
and quadric. | 

Mouprowe thiclet yee ne eae yee erane eivenanvolution and 
let the given quadric be 


CO sss We rr cena reper esie ams CA ora yk ert coh Ce oyna 
Then Q contains the four sets of basis points 
RO) e Pa OO) me Cae ai tC) Loe), 
which are transformed by I into respectively 
(a) Pr (0) Psu (6) Pize, (d) Buz, 


Here a subscript 7 stands for any one of the r’s, r for all the r’s and 7’ for 
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all but one of the 7’s. Applying the rule of Theorem 5 we see that if 
k + is odd the given quadrie contains all four transformed sets, and 
that ‘if & +o is even the quadric Q5,,...) sp citi)": eres COM aiDen all 
four transformed sets. Since there is one and only one quadric on the 
original four sets the transformed quadric on the transformed set is 
uniquely determined. | 

It seems that the above notation for the period and theta character- 
istics can hardly be improved. For not only is the notation (8) for the 
period characteristics and the notation of Theorem 4 for the theta char- 
acteristics each remarkably simple; but also the various fundamental 
conditions such as, (3) for the addition of half-periods, Theorem 1 for 
syzygetic or azygetic period characteristics, Theorem 4 for even or odd 
theta characteristics, Theorem 5 for the vanishing or non-vanishing of a 
given theta function for a given half-period, Theorem 6 for the theta 
function obtained by adding to the argument of a given theta function a 
given half-period, and Theorem 7 for the transformation of the theta 
functions, all are extremely easy to apply. 


§ 2. An Isomorphism between the Median EH Quadrics of B and the (2p + 2)- 
point in S,. 


The median # quadrics of Theorem 3 admit of a grouping into sets of 
p + 2 which appears as follows. Consider a (p + 2, p) separation of the 
bases of B into a set Bo, ---, Boi; and a set Bois, ---, Boys. If a base 
of the first set be added to the second a (p + 1, p + 1) separation is ob- 
tained which determines a median # quadric. If a base of the second 
set be added to the first set, the (p + 3, p) separation determines as in 
Theorem 4 a median O quadric. The p + 2 median # quadrics and the p 
median O quadrics so derived constitute a fundamental system (F. S.) 
of 2p + 2 quadrics. In fact these quadrics can be gotten by beginning 
with R, + Di=tt'y? and adding in turn y;’, ---, Yi1- By referring to 
the table (F. G., p. 272) we see that in any F’. S. the number s of O quadrics 
is congruent to p mod. 4. Whens = » the values of k in the table are p/2; 
(pF 2)/2 or (p= 1/23 + 1) /2 or pe) Oriel ed) 2 
according as p = 0,1, 2,3 mod. 4. Hence both the # and the O quadrics 
in the fF. S. are median quadrics of the attached B. 

1/2p+2 

Ca a 
2p + i) 

P 


THEorEM 8. The ) median E quadrics of a basis configura- 


tion B can be grouped in ( ways into sets of p+ 2 each such that 


each set can be supplemented by p median O quadrics to form a F. S. of 
2p + 2 quadrics attached to B. EHvery F. S. contarning precisely p O 
quadrics can be obtained in this way. 
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Consider now 2p + 2 points in a projective space S, numbered 0, 1, 


Wie2 
---, 20 +1. One can form from them 5 ( Ai ant) determinant products 
of the type (0, 1, ---, p(ptl1, p+2, ---, 29 +1). This product 


corresponds in notation to the median EH quadric Qo,1,..., » = Qp41, «+, 2p41+ 
If we separate the points into a set of p + 2 and a set of p, a determinant 
product can be formed by taking a point of the first set and adding it to 
the second set. Moreover the p+ 2 products thus formed satisfy a 
linear relation. - Hence 
THEOREM 9. The Beate 


waa. Bae Pee a 2 
from 2p + 2 points in Sp are grouped p + 2 at a time in ( P i ) deter- 


) determinant products that can be formed 


minant rdentities precisely as the median E quadrics of Theorem 8 are grouped 
in F. S.’s containing p median O quadrics. 

For the case p = 2 it appears* that this formal isomorphism is vitalized 
by the existence of theta relations (7. e., linear relations connecting the 
squares of the functions) which parallel the determinant identities and 
which lead to the determination of a set of 6 points in terms of theta 
modular functions. A similar set of relations is derived in § 4 for p = 3. 


§ 3. The Determination of the Signs in Theta Relations. 


In the usual notation for the theta function a proper half-period is 

given by a scheme of 2p numbers ¢ = ( ; ean 4 ) which are 0 or 1 
D1 eer ee 1 

but not all zero. This we have identified with the point x in the finite ° 

space Se»; such that x; = e;. The notation for the characteristic of an 


odd or even theta function of the first order is similarly 7 = ( Ho aetna ) 
Mptly ***, N2p 


n; = 0,1. This has been identified with the quadric in S,,_1 
(Ey mites Fe 4 pap omit og De qocity + 1 i ptep? + tpt yp? = 0. 


The null system C, or invariant relation between two half-periods « and 
x’, is then 
LE ot + Loti 1°22 4 Bptep + teptp = 0. 
In determining the coefficients of a theta relation one often adds a 
half-period to the argument. The change in a term is then given by the 
formula,t 


ey teat €) 9 1 Ce eat et Ly elit). 


* Coble, “Point Sets and Allied Cremona Groups,” Transactions of the American Mathe- 
matical Society, vol. XVI (1915), p. 155, § 9; referred to hereafter as P. 8. 
{ Krazer, Lehrbuch der Thetafunktionen, p. 240 (VII). 
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Here f(e), an exponential factor, depends only on the half-period e and 
disappears from the relation; &8[n + e] corresponds in F. G. to the quadric 
obtained by adding to the quadric corresponding to 3[y] the square of the 
null S:,-2 of the point corresponding to e, while the factor e~@*?* gives 
rise in any relation involving the squares of the thetas to + 1 according 
as the congruence, 


(2) €19 p+1 ++ ehein + En}2p = 0 mod. 2, 


is or is not satisfied. But in general we are interested only in the ratio 
of two such signs say those determined by the terms [7] and [n’]. These 
are like or unlike according as 


(3) K = ee’ pir + +++ + €p@p’ = 0 mod. 2 


is or is not satisfied when (e’) = [yn] + [n’]. This relation (3) on the 
points e, e’ of our F. G. is a correlation K which we wish to study in 
connection with the given null system C. 

Let us first notice that the two spaces, S,_1: 


Gi, -detined spy tet" ee end 
Go ndenned: byicta ese eee) 


are such that the null S.,-. of any point in the one contains it com- 
pletely; i. e., each is a null space of C or a Gépel space as defined in F. G., 
p. 248. Points of G, taken as points e, and points of G; taken as points e’, 
are singular points of K. Buta point of G,; taken as ¢« has a corresponding 
Sep—2, the same under K as under C, which cuts G2 in an S,_2; and a point 
of G, taken as e’ has a corresponding S,,-2 under K or under C which cuts 
G,in an S,-». Hence 

THEOREM 10. The null system C determines a proper correlation 
between any two skew Godpel spaces. Conversely given a correlation between 
any two skew Sp-1’S8 in Sop-1, this ts determined by a unique null system C 
for which the S,-1’s are Gopel spaces. The two Gopel spaces are contained 
in one and only one E quadric belonging to C. 

For if Gi, G2, and K are given, a point x of G, determines under K an 
S»—2 in G, which is joined to G;, itself by an S:,-2, the null S.,_» of x under 
C. The null S.,-» of 2’ in G2 under C is determined similarly. Any point 
not on G or G2 can be expressed in a single way as x + 2’ whence its null 
Sop-2 under C is known and C is determined. Moreover it is clear from 
(1) that only the one quadric [7] = 0 contains G; and G. 

If then there be isolated in the finite geometry a pair of skew Gopel 
spaces, the original H function (wu) is isolated, the correlation K is deter- 
mined, and thereby the signs in the theta relations are determined. Some 
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choices of G,; and G, particularly convenient for the notation of § 1 will 
now be given. 

In the space G, with coédrdinates 2, ---, x» let the reference points in 
order and the unit point be denoted by go, g1, +--+, gp} in G2 with co- 
ordinates %p11, -*+, Ley let the similar points be denoted by yo, v1, ---, Yp- 
Then 2g = 0 and Ly = 0. In the notation of § 1 consider the two sets 
of p + 1 points each: | 


Pa, P43, Ps, 2.5 Pep spt; 
(4) 


Py, Pa, P36, ened Po p11, 0 


The sum of the points in each set is identically zero so that each determines 
an S»,-1. Any two points of a set are syzygetic so that the S,_,’s are Gopel 
spaces. No point of the one space can be a point of the other for if the 
even subscripts of two such points coincide the odd ones cannot. Hence 
the sets (4) can be identified with the sets g of G, and vy of G. The 
quadric corresponding to &(u) is the median HL quadric Qo,o,4,..-, @p) = 
ier ne pt 

The expression for any given point P,,,,,,... in terms of the above 
points of G; and G, is quickly obtained by arranging 7, ---, 72, in ascend- 
ing order and filling the intervals between them with the intervening 
numbers each taken twice. E. g., Piszaz = Piooga5s667 = Pig + Po3 + Pas 
+ Poe + Per = (Pos + Pas + Pez) + (Pi2 + Poe) = (earncdien: It two 
points P, P’ are so expressed in the form P = g+ y, P’ =g’+ 7’ then 
P and P’ satisfy K if g and y’ satisfy C. 

When p is odd and the 2p + 2 subscripts are divided into two sets 

. 0, Aas P 

ordered with regard to each other, say (a afi ip), eerie ok 
then the p + 1 points formed by taking p subscripts from the one set 
and the (p + 1)th complementary subscript from the other are such that 
their sum is identically zero and that any two are syzygetic whence they 
determine a G,. The general point of G, is formed from j subscripts of the 
p + 1—-—Jj complementary 


subscripts of the other when 7 
7 corresponding 


one line and | 
. { odd 
iS es 
space a Goépel space G» is similarly determined which as before is skew to 
G,. In this case the quadric containing G, and G, is the median E# quadric 
66,1, ««:,p = Qort, -s:, 2p41 When p = 1 (mod. 4); but if p = 3 (mod. 4) it 
is Q = Qo, 1, e++, 2p-+1 (see (8)). 

For the case p = 2a pair of Gépel spaces (4) was used in P.S., p. 191. 


. By shifting the subscripts of the lower row forward one 
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For the case p = 3 a pair of Gopel spaces of the other sort is used in the 
next paragraph. 


§ 4. Some Theta and Theta-modular Relations for p = 3. 


We denote by 7z;,, ,,,... the half-period which corresponds to P,,, 7,,...; 
and by #@,,,,,,..-(u) the theta function which corresponds to Q,,, 1, ---- 
Also: let 0), ,,. 2:7 =O pe ee (2) June.) he’s fequadrics (yin. ane 
Qijtm, Qijxr together with the three O quadrics Qo», Qpn, Qno lie in a 
F. S. (§ 2). Sinee there is a linear relation connecting any 9 theta 
squares, the 8 squares corresponding to the above quadrics together 
with #?(w) must be linearly related. The point P,, does not le on any of 
the # quadries nor on Q,, but does lie on Q,n and Q,,. If then we sub- 
stitute 7,» for u in the assumed relation all the terms vanish except that 
containing Y,,(w) whence that term cannot occur. Similarly none of 
the odd thetas can occur and the form of the identity is 


av?(u) wa jem j nim (Uh) ps Qitktm™ ixim(U) —- Qi jim? t; im (U) 
he Qijnm? tsum Uh) De Di jis snr.(U) ra 0. 


The point Pjrm is on Q and Qjrm but is not on the other HE quadrics 
whence for U = 7 jm We get 


qe? (a skim) se Ost? lm (a jk tm) . 


From Theorem 6 we can set to within sign a = 0?, Ajxm = Ofnim. Re- 
verting to (2)'and (3) of $3 lie =" a5, — (es then, since 7 = char- 
4€5&6§ 


acteristic of ?(u) = (o, : a we see that yim = Goes) Thus 
n + nitim = €’ = € and the condition K in (3) $3 is satisfied since Pjz1m 
ison @. Hence the signs of a and @jzim are like and we see that 

THEOREM 11. After isolating the even theta function U(u), the squares 
of the remaining 35 even thetas are linearly related with 0?(u) by means of 56 
rdentitres of the type 


Po? (w) ea OF atm Oat) Si Oa es ‘A ant sitm( th) 
a OF sm? iyam(U) er OF pag) = 0. 


Let us denote by wkl mnop the determinant product formed from the 
coordinates of eight points 0, ---, p7 in S; when in each determinant the 
points are arranged in the natural order; and by €;jz1mnop the sign of the 
permutation ijklmnop after such an arrangement has been made. Nowa 
typical pair of terms in a determinant identity is 7j7kl mnop — ijkmlnop. 
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Let « and « = — « be the signs of the permutations as written, and 
let a, and a, be respectively the number of inversions which are neces- 
sary to naturalize the order in the determinants of a product. Then 
€ijkimnop = (— 1)"e and €:jkimnop = (— 1)"%e. Hence the pair of terms 


; €ijklmnop ijkl MNnOp -+ €ijkmlnop aujkm lnop 
1s 





(— 1)“e, ijkl mnop -++ (— 1)"e ijkm lnop 
or 
(— 1), 77kl mnop — (— 1)®e, i7km Inop 





or «(ijkl mnop — i7km nop]. Hence 

THEOREM 12.: The 35 combinations of theta squares, 4°0?(u) — 
OF ni isnr(u); the 35 theta modular functions, 404 — J%,; and the 35 
determinant products formed from 8 points in S, EijkImnop UJkl mnop; each 
satisfy the same set of 56 relations typified by 


[ijkl] + [agkm] + [ijl] + [cklm] + [jklm] = 0. 


Since the 8 points in 83 when self-associated, 1. e., when they are 
the base points of a net of quadrics, depend upon 6 absolute constants, - 
and the theta modular functions also depend upon 6 moduli it seems likely 
that the equations €;jkmnop ijkl mnop = 104 — J,,, would serve for a 
parametric expression for 8 self-associated points in terms of the theta 
modular functions. Before this conclusion could be drawn however it 
would be necessary to show that the relations of higher degree satisfied 
by the determinant products (of which fourteen are linearly independent), 
and the relations (P. 8., p. 165) which imply self-association, are likewise 
satisfied by the corresponding modular functions. 

The 56 relations of Theorem 11 are associated with the basis configura- 
tion B which isolates ?(u). There being 36 B’s we should expect to find 
36.56 relations each occurring 6 times. There ought then to be 5.56 
relations whose subscripts take another form. If we apply to B the 
involution J ;;.n the quadrics and points considered above are transformed 
into similarly situated quadrics and points. We can therefore infer that 
there is a linear identity connecting the six transformed even thetas which 
we shall prove is as follows: 


FF yl OF sn (U) ae OF stmO ijnm(U) ala Diane ijnn(U) 
aa Sa Uae AL} + ¢ rene Us inl th) ar ete EET? f 


We have only to verify the coefficients. If uw = wm all the terms except 
the first two vanish. Here 7 = [wkl], n’ = [ykm], and & =7+7' = 


(1) 
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[lm] while « = [lm] also. Hence K in (8) §3 is not satisfied since Pim 
is not on Q. Then to within a common factor the terms become 
Oi nO ijn — Cisnm ijn. Which checks the second coefficient. The third 
can be similarly checked. If uw = Tjxrmn all terms vanish except the first 
and fourth. -Thenwys—s27kl), y —vielmn| See ee nl nan 
satisfied since Pjzmn is on Q. To within a factor the relation reduces to 
OF nto cimn = CO fim tj;x1 Which checks the fourth coefficient. The fifth and 
sixth coefficients can be verified similarly. The relation (1) depends 
upon the separation of 7k, lmn = lmn, ijk from 8 things whence there 
are 56.5 of this form. 

THEOREM 13. The 56.6 theta relations for p = 3 which contain the 
five even functions which le in any F. S. with three odd functions are com- 
prised in the 56 relations of Theorem 11 and the 56.5 relations of type (1). 

If we denote the relation of Theorem 11 when transposed to the right 
by {ajklm} = O and (1) when transposed to the left by {2jk, lmn} = 0, then 


{ygkkmn} + {agknl} + {ajklm} — {lmnjgk} — {lmnki} — {lmniz} 
= 2{ak, lmn}. 


Thus none of the relations (1) are independent of those of Theorem 11. 
By means of the latter relations alone the 36 even theta squares can be 
expressed in terms of 15. 

BALTIMORE, October 4, 1915. 





ON CERTAIN REAL SOLUTIONS OF BABBAGE’S FUNCTIONAL 
EQUATION.* 


By J. F. Rirt. 


1. The first attempt to find the most general solution of the functional 
equation 
: FS) = v, 
where f?(z) = f[f(x)], and in general, f"(2) = f[f"1(x)], was made by 
C. Babbage, who published his results in Herschel’s ‘‘Calculus of Finite 
Differences’? in 1820. Babbage observed that if f(x) is a particular 
solution of this equation, the formula 


F(x) = ¢o fel), 


v(x) being an arbitrary function, and ¢1(z) its inverse, will give an infinite 
number of other solutions. To verify this one need but calculate F”(z). 
For the particular solution f(#) one can use, for instance, the well known 
“periodic transformation”’ 


Bx 


Ox 





ie ae 


where 


B? — 2B cos acy 
Qhar 
2a (1 + cos =) 


k being any integer prime to n.{ 

To avoid the very ambiguous term ‘‘periodic”’ we shall refer briefly 
to a solution of Babbage’s equation as a ‘‘function of order n,’’ under- 
standing therein that n is the lowest order of the function. Also, we may 
occasionally say ‘‘f(x) circulates with a period n.”’ 

Babbage called F(x) = ¢ 'fo(x) the general solution of his equation, 
but, as Pincherle explains,f{ the term ‘‘ general’’ refers only to the presence 
of the arbitrary function g(a) and does not signify complete generality. 
In fact, Babbage§ himself gave an example to show that his solution 

* Read under a different title before the American Mathematical Society, February 27, 1915. 

+ Boole, ‘‘Calculus of Finite Differences,” p. 208. 

t Encyclopédie des Sciences Mathématiques, II, 26. 


§ Philosophical Transactions, 1817, p. 206. 
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lacked generality, but his conclusions have little value from the point of 
view of the modern theory of functions. 

Babbage’s equation was also studied by Leau,* who confined him- 
self to the analytic solutions. f 

The object of this paper is to study a certain class of real solutions of 
Babbage’s equation, and to determine whether they are all contained in 
the formula ¢f¢(x). We shall, with certain assumptions as to o(z), 
gy ‘(a) and the solutions of the equation, find the most general solution 


to be, when n > 2, 
F(a) = ¢ Ff? e(x) 


where p takes on all integral values prime to n. It will be necessary to 
consider separately the case of n = 2. 

2. It is evident that ¢fy(x) will be the most general solution if, when 
given two solutions, F(x) and f(x), we can find a function g(x) such that 


F(x) = ¢ fe (x).t 


We shall try to construct such a function g(x). Suppose g(a) = 6. 
Observing that if ¢(x) exists, F?(@) = © f?e(a), we must have 


oF ?(a) = fre(a) = f(b). 


In particular, ¢F"(a) = f(b), and this condition reduces to ¢(a) = b, 
as assumed. Conversely, if we define ¢(x) as indicated for the n points 
g = F(a), (p = 0, 1, 2, ---, nm — 1), we shall have, for those points, 
F(x) = o Ye(x). Similarly, if we put ¢(a’) = b’, we can define ¢(x) for 
m more points. If some of the points F(a), F(a’) coincide, it may be 
necessary to take ¢(x) as a many-valued function. 

Thus we can proceed, defining g(a) for an indefinite number of points, 
and the generality of Babbage’s solution appears quite complete. How- 
ever, if we propose to define g(x) for the entire domain of z and to make 
it one-valued and generally continuous, the problem is far from being 
settled. It might be proposed to define ¢(x) arbitrarily in some interval 
(a, a’), say as Some continuous function (x), then to define it as f@F1(z) 
in the interval [F'(a), F(a’)], as f*@F *(x) in [F?(a), F?(a’)], etc., according 
to the principle explained above. But one might object, for instance, 
that however small the interval (a, a’) be taken, F(x) will lie in (a, a’) 
for some values of x in (a, a’), and that it will then be out of the question 
to define ¢(x) arbitrarily. 

Thus the problem will be solved if we can divide the domain of x into 
n intervals, such that if x lies in the first interval, f(x) will lie in the second, 

* Bulletin de la Société Mathématique de France, 1898. 


+See also A. A. Bennet, Annals of Mathematics, Vol. 17, 1915, p. 37. 
t This principle was used by Babbage, Phil. Trans., 1817. 
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f?(z) in the third, ete. It will then be possible to take ¢(x) arbitrarily 
in one of these intervals, and its behavior in the entire domain of x will 
be determined. 

3. In order to advance in this direction, we take up the study of a 
function f(x), of order n, making the following assumptions. 

(1) It is defined uniquely for all real values of x, including + o and 
se A 

(2) It is continuous everywhere, except at an isolated set of points, 
where it becomes infinite. At these it may approach the same infinity 
from both sides, in which case it is to be defined as that infinity, or it may 
approach + o from one direction and — from the other, in which case 
it is to be defined either as + © or as — ~. Should f(x) approach a 
limit, finite or infinite, as x approaches + o, it is to be defined, for 
x = + o, as that limit. If no limit is approached, the definition is to 
be made in some other manner. Similar remarks apply to x = — o. 
If f(+ «) =f(— @), we shall not distinguish between + » and — o. 

(3) f"(«) = « for every value of x, but the integer p not being divisi- 
ble by n, we can find, in any interval, however small, a point x, such that 
f? (a1) + 2. 

The first two of the above assumptions are to apply also to g(a) and 
CO Gon(a). 

4. The function f?(x), p being any positive integer, takes on every 
real value for some value of x. For, taking the positive integer k such 


that kn > p, 
TP ea R(C) |S! FR (0) acs 


where c is any real number, including + ~. 
Also, the value c is assumed for only one value of x.* For if 


f?(a1) = f?(a2) = ¢, 
fF" (ay) = ACS) = f*"(az) 


(G4) = (OS 


then 


or 


Thus f?(x), which is itself one-valued by § 3, has a one-valued inverse, 
defined for all real values of x, including + © and — ~. It follows with- 
out difficulty that if we denote the inverse of f?(a) by f~?(a), we may, 
without ambiguity, allow the index p to assume all integral values, 
positive and negative, using the formula f?[f7(x)] = f?*¢(a) and calling 
f?(«) and f2(x) identical when p = q [mod. n]. 

5. From the fact that f(z) and its inverse are both one-valued, it 
follows that f(x) increases or decreases monotonically in any interval in 


* This fact was first observed by Leau, loc. cit. 
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which it is continuous. For the same reason, if f(z) becomes discontinuous 
at a point it must approach + o from one direction and — © from the 
other. Finally, if f(x) is discontinuous for x = c, it will be bounded, and 
therefore continuous, in any interval not containing c. In fact f(~) must 
be bounded in the entire domain of 2, if we reject some interval about c. 
The formal proof of these facts will be found very simple. 

6. From §§ 4 and 5, we see that the following are the only possible 
types of f(x): 

Type I. Discontinuous at one point c, and monotone increasing wherever 
continuous. 

As x increases from c to + , f(x) increases monotonically to a finite 
limit a, taking on all values less than a. As x decreases from c to — , 
f(x) decreases monotonically from + «, and since, by § 4, it must now 
take on all values greater than a, and these only, it must approach a as 
x approaches — «. That is, the graph of f(x) consists of two infinite 
branches, with the asymptotes x = c, and y = a. 

If x, < 2, and c does not lie in the interval (2%, 22), 


S(t) < f(a), 


but if c does lie in the interval (a, 22), 


TL) eae) 


Still we shall call f(x) increasing. 


Type II. Discontinuous at one point c, and monotone decreasing wher- 
ever continuous. 

Similar remarks apply as to Type I. 

Type III. Continuous everywhere, and monotone decreasing. 

As x increases from — o to + o, f(x) decreases monotonically from 
+oto — o~, 

Type IV. Continuous everywhere, and monotone increasing. 

As x increases from — «© to + ™, f(x) increases monotonically from 
— oto + o~, 

Since, in the discussion of f(z), we have used the fact that f(x) = x 
only to show that f(z) satisfies the first assumption of § 3, it is clear that 
g(x) and ¢ 1(x) also belong to the above four types.* 





*Dr. G. M. Green has made the interesting observation that the four types of functions 
under consideration are all contained in the formula 


_a-+ dF (z) 
MCAT laa ras 





where a, b, c and d are real constants such that ad — bc + 0, and where F(z) is of Type IV. 
It is not difficult to see that f(z) as thus determined will always be of one of our four types. 
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7. We leave to the reader the formal work of showing that a function 
formed by compounding any number of functions of the four types of § 6 
will belong to one of those four types, and will be increasing or decreasing 
according as an even number or an odd number of decreasing functions 
are employed. 

In particular, if f(z) circulates with a period n, every f?(x) will belong 
to one of the four types of §6. If p is even, f?(x) will be increasing, 
and if p is odd, f?(x) will have the same monotonic character as f(x).* 
Also, if d is the highest common divisor of p and n, then f?(x) circulates 
with a period n/d, and m being any integer, not divisible by n/d, we can 
find in any interval, however small, a point 2 such that f”?(v,) + a. 

8. Consider a function f(x) of order n > 1, and of Type I, discon- 
tinuous for x = c. Suppose f(a) = a for some finite a. Then f?(a) =a 
for every p, so that every f?(x) is finite, and therefore continuous, at a. 
Thus we can find a 6, where 0 < 6 <|c —a/|, such that | f?(x) — a/| 
<|c—a| for |x —a| <6 and for every p. Take a point 2 in the 
interval (a — 6, a + 6) such that f(xz,) + 2. This is possible by the third 
assumption of § 3. Then c cannot lie between f?(71) and f%(x,) for any 
values of p and gq, else either | f?(a,) — a| or | f%(a1) — a| would be 
greater than |c —a|. Hence, since f(z) is monotone increasing in any 
interval not containing c, 


eerie ey) Mane > J 2en) 
To fix our ideas, suppose f(z) > 2. Then 
V1 —— f (#1) < ielcey Tt ae) = 11. 


Hence we cannot have f(a) = a for any finite a. 
Suppose now f(x), of order n > 1, is of Type IV. Take a point 2 
such that f(a) + x1; suppose f(x) > 1%, for instance. Then, as above, 


mT a ee eae er, 


from which it is evident that f(x) cannot be of Type IV except in the 
trivial case of f(x) = x. | 

We see now that if f(x), of order n > 1, is of Type I, f?(x) will be 
of Type I if p is not divisible by n; for f?(x) is increasing and, being of 
order greater than unity, cannot be of Type IV. Then we cannot have 


Also it is evident that the formula gives all functions of Type IJJ and TypeIV. If f(x) is of one 
of the first two types, it is easy to see that F(x) = f(x) /[f(x) —f(~)] is of Type III or of Type 
IV. Solving this equation for f(x), we find f(x) exhibited in the desired form. We inserted this 
note while correcting the proof, but see no way, as yet, for putting this interesting result to 
profit, principally because it does not lead to a simple expression for f?(x). 

*Tt follows at once that if n is odd f(x) must be increasing, else f”(x) = x must decrease 
as x increases. 
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f?(a) = a for any finite a, if p is not divisible by n. Also, if f?(0) = o, 
then f?(c) = c, so that the same applies to ». 

9. The reader will find no difficulty in showing that if f(x) is of Type IZ, 
we must have f(x) = x for two points, one in the interval (— , c), the 
other in (c, + ). But if f(z) is of order n > 2, f?(x) will be of order 
greater than unity, and will be of Type I. Then since f?(7) = x when 
f(x) = x, we are led to a contradiction of the results of the preceding 
article. Hence, Type II is impossible for n > 2. 

If f(x), of order n > 2is of Type IIT, then f?(x) will be of order greater 
than unity and of Type IV. Hence Type III is impossible for n > 2. 

10. Thus, 7 being greater than 2, and p not divisible by n, every f?(x) 
will be of Type I and will be discontinuous for x = f!-?(c). These points 
of discontinuity are all distinct for p = 1, 2, ---, n — 1, else we would 
have f@(c) = f@(c), or f*-"(c) = c, where g; + q@. We shall plot these 
points, designating the point of discontinuity of f?(~) by f-?(), and 


using the indices qi, q@:, «::, dn, of which none is divisible by n, and of 
which no two differ by a multiple of n. 
fu(o) f22( 0) ) fa(o) fir-1(0) 
J a i 
XxX’ 0 x 


The function f(x) is continuous and monotone increasing in any 
interval not containing the point f"(«). Hence, for values of r from 2 
to n — 2 inclusive, we must have 


Mia Wage ch Niet apes Nk 


In virtue of this inequality we must have 
iia bint Wie 3h 10), 
GH = + [mod. n], 


and consequently 


where, now, 7 may also be unity. 
Therefore, neglecting multiples of n, 


Gr = 7Q1, 
for all values of r from 1 to n — 1 inclusive. 
Since no two of the indices, qi, q@, --:, dn—1, are congruent to each 


other with respect to n, the index g; must be prime to n. We shall now 
designate qi: by the letter m, which we shall call the scale of f(x). 

It is clear, now, that as x increases from — to f”(«), f(x) will 
increase continuously from f”(«) to f?"(0), f?"(x) similarly from f?™( 0) 
to f?™(«) and finally f("— (x) will increase monotonically from f‘"—) ™( « ) 
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to + o. Hence we have accomplished the main purpose of our investiga- 
tion, for n > 2, having divided the domain of x into n intervals such that 
if x; lies in one of them, f(x) will lie in a second, ete. If we arrange the 
numbers f?(2,) in order of magnitude (ascending), thus: 


aes f? (a1), se iad Ji), 


the point f%(x,) will lie between f'?-)™(o) and f?"(«). The indices 
1, 92) ***, Qn, Will form an arithmetic progression whose constant difference 
is the scale of f(z); that is, neglecting multiples of n. 

11. If f(x) is of order n, f?(x) will have the same order if p and n are 
relatively prime. Also, if f(x) has the scale m and f?(x) the scale m’, 


m= pm’ [mod. nj. 


If, then, we can find a function f(x) of order n, we can determine p through 
the above congruence so that f?(a2) has any desired scale, prime to n. 
The ‘periodic transformations’’ assure us of the existence of functions 
of all orders, so that all scales prime to n are possible. 

12. The reader will find it interesting to verify the results of the fore- 
going sections in the case of the linear fractional ‘‘periodic transforma- 
tions.’ For instance, the increasing character of f(2), for n > 2, can be 
shown by differentiating f(z) and using the formula for 6 of $1. Using 
formule for f?(x) as given by Boole, it is seen that the roots of the equation 
f?(x) = x areimaginary unless pisa multiple of n. Also, a little investiga- 
tion will reveal the scale of f(#). One will find 


km = +1 [mod. n], 


where £ is the integer, prime to n, mentioned in § 1, and where the second 
member has the same sign as 
BU We PAE 
regina 
13. The argument of § 9 which excludes Types IJ and III for n > 2, 
does not apply when n = 2. In fact, when n = 2, Types I, II and III 
exist, as the following examples show. 


Type Lf. 

ioe ae where B2 + ad < 0. 
Day perlie 

0) = 5 fe af where 62 + ad > 0. 


Another example is f(x) = log (1 — e”) in (— o, 0) and f(x) = 
— log (1 — e*) in (0, + @~). 
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Observe that f(z) = x for two real values of x. 
Type III. 
(ha ah ee 


Observe that f(z) = x for a single value of x. 

In the case of n = 2, the graph of f(x) must be symmetric with respect 
to the line y = z. | 

14. We shall now subdivide the domain of x for functions of order 2. 
It is evidently necessary to consider only Types II and III. 

(a) Suppose f(x) is of Type IT. Let c be the point of discontinuity, 
x, and x,’ the points for which f(z) = x, so that-7 < ¢ < z,. 

The domain of z is divided as desired by the points 2, and z;’. As x 
increases from 2, to 2’, f(a) decreases monotonically from x, and passing 
through — o and + o, decreases again to 2’. 

(b) When f(x) is of Type III, the domain of x is divided as desired by 
the point for which f(x) = x. 

15. We return now to our original problem; that is, given two func- 
tions, f(a) and F(x), both of order n, we shall see when there exists a func- 
tion ¢(x), which, together with its inverse, satisfies the first two assump- 
tions of § 3, and such that 


F(x) = ¢ fea). 


It will be necessary to consider separately the case of n = 2. 
Thus, taking n > 2, we suppose first that F(x) and f(a) have the same 
scale m. 
Take 
gh ™( co) = fr™( oo) (Da Glas ee aa, 


go(+ ©) = + o, g(—- ©) = — ow, 


Take o(x) as any continuous monotone function in the interval 
[F™( co), F?"(0)]. Then, following the method of § 2, we can determine 
g(a) for all values of x. We will find o(x) to be of Type IV. 

If F(x) has the scale m and f(x) the scale n — m, we can take 
elm co) = fP™(co), (+ 0) = — © and o(— 9) = + ~. Proceed- 
ing as above, we can find a function ¢(x) of Type III. 

Now the reader will not find it very difficult to show that if f(z) 
has the scale m and if o(x) belongs to one of the four types of § 6, the scale 
of F(x) = o 'fe(x) will be m or n — m according as ¢ is increasing or 
decreasing. That is, neglecting multiples of n, the square of the scale is 
invariant under the ¢~! — ¢ transformation.* It is impossible, then, to 


* To this numerical invariant corresponds an algebraic invariant of all linear fractional func- 
tions if we take ¢(z) linear fractional. 
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construct v(x) as desired except in the two cases above. Thus Babbage’s 
formula lacks generality unless we give more liberty to o(2). 

However, in the general case, where F(x) is of scale m and f(x) of scale 
m’, we can, by § 11, determine the integer p, prime to n, so that f?(«) is 
of scale m. Then we have 


F(x) = ¢ f?¢(z), 


where ¢(x) is of Type IV. This formula, then, will give all solutions of 
Babbage’s equation which satisfy the assumptions of § 3, in terms of one 
such solution. Observe that while we get all solutions by restricting 
g(x) to Type IV, we can also use any of the other types. In fact it would 
be easy to show that we can replace the ¢(x) of Type IV by another func- 
tion of Type I, discontinuous at any desired point. Observe also that 
g(a), except for its monotone and continuous nature, is arbitrary within 
the entire interval [F'”(«), F?™(0)]. 

If we give to p values which are not prime to n, the order of F(x) will 
be a divisor of n. It is easily seen that our formula gives all functions 
whose orders divide n, except perhaps those of Types IJ and III of order 
2, should n be even. It will be seen that we do not get these. 

16. When n = 2 it is necessary to take account of the types to which 
f(x) and F(x) belong. 

Case I. f(x) and F(z) both of Type I. 

In this case the method of § 15 applies and g(a) can be found, con- 
tinuous everywhere. 

Case II. f(x) and F(x) both of Type II. 

Let x; and 2,’ be the points for which F(a) = x, X,; and X,’ the points 
for which f(z) = x. Let c be the point of discontinuity of F(x), and C 
that ot fiz). 

a kewea) es AG eelG) — Cor ee akere rc emonotone and 
continuous in (2, 2’). Then g(x) will be monotone and continuous 
throughout the domain of x. 

Case III. f(x) and F(a) both of Type III. 

Let. Fla) = 7 and f(X;) = XG.) Take ¢(a7) = X:, and ¢(x) con- 
tinuous, and monotone increasing to + © or monotone decreasing to 
— © in (4%, + ©). Then g(x) will be continuous and monotone every- 
where. 

Case IV. f(x) of Type I and F(a) of Type II. 

Evidently we cannot determine g(x) as desired, for by § 7, o Yfo(x) 
has the same monotonic character as f(z). 

Case V. f(x) of Type I and F(x) of Type ITT. 

As in Case IV we cannot determine g(x) as desired. 

Case VI. f(x) of Type II and F(x) of Type IIT. 


oD Fe Gh 2s ba 


Let x, be the point for which F(z) = x, X, and X;,’ the points for 
which f(z) = x. Take g(a) = X; and g(+ ~) = Xj’ and ¢(x) mono- 
tone and continuous in the interval (a, + ©). Then g(x) will result 
monotone wherever continuous, with a single discontinuity. As an 
example, if f(z) = 1/x and F(a) = — x we can take g(x) = (a — 1)/ 
(« +1). A little consideration will show that it is impossible to 
avoid the discontinuity of g(x) and that the principle employed above 
is the only one which will give ¢(x) as desired. 

Summarizing the results of this section, we see that in the case of 


n = 2, the formula 
F(x) = ¢ fea) 


gives all solutions of Type J, and only those, if f(x) is of Type I, and gives 

all solutions of Types IJ and III, and only those, if f(x) is either of Type 

II or Type III. | | 
17. Let f(x) and F(z) be two differentiable functions of order 2. 
Let 


oo) i log & f(a) and ®(7) = log © F(a). 


‘Put 
y = f(x) and x = fly). 
“Then 
1 = 5.40) =F IW) ZI@) 
-or 
ely) + o(x) = 0, 
. so that 
y =f(z) = o[— ¢(2)], 
Or 
he gfe (4) = — a. 
Similarly, 
FS 1x4) = — 2, 
so that 


F(x) = &*efeP(a), 
oe ' P(x) = v(x), 
F(x) = yf¥(e). 


This reduction can be effected,* irrespective of the types of F(x) and 
f(z), but, as a general rule, ¥y(x) and y— (zx) will not conform with the 
first two assumptions of § 3. 


CoLUMBIA UNIVERSITY. 


and putting 


we have 


*If f(x) = a — x we get an identity on differentiating, but as we have, in this case, 


jer meee) 


the reduction can proceed. 


NOTE ON THE PRECEDING PAPER. 
By Aupert A. BENNETT. 


If we be given a one-valued real function F(x), defined for all real values 
of x including infinity, and if F”(v) = x, where the index n refers to itera- 
tion, then we see that without imposing any further restriction, F(x), 
[= F"1(z)], is a one-valued real function defined for all real values of x 
including infinity. If we look upon zw’ = F(x) as a transformation of a 
set of real numbers into itself, it will be a one-one reciprocal transforma- 
tion. We may take a circle and choose upon it an arbitrary point to 
represent infinity, and then represent all the finite real points, preserving 
order, by the remaining points of the circle: for example, one such method 
of representation is to let x = tan $0, where @ is the central angle. The 
transformation xz’ = F(x) then determines a one-one reciprocal trans- 
formation among the points of the circle. An obvious restriction is to 
require this transformation to be also continuous. Thus, the problem of 
Mr. Ritt’s paper may be viewed as that of discussing in terms of Analysis 
‘Situs, the different types of continuous one-one reciprocal transformations of 
period n of a circle into rtself. 

By transforming through a continuous, sense-preserving, one-one 
reciprocal transformation, the above problem of Analysis Situs becomes 
normalized into a problem of the periodic Euclidean transformations of 
period n of a circle into itself, such as is discussed, for instance, in any 
treatise on linear fractional transformations in the complex plane. A 
mere statement of cases will here suffice: 

1. Reflections (altering sense)—period two. 
(a) Leaving ‘‘ ©’ and another point fixed. 
(b) Leaving two points, but not ‘‘ o”’’, fixed. 
2. Rotations (preserving sense)—period n. 
Leaving no point fixed —(n — 1) cases; rotations of 1/n, 2/n, 3/n, ---, 
(n — 1)/n circumferences. 
In terms of functions, y = F(a), these become: 
1. Monotonic decreasing—period two. 
(a) No finite vertical or horizontal asymptote. Curve cuts line 
--y = x in one finite point. 
(b) A finite vertical and a finite horizontal asymptote. Curve cuts 
y = x in two finite points. 
2. Monotonic increasing—period n. 

A finite horizontal and a finite vertical asymptote. Curve does not 
cut y = x, — (n — 1) cases, corresponding to f, f?, f?, ---, f77. 

PRINCETON, N. J., 


September, 1915. 
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AN ELEMENTARY EXPOSITION OF THE THEORY OF THE GAMMA 
FUNCTION. 


By J. L. W. V. JENSEN. 
Authorized translation from the Danish by T. H. Gronwall.t 


Although there exists a very considerable literature concerning the 
Gamma function, it is but recently that a connected exposition of the 
properties of this function has appeared, with a fairly complete bibliog- 
raphy” *. However, the monograph referred to does not seem to lay any 
stress on a rigorous exposition, and the treatment is neither carried out 
from any definite point of view, nor based on the simplest foundations. 
The present paper may therefore not be entirely devoid of interest, 
since it gives a short, but rigorous and fairly complete theory of the 
Gamma and allied functions, based on the elementary theory of functions, 
i. e., that part of the theory of infinite series and products, and particu- 
larly power series, which may be treated in a simple and natural way 
without the aid of the calculus. Thus I shall deal below with the proper- 
ties of certain functions of a complex variable, while the connection with 
definite integrals must fall beyond the scope of the present paper; the 
transition to these may however be made with the utmost facility at 
almost any stage, as I may perhaps show on another occasion.4 

1. Definitions. When we attempt to determine a single-valued function 
f(s) satisfying the functional equation 


(1) f(s+ 1) = sf(s), 
it is necessary to inquire first if this problem has more than one solution. 


1Gammafunktionens Theori i elementer Fremstilling. Nyt Tidsskrift for Mathematik, 
Afdeling B, vol. 2 (1891), pp. 33-35, 57-72, 83-84. 

It is hoped that a translation of this monograph, which combines the merits of conciseness 
and elegance in an unusual degree, will be of general interest. The footnotes enclosed in square 
brackets[ ] have been added by the translator, and contain additional references to the literature, 
some propositions supplementary to the text, and finally explanations, in the infrequent cases 
where such have been thought advisable. 

2 Brunel, G. Monographie de la fonction Gamma. Mémoires de la société des sciences 
physiques et naturelles de Bordeaux, ser. 3, vol. 3 (1886), pp. 1-184. 

8 [Of the literature published since the appearance of the original, we shall only mention here 
Brunel’s article on definite integrals in Encyclopedie der Math. Wissensch. and particularly 
Nielsen, N., Handbuch der Theorie der Gammafunktion, Leipzig, Teubner, 1906. The latter 
s0ntains a very complete bibliography. ] 

4[This project was unfortunately never carried out.] 
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Let F(s) denote, for the moment, some definite and single-valued solution, 
and write f(s) = p(s)-F(s); it is then seen at once that the relation 


p(s + 1) = p(s) 


constitutes the necessary and sufficient condition that f(s) shall satisfy 
(1). In other words, whenever we have found one solution of the func- 
tional equation, there exists an infinity, since any solution retains its 
character as such upon multiplication by an arbitrary periodic function 
having the additive period unity, and conversely it is evident that every 
possible solution is obtainable in this manner. 

We’ are led to the discovery of a particular solution of (1) by the fol- 
lowing considerations. - ; 

For any particular solution F(s) that may exist, we have, by (1), 


. F(s + n) 
's(s + 1)---(s +n —- 1) 


where n, as throughout the following discussion, denotes a positive integer, 
and s a variable which never equals a negative integer or zero but may 
take any other value real or complex. 

Moreover when s is a positive integer, we have 


(2) 





Fis+n) =(stn—1)(s+n—2)---n-(n—I)!IF(I), 


and therefore 





(a) fn a. 


eG EN ne on 


Therefore, since 
F(s + n) 2 (sn) (n — 1)Ins | 
sis t1)---(s t+n—-1) (n—1)!m* s(s+1)---(st+n-—-1)’ 


we have, at least for positive integral values of s, 


; — 1)!n° 
(c) Bie hire FAL) ge s(s + is Re ae be 


But, as we proceed to show, the second factor on the right has a defi- 
nite value for every finite value of s, real or complex, except 0, — 1, 
— 2, ---;it being understood that here and in what follows n° is the num- 








(0) 





5 The discussion from this point to that similarly marked below replaces the corresponding 
discussion in Jensen’s paper. The proof of the uniform convergence of the infinite product which 
defines I'(s), however, is that given by Jensen. 
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ber e°'=", where log n denotes the real value of the logarithm of n. For 


1 8 
(n — 1)!n8 (145) 


Sisei lye eS 1a — ah ) Ms Sore 1+: 





) 


and the infinite product which is the limit, as n approaches ©, of the right 
member of this equation, converges uniformly for every s bounded in 
absolute value and different from 0, — 1, — 2, ---. An infinite product 


>a, is absolutely con- 


v=1 


of the form [] (1+ a,) will converge if the series 


vergent and therefore, in particular, if »?|a,| approaches a finite limit. 
But, given any number N > 1, we have for any s such that |s| < N and 
anyv>WN 




















Taye s(s—1) 1, sis —1)(s — 2) 1 
1-45 145 
V V 








SGMarmmemeese Al 


V 


and the product of this last expression (which is independent of s) by v? 
approaches the limit $N(N + 1) as »y increases indefinitely. Therefore 
the infinite product under consideration converges, and that uniformly, for 
every s bounded in absolute value, and this remains true when s is zero 
or a negative integer provided the corresponding infinite factor is omitted 
from the product. 

The function defined by this infinite product is denoted by I'(s), so that 


1 
(3) T'(s) = 5) eee 
S ,=1 1 +5 
or 
(3) EG eae tial ae 


noo s(8 + 1) (3) aa 
It has the properties® 
6 Weierstrass, K., Ueber die Theorie der analytischen Facultiten. Journ. fiir Math., vol. 


51 (1856), pp. 1-60. Reprinted in Abhandlungen aus der Functionenlehre (Berlin, 1886), pp. 
181-262 [and Mathematische Werke, vol. 1 (Berlin, 1894), pp. 153-211]. - 
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(4a) TG +1) = sl(s); 
(4b) eee) 


n—> 00 (n ree 1) Ins 





= 1, 


from which it also follows that 
Gh ogee and Revie ne iL 
Hor by (3) } | 


LSE ae im | ot (n — 1) In’ i 

TS) Pisa Ge Ds 2) sen) ssl)... (Gstn—-) |” ” 
and therefore ['(s +1) = sI(s). But, this having been established, we 
have, as in (2) and (0b), 


(d) Se 








I'(s +n) (n — 1)!ns 
EAE GES Ee ee a 





and therefore, since the limit of the second factor on the right as n ap- 
proaches o is itself I'(s), we have, for all values of s, 


T(s +n) ir, 





me in — Din 

That I'(1) = 1 is seen at once from (3). It also follows from (4a) and 
(4b), since when s is a positive integer we may, by (4a), replace I'(s + 7) 
by (s+ n — 1)!F(1) in (4b), and (4b) then becomes I'(1) = 1. 

Conversely the two conditions (4a), (4b) serve to define I'(s). For (d) 
follows from (4a) and from (d) in turn it follows, by (4b), that I'(s) is the 
function defined by (3’). 

Thus I'(s) is itself a particular solution of the initial functional equation, 
f(s +1) = sf(s), (1). Notice also that if in (c) we replace F(s) by I'(s) and 
therefore F'(1) by 1, (c) reduces to (3’). 

Multiplying® (3’) by 


1 = lim (n + a)8/n’, 
n—> 00 
where a is independent of n but may depend on s, it is seen that 


¥ sa et (n — 1)!(n + a)’ 
(3") Le) ie ae ene = 1). 
which is slightly more general in form than (8’) and will be used later. 
Before: proceeding further, we shall transform (3). It is well known 
that 1/(» + 1) < log (1 + 1/v) < 1/», or 





1 1 1 1 
0 <5 —log (1 +5) <5 -sy) 


128 TAL. Wi PN. AENSEN: 


whence it follows that >(1/»y — log (1 + 1/v)) is convergent. On the 
other hand, 


n 


1 
& (5 = loz (1 +5))=1434 ee OS I aie 


il 


and hence we may write 


c= B(-me(1 +4) 


=tim[ 1 +44 ---+2-log@+1 |, 

N—>o nr 
which is known as Euler’s constant.’ Its value correct to ten decimals is 
0.5772156649---.8 Consequently 
S (stog (14 4)-4) 
e€ 1 


Dae pote 


AOHer 
and dividing this by (8), we obtain 

1 ; ~ Siete 
(5) TOMA +2)e ie 


As stated above, the condition (4b) was given by Weierstrass in his famous 
memoir on analytic factorials,® which may be considered as an unsurpassed 
model of rigorous and clear exposition. Equation (3) is due to Euler,’ 
who unfortunately soon replaced this excellent definition by definite 
integrals’; in consequence, several of the formal properties of the Gamma 
function escaped his attention. (3’) is due to Gauss!! who undoubtedly 
was not familiar with Euler’s expression. (5) is due to [Schlémilch and] 
Newman”, and was also established by Weierstrass. Euler’s constant, 
referred to above, is sometimes, without any justification, called Mascher- 
oni’s constant. What we have denoted here by I(s) according to 





7Euler, L. De progressionibus harmonicis observationes. Comment. Acad. Petrop. vol. 7 
(1734-1735, published 1740), p. 156. 

8[The arithmetical character of this constant is entirely unknown; it has not even been 
shown to be irrational. | 

® Kuler, L. Letter to Goldbach, Oct. 13, 1729. Correspondence math. et phys. de quelques 
célébres géométres du 18° siécle, publiée par Fuss, vol. 1 (St. Pétersburg, 1843), p. 1. 

10 Kuler, L. De progressionibus transcendentibus seu quarum termini generales algebraice 
dari nequeunt. Comment. Acad. Petrop., vol. 5 (1730-31, published 1738), pp. 36-57. 

11 Gauss, C. F. Disquisitiones generales circa seriem infinitam etc. Comment. Gotting., 
vol. 2 (1813), pp. 1-46. Reprinted in Werke, vol. 3 (1876), pp. 122-162. [German translation 
by H. Simon, Berlin, 1888.] 

22 [Schlémilch, O. LEiniges tiber die Eulerschen Integrale der zweiten Art. Grunert Archiv, 
vol. 4 (1844), pp. 167-174.] Newman, On I(a) especially when a is negative. Cambridge and 
Dublin math. Journal, vol. 3 (1848), pp. 57-60. 
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Legendre,® was written [s — 1] by Euler, I(s — 1) by Gauss and 1/Fc(s) 
by Weierstrass. 

2. Properties. From (5) it follows immediately, by well known ele- 
mentary propositions, that 1/I'(s) may be expanded in a power series con- 
vergent for all finite values of s, or that 1/I'(s) is an entire transcendental 
function, with the simple zeros 0, — 1, — 2, ---.6 The function I(s) is 
consequently a single-valued analytic function of s with the poles of order 
one 0, — 1, — 2, ---, and it is seen at the same time that the equation 
I'(s) = Ohasnoroots. All this also follows from the fact that the product 
on the right side of (4) was shown to be uniformly convergent. 

Since sin zs has the zeros 0, +1, + 2, ---, one is led to consider the 
function 1/(IT'(s)['(1 — s)) which has the same zeros. By reason of (4a) 
and (8) or (5) it is found that 





1 1 
inoshal Hve)) Ee sII(1 - =) 


This product, however, equals (1/7) sin zs, by a well known theorem due 
to Euler and proved in the elements of the theory of functions, and 
consequently 
S 

(6) rtd —s) ==, 
which is also due to Euler.'4 Fors = 4, this formula gives 
(7) I'(3) = vr, 
where the square root is positive, since the product expansions (3) and 
(5) both show that when s is real and positive, the same is true of T(s). 
Equation (7) was discovered by Euler as early as 1729.° Since it is 
known that® 

13 (Legendre, A. M. Recherches sur diverses sortes d’intégrales définies, Mém. de l'Institut, 
vol. 10 (4809), pp. 416-509.] 

144[HKuler, L. Evolutio formule integralis, etc. Novi Comment. Acad. Petrop. vol. 16 (1771) 


published 1772), pp. 91-139.] 
15 {For when h is odd, 


Breas Sor (h —1)r nite gee ae 
sin — sin = --- sin -—,—— = sin? — sin? — --- sin 


—1 
h h h h h 2h 


& 2r Ar (h — 2) 
= Q(1-h) x fi = SU aise = A 
24 ss cos 5) (1 cos = ) (1 cos c ‘ 
But h being odd we have 


al ime 
me each es m ( 2 - 22008 =x +1) 





(a) 





and if both members of this identity be Bab by x +1 and z be then set equal to 1 in the result 
we obtain 


pie 2m 2) pe i aed Ge “5 2) 
(b) h = 20-08 (1 —cos5*) (1 cos + ) (1 cos h : 


By substituting (b) in (a) we at once obtain the formula of the text. The proof for h even is 
similar.} 
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; hs . (h-A)r 
Lhe ee a AG tl os a seein Fast 
2 (eS ala 7, Sin = sin h ; 
where / is a positive integer, we find by making s = 1/h, 2/h,---, (h — 1)/h 
in (6), multiplying the resulting equations and extracting the square root, 


© @)rQ)-n( 


r( ' ) = nue» Ae, 


which is also due to Euler. In § 4, we shall give another proof of this 
equation without using the properties of the sine. Writing 
S I'(n)ns 
CHEN a is eae RIMMEM eS IE ok SOT hY 
it follows from (3’) that lim (s, n) = I'(s); it is readily seen that 
n—> 0 


| J pial 
(s, n) (s + inh n) se (s sa leet n) f T(n) ind phn Ly 
(hs, hn) cf T'(nh) ; 
and since the left side of this equation has a definite limit for n> 0, 


the same must be true for the right side, so that 
reor(s +;) vee r(s al ee 


T'(hs) 


where the constant k may be determined with the aid of (8) by making 
s = 1/h, which gives k = (27)'*)?h1/?, Thus we have proved Gauss’s" 
theorem! ” 











— k Oy to 





yd Hen (s a 7) eit (s a “+ ) = JAP (2g) ODPL (hs), 





16 [The special case h = 2 is due to Legendre." ] 
17 [This may be generalized as follows: h and k being positive integers, (9) gives 


h—] 
T (as o 7) os hh(sty /k)—1 12 (Qa) h-)) /2 TI, T (s + + +) j 
L= 


whence 
e— 


1 hy paves vie 
r ( ago 7) = hke+[hk—-1)12—K]2(Qq)—[KH-INZ TT TET (s ists te ) ; 
0 k y=0 p=0 koh 


v= 


Dividing this equation by the one obtained by interchanging h and k, pu and y, it is seen that 


k—1 hs 
ees (1s “ -) ( }, \ hes+(hk-h-k) /2 
i) 


(9') fe ae (Qn) EDP, 


which reduces to (9) for k = 1. Equation (9’) was obtained from the definite integral expression 
for log I'(s) by Winckler, A., Neue Theoreme zur Lehre von den bestimmten Integralen, Sitzungs- 
ber. Akad. Wien, vol. 21 (1856), pp. 389-426. Compare Nielsen,? pp. 196-198 and 326. The 
remark that (9’) is a consequence of (9) appears to be new.] 
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3. Evaluation of some infinite products by means of the Gamma function. 
In the notation introduced above, we have for a positive integer m > n, 


(s,m) _ ol } 
eC ee) ty) 


whence, letting m and n increase indefinitely in a quite arbitrary fashion, 
Oe i ihr 


rO (42) (45499) G44) 


Assuming in particular that m/n tends toward a definite limit, we have 


(10) lim ()" = tim TT (1 +°). 


By division of Gamma functions of different variables we obtain from 
either of equations (3) and (5) 


D(a) T(8) ; ( )aa- s ) 
IBN ica se HADES oy ~Il ee Harney 
Writing, according to Mellin, R(s) = ays + ags? + --- + a,8", and 
denoting the n roots of the equation 

p*(1 + R/p)) = p® + arp? $+ +--+ +a, = 0 
by p1, p2, ++, Pn, 1t follows from (5) that 
D(a)” 
T'(a — pis)T (a — pes) ++: T(a — pps) 


~en( eas) ACen! 


We note the special case R(s) = — s”, which gives for a = 1 


i 7 
Td — s)\P0 — es) T(1 — eftirs) «.. D(1 — elevating) 


-H0-() 


18 Mellin, H., Eine Verallgemeinerung der Gleichung I'(z)'(1 — x) = z/sin wx. Acta Math., 
vol. 3 (1888), a 102-104. Uber gewisse durch die Gammafunktion ausdriickbare Brodnctel 
ibid., pp. 822-324. 

19 Liouville, J., Note sur la fonction gamma de Legendre. Comptes rendus vol. 35 (1852): 
pp. 317-322, and Journal de math., vol. 17 (1852), pp. 448-453. 






































(12) 


= easly 
V 








a formula indicated by Liouville.” 
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When R(s) is an even function of s, the convergent product 


(1 -e(-+3)) 


is expressible by trigonometric and exponential functions alone, on account 
of (6). This result is also easily derived from Euler’s product expansion 
of sin 7x without introducing the Gamma function. 

4, Expansion of log I'(s). Any finite and definite limit lim wu, may 


n—> oo 


co 
be rewritten as an infinite convergent series u, + >. (Uji: — u,). This 
h 


remark will now be used to transform equation (4’’), by taking logarithms 
on both sides and making a = s._ It should be noted that in the following 
any logarithm is defined as that branch of the logarithmic function which 
is real for real and positive values of the variable. When s is represented 
in the complex plane in the familiar way, both sides of the equation 
referred to will then be single-valued as long as we do not make a circuit 
of any of the points 0, — 1, — 2, ---. Thus, writing 


= log I(n) + slog (n+ s) — logs — log (s +1) — --- 
— log (s +n — 1), 








we obtain 
Uyi1 — u, = logy + slog +2 > _ log (s + pv) 
+ yp 
= evostcal 1 
=| (s+ +4) log F242 1] —| @ +4) og" * -1| 





— | @ +4) log SEAS 


Now the expression inside the last of the three square brackets is the 
general term of a convergent series, since 


lim (n + 3) log FE * = lim (n + §) log (1+ 5 4) s, 


> ro 


SEITE = 8) log SE], 





and the sum of this series for v = 1, 2, 3, ---, therefore, in consequence 
of the remark made above, equals s — 4 log (1+ s). Furthermore, 


y+ 
y 





—]1 | converges, since for vy > 1, 


>| @ + 4) log 


1 1a 
1 a snc — eee Pearce 
(a) loR (1 a *) SMe eee 
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and the product of this expression by v? is bounded. Consequently 


> | (s + y+ 3) log a ~ 1| must be convergent, since =(u,41 — u,) 
converges, and we may write 

= 1 
(13) os) =D] @ ++ H log Fi 1]. 


It is then seen at once that 


og I'(s) = us + d (ty41 — Uy) 





[slog (1 + 8) — logs] +| a6) oe =+1 


s 
| — w(1) — [s — $ log (1 + 8) 
= (s — 4) logs —s +1 — w({1) + o(s). 


It remains to determine the constant 1 — w(1), which we denote by k’ 
for brevity, and to this purpose we observe that lim w(s+n) = 0, 
no 


since w(s +7) is the remainder in the convergent series w(s), counted from 
the nth term. Making s = n and s = 2n respectively, it is found that 


2 log T'(n) = (2n — 1) logn — 2n + 2k’ au 2w(n), 
log T(2n) = (2n — $) log 2n — 2n + k’ + w(2n), 
whence by subtraction 


21 [292n—I [2 
k’ + 2w(n) — w(2n) = ee eaieas 


T'(2n) 
ee 220 (n) nt? 
JE FIs G+n—1)’ 
and increasing n indefinitely 
k’ = log [2!21(2)] = log v2z. 
Hence the final result becomes | 
(14) log I'(s) = (s — 4) logs — s + log v2r + a(s). 


The infinite series w(s) is due to Gudermann.”” As special cases of (14) 
we note, for s = 1 and s = 4 respectively, 


w(1) = 1 — log vr and w(t) = $(1 — log 2). 





20Gudermann, C., Additamentum ad functionis I'(a) theoriam. Journal fiir Math., vol. 
29 (1845), pp. 209-212. 


134 JeaLe We Ve JENSEN: 


We have seen above that w(s) converges toward zero when s increases 
by positive integral increments toward infinity. Therefore, by (14), 
(s — 4) logs —s +log V2r becomes an approximate expression for 
‘log I'(s) when s increases in the manner indicated. When s is a positive 
integer, we have, in particular, the approximation formula known as 
Stirling’s”! formula. Before proceeding to generalize this result, we shall 
give some applications of (14). We have 





I'(n)n° 
I'(s) = ali eee ---(s +n — 1) 


ij nr-1l2. et . VO ens - ee 
=" lim 


noe SS ct 1), is ee isl) a 





and consequently 


(15) NO Fi ial marae puma es Te ma hy 





which is due to [Enneper and] Gilbert.2?. Furthermore we may determine 
by means of (14), as shown by Cauchy,” the limit k of 


1k (n) hyh-l [2h n 
I'(nh) 





aa h} [?(2Q7r) h—-1 [2eh (n)—o Ry, 


ork = hi?(27)*"1/?,_ Thus Gauss’s theorem (9), and (8) as a particular case 
of it, is proved anew. The most elegant proof is however obtained from 
(15). The notation w(s) is due to Catalan; Binet?4 denoted this function 
by u(s) and Cauchy by ®(s). 

5. Investigation of w(s) and log I'(s) for large values of |s|. When |a-+1| 
> 1, we have 


I 


(a +3)log(1+5)—1= - (a +1) ~Hlog(1-45)-1 





e oy y—1- 1 
2 (vy +1) (a + 1)”" 

“1 Stirling, J. Methodus differentialis sive tractatus de summatione et interpolatione serierum 
infinitarum, London, 1730, p. 135. 

22 [Enneper, A., Uber die Function I von Gauss mit complexem Argument. Diss. Gottingen 
1856.] Gilbert, Ph., Recherches sur le développement de la fonction I et sur certaines intégrales 
définies qui en dépendent. Mém. Ac. Belgique, vol. 41 (1873), pp. 1-60. 

8 (Cauchy, A. L., Exercices de math., vol. 2 (Paris, 1827), pp. 91-92, and Nouveaux exercices, 
vol. 2 (Paris, 1841), pp. 407—408.] 

24 Binet, J., Mémoire sur les intégrales Eulériennes et sur leur application 4 la théorie des 
suites, ainsi qu’a l’évaluation des fonctions de grands nombres. Journal de l’Ecole Polytechnique, 
cahier 27 (1839), pp. 123-348. 


THEORY OF THE GAMMA FUNCTION. 135 


| =i | 
Now OTD = ,, for vy = 2, 3, 4, ---, and consequently 


(a + 3) log(1 +2) 1 “Seas eae 
Applying this to the series ne val observing that 
a 1 

Istvyt+t+1/(/str4+1]—)1) 


must be convergent since »?/[|s +» +1] (|s+v+1]|— 1)] is bounded 
for v increasing, it follows first that w(s) may be expanded in the convergent 
double series (Binet?*) 


























a? 1 < 1 1 < 1 
PUG aCe 
and second, that | 
1< 1 
ORS Pare rere era 
all this under the assumption that |s +1], |s +2], ---, are all greater 


than unity, or that s, when represented as usual in the complex plane, 
lies outside a sequence of circles with the radius 1 and the points — 1, 
— 2, — 3, as centers, which we shall assume here for the sake of simplicity. 
(If s is inside or on the circumference of one or two of these circles, it 
is only necessary to omit one or two corresponding terms in the series 
for w(s).) 

Before proceeding to consider the last inequality for complex values 
of s, we shall make-an observation connected with Stirling’s formula. 
When s is real and positive, we have 

ie 1 i 1 1 1 
VSG Sp De ieciss a poll ie ep 
and consequently by (14) 


log I(s) = (s — 3) logs —s + log Br +375, Ota. b <i Ir 








a proposition which is frequently used and is commonly proved by the 
integral calculus.” 

25 [A more accurate formula is readily obtained by evaluating a lower bound for w(s) in the 
same manner as the upper bound was found above. From (16) we obtain, s being real and positive, 
Ly 1 1 1 


cy se ieee (On ees 1) 1s oe de 
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In the general case, let (1 + p) be the shortest distance from s = x + yr 








to any of the points — 1, — 2, — 3, ---; then p is positive according to 
our hypothesis and |s + »| > 1+ », so that 
ell ee eee | Le eae LP Te ae 
letoldetel—l)=leteP 7 1” » [eter 
[bereye 
fa ot 1 





p @t+y? + Qe + rv" 


First supposing x positive, and noting that A? + B? = 4(A + B)? when 
A and B are real and positive, the last expression will be less than 











a eae Pelaira 2 
PY Se eee Came las acta) 2 Pom Star toe) (Sal acta) 
ib Gaetaye 








a Cremeans) 


and mae. 














< 1 1 
(I) Oe: 1! (ere Biases) 
1+ 1 
sears (7510): 


On the other hand, let — (m+ 1) < x= —™m, where m is a positive 
integer or zero; then 





00 m+1 
Lert Sapte ee 


where, for m = 0 or 1, the first sum on the right side should be omitted. 
In the second sum on the right side we have 








and consequently 





log T(s) = (s —5) logs — 8 + log De + 95° 4 ay f Dees i< 1, 
Retaining two terms in (16), we may even show that 0 < @ < 1/2 in the last formula, since 
w(s) > yea vie See 
3 (s + yj? 127 (s+) 
and, for x real and > 1, : : 
1 4y7—ax—1 
ave oa ta+h wGe—) 7” 
whence, making x = s +», 
1° 1 1 1 1 
SOP Ate wreepartergrergsen) ie jes 


This proof is believed to be new; for a still closer limitation of 6, obtained by definite integrals, 
see Sonin, M. N., Sur les termes complémentaires de la formule sommatoire d’Euler et de celle de 
Stirling, Comptes rendus, vol. 108 (1889), pp. 725-727, and Annales de l’Ecole Normale, ser. 3, 
vol. 6 (1889), pp. 257—262.] 
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— 1 1 1 

Leth GFm tet etme sity 
making vy = m — pin the first sum, so that up = m — 1, m — 2, ---, 2, 1, 
and vy = m+ 1+ 4 in the third sum, so that » = 1, 2, 3, ---, we find, 


sinceex+m=0,4+m+1>0, 


m—1 i m—1 1 m—1 1 
2 ls +»? — 2 ty me lee) Ye fae aae 


< aes eon 








‘cana 


1 2 
< BS cacar ss =a en Ae Ty? 


= 1 - 1 
Zea = ene ae ayer 


= 1 2 
DD Rae 











ay oct | Y | : 
so that finally, adding the three sums, 
1+ a*( 2 1 ) 
II — +> = 0)e° 
() Cee a C= 


Since (1 + p)/p is bounded, it is now seen immediately from (I) and (IT) 
that w(s) converges uniformly toward zero, when the distance between s and 
the nearest point on the negative real axis vncreases indefinitely. In par- 
ticular, this condition is satisfied when | s| increases indefinitely while 
the arc of s?’ is constant and different from 7. When | s| increases in 
the manner indicated, it therefore follows from (14) that 


(17) Ray eee 


ls} 0 981 2e—8 VQa 





= |, 


where that branch of the multiple-valued function s*!” is taken which is 
real for real and positive values of s. This equation may be used to extend 
the domain of validity of (4b); it is readily seen that, when ¢ is any complex 
quantity, 
lim HIS 12 
|s|—>oo I(s)s* 


We have used above the expansion of (a + 3) log (1+ 1/a) —1 in 


=. 


26 [The form and proof of (II) have been slightly changed from the original.] 
27 [When s is written in the form s = | s | e9, @ is the arc of s]. 


rl3s J. L. W. V. JENSEN. 


powers of 1/(a + 1); the expansion in powers of 1/a would have served 
the same purpose. In fact, for | a| > 1, 





(@@+ Dl (1+3)-1-L Seay w 


Vzaz a 


whence we deduce, instead of (16), the expansion 


S01)" (yi 1) eel 
oe oi 1 1) XG ary 








Ibe 1 1 1 
mares a)h wAsetut 
valid for|s|,/s+1],|s +2], --- all greater than unity. This formula 


is also due to Binet.”? Neither (16) nor (18) is adapted to the numerical 
calculation of w(s) (and log I'(s) through (14)); expansions suitable for 
this purpose will be derived in § 14. 


6. The function ¥(s). Definition and properties. It follows from (3) that 


wa Gm te (1 +6) +B[ Hoe (1+2) me 4545) } 


which series is uniformly convergent, since it is derived from uniformly 
convergent infinite products. When s is not equal to zero or a negative 
integer, I'(s +t) may be expanded in a Taylor series I'(s + ¢) = I(s) 
+ tI’(s) + --- for sufficiently small values of |¢|. Substituting this 
on the left and expanding both sides in powers of ¢, we find by comparison 
of the coefficients of ¢ 


TBS), =" Lee 1 1 

ray 7 a hele (a ee) = ell 

This function, which will be denoted by y(s), may be expressed in the 
following forms, using the series 


C =D] 5 =toz (1 +>) | 




















and 
1 s 1 1 
-- 2 (595-5): 
Lt Re laemael 
1@) = 0 (eee 
(19) 


1 
SEPA Gea = —) 


8 Binet, J., Abstract of paper quoted in 4, Comptes rendus, vol. 9 (1839), pp. 39-45. 
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These series are uniformly convergent for all finite values of s; for choos- 


ing an N so large that N > | s|, it is seen that for » > N 


1 ny 1 s—1 ie N+1 
y+t+1l stp (vy + 1)(s + 2) vy +1)v—N)’ 
the last expression being independent of s and being the general term 
of a convergent series. ‘Since 




















lice 1 1 1 1 1 
5+ Dog (1 +5) - 4 | = len -5- 55 cay are Sak Sail 
we have : 

19/ = ii (1 ahs male, -7) 

( ) Es lbtae og nN 8 Sab yl eee 5 2b aa ’ 

and using 0 = lim [log (n + a) — log n], this may also be written 
n—>o 

< ae I 1 1 
19") (a) = lim (log (n+ a) =F = 327): 


main (19) we furthermore obtain 
ha _< 1 mM i _< s—t 
ao”) ¥) -¥0 = (55-355) = egne eo 


which is somewhat more general in form than (19). 
From either of equations (19) it is seen at once that 





and that 
1 
VS ae VS) ara 
(20) 
reenter, a 1 
VAG) aN) eae erate i aia, 1° 


Substituting the last expression in (19’), we find 
21) lim [W(s + n) — log n] = 0, 
no 


which will be generalized below. Conversely, it is obvious that (19’) may 
be derived from (20) and (21), so that these two equations are sufficient to 
define W(s). 

The expansions of ¥(s) being uniformly convergent, ¥(s) is a single- 
valued analytic function of s which has poles of the first order at the points 
s=0, —1, —2, ---, but 7s holomorphic for all other finite values of s. 
By (19’”) we have, for? = 1 — s, 
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We) - ya -9) = -¥(4-- +) 


s 
1 1 1 1 1 
rea 2k ee eee ae re ee 
and consequently, by a well-known theorem due to Euler,* 
(22) y(s) — y(1 — s) = — rcotTs, 


which could also be derived from (6) in the same way as (19) was deduced 
from (3). Writing, for brevity, 


[s, n] = log n BORE eh © Set ra gee 
it is readily seen that, if h be any positive integer, 
1 h—-1 
h{hs, hn] — [s, n] — S+7,n Stee Sb eet =f, log h, 


whence, letting n increase indefinitely, 


(23) hy(hs) — v6) —¥(s+G)—--- —¥(s+"Z-) = bloga, 


These propositions could all be obtained by logarithmic differentiation 
of the corresponding ones for I'(s) (Gauss®). I have preferred the above 
elementary deduction, which is as simple as could be desired. What we 
have denoted here by y(s), according to Cauchy, was written W(s — 1) by 
Gauss," ¢(s) and 2’(s) by Legendre” and X’(s) by Binet.*4 

The series for ¥(s) being uniformly convergent, ¥(s + 7%) may be 
expanded in ascending powers of ¢ for |¢| <|s|,|s+1|,|s+2], ---, 
and this may be effected by expanding the individual terms on the right 
side of (19). By Taylor’s formula, the comparison of the coefficients of 
t™ shows that 
(24) BONG) Se Bese 


marie ae oe 


These functions are readily seen to be completely defined by the equations 


(m) (m) Soddbheue) enn) 
VAT (che) maven 8) act cr aaet 7 a8 ao Lee (s+n) =0. 
* {For : 
sin rs = 7s n (1 5). 
Hence ye 
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They furthermore satisfy relations analogous to (22) and (23), which we 
shall not, however, stop to prove. 

7. Evaluation of some infinite series and products by means of ¥(s). By the 
use of the functions ¥(s), w’(s), --- which we have introduced, it is easy to 
find the sum of series of very general form. For instance, when F(s) is a 
rational function of the form 


We Sele OEE eS ea 
Sik tal O Sie aastal iO iierctewces: ch A- 


the sum of the convergent series =[F(s + v) — F(t + )] is found by 
resolving F(s + v) and F(t + v) into a sum of partial fractions in the 
familiar way, thus decomposing the series into several others which may 
be evaluated individually by means of (19’’’) and (24). Whena = 0, the 
series 2F'(s + v) becomes convergent. In the particular case when F(s) 
is a rational function of s?, it is seen incidentally that 2F(s + v) may 
be evaluated without the aid of y(s), ¥’(s), --- by the exclusive use of 
EKuler’s partial fraction expansions for the trigonometric functions. As 
an example of the application of these remarks we may mention 

Sere irate ris La 21 SEs eR! NL te 

($+ — pis $v — po) --- (8s +» — p,) 


EG) = 








es ¥(s — 91) | 
(pi — p2){p1 — ps) *=* (pi — pn) 
of ¥(s — pe) cis 
(02 — pi)(p2 — ps) +++ (p2 — Ppa) 

_ ik W(s ze Pn) 

(en — p1)(Pn — p2) +++ (On — Pri)’ 
where all of P1) P2) ***, Pn are distinct.* 
* {Let 


f(s) = nr {s — pi). 
By a theorem of Euler, 


e) LH (ps a0" 


Hence 
0 | 1 le ce uw 1 
tne.) eae ep) 
o sf 1 1 We eave 71 1 1 
7 a oP [ste Ssrcee ies i a eh a == aa lFe 
a VS — pi) 


n 1 > ¥(s — pi) 
aul Pt) Cl eerie Pee) 7 
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It is seen from (5) that 








jie inal 
I'(s) iS nie ong Po tip ae t ' t —tly 
Det) 27 as ORE i (145) +745) 
V 


Furthermore, it follows from (19) that 
ev) — en et-tlo TT etle eet) 
1 . 
and consequently (Mellin”) 
I'(s) sd 
ius jgee = a7 eee —t/(stv) 
(25) Be Ts a) (1+ 5 Je 


a generalization of (5) and reducing to the latter for s = 1. Making 
¢t = 1, we obtain 








2 1 
3) 4 —I/(st+v) 
(26) e sII(1 slg i ,e 
8. Investigation of ¥(s) for large values of |s|. Writing 
= log (n + s) — oe mete ol =) 
og (n+ s Peiar tareen gees at TiS Uy = logs, 


it follows from (19’’) that for a = s 
o(s) = Tim un = to + 24 rar — Ue), 


and since 





Wis =U, = log (1 +.4,)- See 


it is seen that, making 





moo ~D( dpa 
we have 
(28) Y(s) = logs — w*(s). 


When |a+1| > 1, then 


1 1 1 2 1 
{Woe (1 #3) = eae - t+ log (1-5 )-E0- > ety 
and consequently 

if 2 1 

2 os(1 + sheers Fee eal UC RRM, is TO) 


22 Mellin, H., Om gammafunktionen. Ofversigt Akad. Stockholm, 1883, no. 5, pp. 3-20. 
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whence we conclude that for |s + 1], |s + 2], --- all greater than unity, 
= 1 
* (9° LE 
Rae Mees List | 1)’ 


a series which we have already studied in §5. When | s| increases in 
the manner indicated there, w*(s) > 0, or 


(29) jim [y(s) — log s] = 0, 


which extends the domain of validity of (21). For ls+t1|,|[s +2], --- 
all greater than unity we find 


(30) o@) =LU-F)L a4 





On the other hand, the expansion 


pee el > 2, 








V a 
gives 
00 (— 1)” 00 1 
1 *(s) = os 
(3 ) w (s) 2d, 3 du aera, ye? 
which is valid for |s|,|s-+ 11, --- all greater than unity. Expansions 


more convenient than (80) and (31) for computing w*(s) numerically, 
will be derived in § 14. 

Equation (29) may be used to determine approximately the roots of 
the transcendental equation ¥(s) = 0. According to (19), the imaginary 
part of y(a + yz) equals 

.< 1 
Yyv: Dies + yp)? + y?? 





which cannot vanish unless y = 0, so that all the roots must be real. 
Furthermore it follows from (19’’’) that 


2 1 

/ aoe / 3 
v(x) v(x’) a (x 12) Deere oN 
and every term in the series-is positive when x and 2’ are both in one of 
the intervals (0--- + «),(—1---0), (— 2--- — 1), -:-; since y(+ ~) 
=+t+o, ¥(—n+0) = + @, it is seen that (x) increases steadily 
from — «© to + o in any one of the intervals in question, so that each 
interval contains one root only. The positive root lies between 1 and 2, 
since ¥(1) = —C <0, ¥(2) = 1 —C > 0, and its value 1.46163--- was 
computed by Legendre. Denoting the negative root in the interval 
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(—n--» —-n+1) by —n+24n, (0 < x, < 1), it follows from (22) that 
7 cot mt, = Vin+1—~27z,) = logn + ba, 


where, according to (29), 6,0 for n—«. Therefore 


1 
din, Ga 7 arctan 


log n ary oe 
whence we conclude that z, log n—-1. For large values of n, the root 
in the interval (— n--- — n + 1) is thus approximately equal to 
1 
wea log n’ 


a result due to Hermite.*® Remembering that I(x) never equals zero, 
we see at once that I’(x) = I'(a)¥(x) = 0 must have the same roots as 
(x2) = 0, which is of importance when inquiring how I(x) varies for real 
values of x. 

9. Evaluation of ¥(x) for rational values of x. On account of (20), it is 
sufficient to evaluate 


¥(2) - oD) ee ere) 


when p/q is a proper fraction (p and q integers, g > p > 0). Instead of 
this expansion we shall consider the power series 


BES ol Y_\ pve 
so <2 (sagt) 


which is convergent for = 1. By Abel’s theorem on power series,** 





30 Hermite, Ch., Sur l’intégrale Eulérienne de seconde espéce. Journal fiir Math., vol. 90: 
(1881), pp. 332-338. 


@ eo oe) 
31[‘‘When 3S a, is convergent, the power series F(t) = 3 a,t” approaches the limit 5 a, 
0 0 ’ 0 
when ¢ increases through real positive values toward unity.”” The proof commonly given is this: 
00 ao 
> a, being convergent, the remainder after n terms r, = 3, ay > 0 for n >~, and hence there 
0 


exists a positive quantity A such that |r, | < A for = 0, 1, 2, --- and to any e > 0 but as small 
as we please, there corresponds an integer N such that | rn| < ¢forn > N. Obviously 


dy = Ty — Tyris 
and consequently for0 <i <1 
ie) eo io.) 
F(t) — 2 dy = = a(t — 1) = = (rv —_ Ty4i) (tY — 1) 
= eee si Fas(t — LP (igi fa) ee fn eae 


= lim [— ri(l — t) — raft — #8) — ee) — rn (t™ — t*)] + lim rai (1 — ¢”), 
m—>o no : 
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Pp ie i e 
t> 1 


We have, however, for |t| < 1, 





> = — t?-4 log (1 — 2), 
0 


and the problem thus reduces to the determination, for |¢| <1, of 
co pt+v@ 

ADS a which consists of g times every gth term in the series 
0 : 


ie.) t" 
> -— = — log (1 — 2). 
1 
But given the power series F(t) = >_ c,t’, it is well known that, for 6 = e?7*2, 
0 


q—1l 
x Oo F(t0") > NOE a Coteus ae Creu =f ve a: 
p= 


since 

q—1 Q2°v—P) a. 1 1 sad 1 
ee ee a 
at p>? 1 ~ 9? i? 


when »v — p is not divisible by q, but 
q—l 
when v — p is divisible by g. Hence we find, for | t| < 1, 
q—1 
S(t) = — #?-¢ log (1 — é2) + >) 6-*? log (1 — #6") 
u=0 
and since rn41 — 0, we have 


Fi) —Sa =—Sn(e2—) =—-(—) Sri — $ (a4 PK). 
0 al 1 N-+1 


For 0 <é <1, it is clear that 1 — ¢ > 0, tv — t > 0, whence 








(oa) N 0 
FO) 3 a | 2 et) Ss re ese re (a? — 0”) 
0 1 N+1 
N (oe) 
<(l-—d)3A-14+ 3 1 -Pt) 
1 N+1 
=(1-—tNA+ed*% < NA(1—t) +e 
<2efor0 <1—t<e/NA, 
so that | F(t) — S dy can be made as small as we please by taking ¢ positive and less than, but 
0 








sufficiently close to, unity.] 


146 J. L. W. V. JENSEN. 





= — 9 log = — | + 0 log (1 - ta") — (t?-2 — 1) log 1 — 20), 
and letting ¢ increase to unity along the real axis 
p a 
v(2) = — C —logq + >» 6°" log (1 — 6*). 
w=l 
Thus our problem is solved, and it only remains to transform the expres- 


sion obtained. Replacing p by gq — p, a new equation results, and adding 
it to the above, we find 





v(2) + y(4— 2) Bole aay) \Lefta aS ODD. cos HP log (1 — 6+). 
wl 


Since y(p/q) is real, the imaginary part of the right member vanishes 
identically, so that 7 


ae q—l1 
v(2)+0(422) = —90 — 2logg+ Dy cos “HP log (2 — 20s =H), 
p=) 


which, together with 


¥(2) = SiC iy (0b rae logq +5 5, 08 TEP tog (2 — 2 cos ==). 


Since 
ee — 2 
Pe ish Load MP EN oe) fg EI RED 
q q q q 
—1 
the summation on the right side may be extended from p = 1 to wu = Oe 


2 


3 according as gq is odd or even. The final result thus becomes 


“THP Jog (2 — 2 cos = “tH, 
q q 


or 





(32) ¥(?) =—C— 5 cot —logq+ 3 cos 


where q’ = q/2 or (¢q — 1)/2 according as q is even or odd, and the accent to 
the right of the summation sign indicates that the term corresponding 
to u = q/2 in the first case should be divided by 2. The proof given 
here is clearer and much simpler than that of Gauss,” to whom is due the 
remarkable theorem expressed by (82). As special cases, we find 
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P| (2) C 

q v qd i" 

4 — 2log 2 

3 7 5eR — 3 log3 

t+>5 — flog 3 

1-5 — 3 log 2 

; is One 2 
Beanery re a6, 6 3 + xb 
Biliary an ae ; log 5 q log 


2 
2 V5, 345 
—Ffi— 2 — flog 5 + FP tog 9 


2 V5, 3 +25 
+h afi — Glogs + log? + 
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10. The functions P(s) and Q(s). In § 2 we saw that I(s) is a single- 
valued analytic function of s, having poles of the first order at the points 
0, —1, — 2, ---, but holomorphic for all other finite values of s. In 
other words, I'(s + ¢) may be expanded in a power series in ¢ for | ¢ | 
sufficiently small, unless s is zero or a negative integer. In the latter case, 
however, we have for sufficiently small values of | ¢ | 


Gale 


y! 


I(—v+i) = ft'tatatt+:-:-, 


since 


. ie) Cale 
Pi AM is Aes aR oiPaVE ES at = hhc tC a 


We are thus led to form the infinite series 








(33) PQ) = Das 


which is uniformly convergent for all finite s and becomes infinite at the 
same points and in the same manner as I'(s). For when JN is chosen so 
large that N > | s |, we have, for ally > N, 


op ] 
) 


( 
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ree) OF 1 
viv + s) + viv — N)’ 


which is independent of s and forms the general term of a convergent 
series. Hence it follows that P(s) is a single-valued analytic function 
of s in the entire plane, which can become infinite at the points 0, — 1, 
— 2, --+ only, but is holomorphic for all other finite s._ For sufficiently 
small values of |¢|, we have 


P(-—v+1) = 








i ae Oe ee By ym KOaL =p 


It is evident, therefore, that IT'(s + ¢) — P(s + t) may be expanded in a 
power series in ¢ for any finite s and for |t| sufficiently small, and by a 
well-known theorem, I'(s) — P(s) is consequently expansible in a power 
series in s which converges for all finite s and is denoted by Q(s). The 
result of the above investigation which is due to Prym*? may be expressed 
by writing 

(34) T(s) = P(s) + Qs), 


where P(s) is defined by (83) while Q(s) is an entire transcendental® function 
of s. We have 





PO+)— OSD aie tas ie ee 
ee 

and P(s) consequently satisfies the functional equation 

(35) PS. 41 SPs) ee 

while Q(s), on account of (84) and (4a), will satisfy the analogous equation 

(36) Q(s +1) = sQ(s) + et. 


When the distance of s from the nearest point of the negative real axis 
increases indefinitely, P(s) approaches zero since, denoting this distance 
by p, we have | 





=n LeeLee 
(EG) ee are 
Hence, a fortiori, 
Pin+s) _ 
ee pee CS 





82 Prym, F., Zur Theorie der Gammafunktion. Journal fiir Math., vol. 82 (1876), pp. 165- 
ea 

88 [That Q(s) is transcendental follows most easily from equation (36) below, for supposing 
‘Q(s) to be a polynomial of degree m, the polynomial sQ(s), of degree m + 1, would equal the 
‘polynomial Q(s + 1) — e~, of degree m, which is clearly impossible.] 
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and by (34) and (4b) 
(38) lhyane oes era 


That equations (35) and (37) are sufficient to define P(s) (Prym*), and 
consequently (36) and (88) sufficient to define Q(s), is seen in the following 
way, which will also furnish a new expression for P(s). From (35) we 
find upon division by I'(s + 1) 











P(s) P(st+1)_— 
T(s) Tis+1) T(s+1)’ 
whence, replacing s by s + 1,s + 2,---,s +n — 1 and adding the result- 
ing equations, 
PS ile (Si) Pia, «en | pk 
ve rs) Tien) 7° 4 TG +) 
or 
P(is +n) = s(s+1)---(s+n-—1) 

(39°) a a foe ks 

x| ORS ite rete | 
and since 











G Teu Over eae, Se) We Meee lin 
ae Pi tosh ease (1 — 1) Ine * Lees T(n + s) 


(39) gives forn > @ 


=0x1=0, 





RS rai ee 
(40) Ts) 7° 4 T6 +) 
or 
UY il = 1 é 
Sue) EAS) oer OES anny (Gian 3 


which is due to [Legendre and was rediscovered by] Bourguet.** Making 
P(s) = I(s) — Q(s) in (89), we find 


Qs +n) _Q6)_ 1 





oy [e+ 1G) = ea le 2») 
or 

QO(s +n) = s(s +1)---(s +n — 1) 
(ale) 





= ] 
x | S Cm ; 
ees f)e Gy 1) 
$4 (Legendre, A. M., Exercices de calcul intégral, vol. 1 (Paris, 1811), pp. 339-343.] | Bourguet, 
L., Développement en séries des intégrales Eulériennes. Annales de l’Ecole Normale, ser. 2, 
vol. 10 (1881), pp. 175-233. 





oe OE ote UN ee ee 


\ . 
} 
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For s > 0 it follows from (35) and (36) that P(1) = 1 — e, Q(1) = e7, 
and for ¢=1, -P(2)-=7P0) = et Le 265 0 er ee ia 
easy to obtain general expressions for P(n) and Q(n) from (39") and (41’); 
we find for s > 0 
n—1 i 
Pry =n — pif 1 = ors |, 
(42) n—1 | 


1 
Q(n) = (n — 1)let DI. 
0 ° 
From (36) it is seen that 











rg ete 

s>0 8 s—>0 s 
which we shall learn to calculate in § 13. Making s = — nin (41’) it is 
further seen that 

pes) Pi 
Q(— n) = =" 90) + 

ve 1 1 1 (iy 

| pea aR ee 


11. Solution of a functional equation. The form of equations (35) and 
(86) furnishes an occasion to consider the more general functional equation 


(44) f(s + 1) = sf(s) — Rs), 


where R(s) is a polynomial in s. Let S(s) be some definite solution, then 
S(s + 1) = sS(s) — R(s), and consequently 


DAS ol) = 9S (S's SUS eo 


or according to § 1, f(s) — S(s) = p(s)I(s), where p(s) is an arbitrary 
periodic function with the additive period unity. The most general 
function satisfying equation (44) is therefore 


f(s) = S(s) + p(s)T(s). 
To find a particular solution S(s) we divide (44) by I'(s + 1), whence 


Ks) | lst ae 
ris) ITis+i2)) Te-ay 





and consequently 
fe) fistn)  SRe+y—1) 
is) Ns+n) 7 (ss) 


In this equation, we now let n increase indefinitely, the resulting infinite 
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Series converging rapidly as shown by (46), and we obtain 
See oy es te) m 2“ R(s +v —1) 
EUS ss Saceat) ; Tis+yv) ’ 


where the limit on the left must exist and be finite. For the particular 
solution f(s) = S(s) we assume this limit to be zero, or 


S(s + n) (Si?) 














(45) Lin a I'(s + n) ae (n — 1)!n8 pene 
Hence we find 5) eT 

. Ss = styv-l1 
9 So Ret 


Any polynomial of degree m may be written in the form 
R(s) = a + ays + ags(s — 1) +--+ + ans(s — 1)---(s —-m-+1), | 


as is readily seen by the method of undetermined coefficients, and since 
we have 


R(s) Qe Om 
Tis +1) SEAN MEET met ia ai “ier eaa te Thy’ 


it follows from (40) that 
Sone Siete Pea) ae > La Si— i) 


cat INC SEQ ee) o> IC 
But in consequence of (39), P(s — u)/ Ds — uw) may be written 
LARS ENE a Es) fps : 1 





T(s— yu) T(s) “2t@— at’ 


and it is therefore seen at once that 


sis +y— 1) - eP(s) 2 . 1 
Ea RTO ae ea 


or by (46), upon multiplication by I(s), 





(47) S(s) = eP(s) Sa, + Oa, + Da, © (8—1(e—2)--(@-ut»), 


whereby the proposed functional equation is completely solved. Lind- 
hagen* has derived this solution in a somewhat more complicated manner 
and without giving it in explicit form. 

35 [Carrying out a suggestion by the author, the translation differs here slightly from the 


original, in which the limit (45) is assumed to be a constant K, not necessarily zero.] 
36 Lindhagen, A., Studier 6fver Gammafunktionen. Thesis, Upsala, 1887. 
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It would lead us too far here to discuss the solution of the more general 
functional equation 


f(s + 1) = r(s)f(s) + BGs), 


where r(s) and R(s) are rational functions, and regarding which the 
researches of Mellin*” may be consulted. 


12. Investigation of P(s) for real values of s. It appears immediately on 
inspection of the expansion (40’) that P(x) is positwe and decreasing for 
real, positive and increasing values of x. When x falls within the interval 
(0---1), we therefore have P(z + 1) > P(2) = 1 — 2e%, and by (35) 


cP + i)+ile-t 
ae 45 





MEG) ; LOS ae oeecee i) 


an inequality which will be used below. In general it follows from (39’) 
that 











2) Re ia 
CB) ng eP(e — 2) = 7 a) ea s 
(y) eP(x — 4) = eP(x) +a + (a — 1)(a — 2)? 


(G1) ack eared | re 


For an x in the interval (0---1), the numerator on the right in (a) is 
positive, the denominator negative, and hence P(x) is negative in the 
interval (— 1---0); on the other hand, both numerator and denominator 
are positive in (8), and consequently P(x) is positive in the interval (— 2 

— 1). To show that the same is true for (7), we use the inequality given 
above, and obtain, the denominator being positive, 


—1l+2?+4+ 2(¢ — 1) (a — 2)? 
u(a — 1)(a — 2)(x — 3) (a — 4)" 
Making xz = 1 — y, 0 < y < 1, the numerator of the last fraction equals 
6 Le ey)? — yl Soy) CL gy? eee apnea eat aries (oat 
SE teh te irae ON 
Or areca = 0, 


37 Mellin, H., Zur Theorie der Gammafunktion. Acta Math., vol. 8 (1886), pp. 37-80. 
Uber einen Giaemaentiage zwischen gewissen linearen Differential- ad Differenzengleichungen, 
ibid., vol. 9 (1887), pp. 137-166. [Zur Theorie der linearen Differenzengleichungen erster 
Grinune ibid., vol. 15 (1891), pp. 317-384. Uber den Zusammenhang zwischen den linearen 
Differential- ad Differenzengleichungen, ibid., vol. 25 (1902), pp. 1389-164.] 


eP(x — 4) Se 
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since y(1 — y) = + — (4 — y)? S=+. Hence P(z) is likewise positive in 





the interval (— 4--- — 3). From (@) it is seen immediately that when 
P(a) is negative for a negative value of x, so is also P(a — 2), and conse- 
quently P(x) is negative in the intervals (—.3--+ — 2), (— 5--- — 4), 
Jn (Oye Warm e Orn) 2 at 

It only remains to investigate the intervals (— 6--- — 5), (— 8:-- 
— 7), ---. Whene > 0 but as small as we please, (33) gives 
P(= +0 = wets P(= +1 -)=g, 2 pit 


P(x) must therefore be positive in the latter intervals, provided x is sufficiently 
near either end of the interval. But we may show that P(x) will also asswme 
negative values in these intervals. We have by (7) and (8) 








and since, by (40’), 
1 1 
PQ) =2(1+e49- 

2 


ay pee 
2 2 





ane ) <a 26 

P(— };+) is visibly negative, and hence also P(— 45), --- P(— 2n + $), 
That the negative values which P(x) thus assumes in the intervals 

(— 6--- — 5), (— 8:-- — 7), +--+, cannot be large, appears from the 

equation 

ele ff Bie spal) e 


1a | toa x ’ 


which shows that when P(x), P(w + 1) and 2 are negative, we must have 
Bini lece 0 Ort Pineal ie (te 1”, 

Since P(x) is a continuous function of x in all the intervals in question, 
it is clear that the equation P(x) = 0 must have at least one root in each 


of the intervals (—4)--- — 5), (—6--- —4})), --- (—2n+3--- 
— 2n + 1),(— 2n--- — 2n + 4), --- but none in the remaining intervals 
(Bourguet*). 


Note. It is a defect of the preceding investigation that it gives no 
information regarding the possibility of more than one root in the interval 
considered.*® Bourguet*®? has attempted to show that the equation 


38 Bourguet, L., Sur la fonction Eulérienne, Comptes rendus, vol. 96 (1883), pp. 1307-1310, 
and Acta Math., vol. 2 (1883), pp. 296-298. 

39 [That each of the intervals in question contains exactly one root has been shown recently 
by C. N. Haskins, On the zeros of the function P(x), complementary to the incomplete Gamma 
function, Trans. Am. Math. Soc., vol. 16 (1915), pp. 405-412. For a much simpler proof, which 
also shows that there are exactly four imaginary roots, see T. H. Gronwall, Sur les zéros des 
fonctions P(z) et Q(z) associées 4 la fonction gamma, Ann. de |’Ecole Normale, 1916.] 

40 Bourguet, L., Sur la théorie des intégrales Eulériennes, Comptes rendus, vol. 96 (1883), 
pp. 1487-1490. 
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P(x) = 0 cannot have more than 4 imaginary roots, but his proof is not 
correct. We may note in this connection that it is still undecided whether 
the equation Q(s) =.0 has any roots or not.”’” That there are none 
when the real part of s — 1 is negative, was shown by Lindhagen.*®* We 
cannot enter further upon these questions which require more powerful 
methods than those at our disposal here, but on another occasion, the 
author proposes to examine the equation P(s) = k for k real and show 
that for k = 0, the equation has exactly 4 imaginary roots. 


13. Calculation of the coefficients in some power series. By (19) we have 


1 
v1 +s) = -¢+>(—5 a -) 
whence, expanding each term in powers of s for | s| < 1, 
(48) (1 ol. a) = Si a Sos — S38” + S483 ra SRL. 
48) tsa 2S, = 1 + heen) 


The coefficients S, to S;; were computed by Legendre* to 16 decimals 
(15 correct) and S, to S77» by Stieltjes** to 32 decimals (30 correct). To 
determine the coefficients in the expansion 


(49) Nil +s) = 1-+ as + as? + ---, 
which will be convergent for | s | < 1, we recollect that 


P(1 -b 8) =v eas) 


or 

a, + 2a.s + 38a38s? + Dg fo (— S; + Sos — S38? + ae jd + ais + aes? + oe -) 
whence, comparing the coefficients of s” on both sides, 

(49’) (n ae 1)an41 Say rs Sidn sr SoGn-1 a = (— [RECS vey 





41 Later note. In a paper read before the Mathematical Society of Copenhagen in 1893, the 
author has given approximate expressions for the roots of Q(s) = 0. This investigation has not 
yet been published [but will appear in an early number of these Annals]. 

2 [The existence of an infinity of zeros of Q(s) may be proved in the following manner, which 
is not elementary, but has the advantage of brevity. Assuming Q(s) = 0 to have only a finite 
number of roots, si, S2, +++, Sn (or none), the only roots of Q(s) = e will be 1, si +1, se + i 

, 8x + 1 since, by (36’), Q(s) = e is equivalent to (s — 1)Q(s —1) = 0. But bya Rieter 
ae to Picard, an entire function which takes each of two different values (here 0 and e~) only a 
finite number of times, is a polynomial. Since Q(s) cannot be a polynomial,®? it follows that the 
equation Q(s) = 0 has an infinity of roots.] . 

48 Legendre, A. M., Traité des fonctions elliptiques et des intégrales Eulériennes, vol. 2 (Paris, 
1826), p. 432. 

44 Stieltjes, T. J., Table des valeurs des sommes S;, Acta Math., vol. 10 (1887), pp. 299-302. 
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which may be used to compute the coefficients a, numerically. For 
nm = 1, 2, --- we find successively 


1a bias Sor Si, Ogi — 3(S/ =f Se), O38 an rash + 38:8. + 283), ones 


which however are less suited to numerical computation than (49’). 
Writing (— 1)"a,’ instead of a, in (49’), the alternating signs disappear, 
and it is seen that if ay’, a2’, ---, a,’ are positive, this must also be true 
of a.4,;. But a,’ = S; > 0, hence all a,’ are positive, and a, has the 
sign of (— 1)”. It is also easy to calculate the coefficients of 








(50) P(1 +s) = bo + bis + bos? + ---, Vicar HP 
by expanding each term of 
eit 00 (— Wi 
LNG) Se agar ae 
We obtain 
; i 0 (— Lie 
(50’) b =1-—e1, b, =» 


mart Al + Bare? 


and these expressions are quite convenient for numerical computation. 
The infinite series for 6, consists of numerically decreasing terms with 
alternating signs, and consequently b, has the same sign as the first term 
of the series, or the sign of (— 1)”. 

Since Q(11 +s) = T(1 +s) — P(1 +s), the coefficients in the power 
series 


(51) Q(1 + s) = C + ¢,s + cos? + Bs 
which converges for all finite s, are given by 
Cole) Co 16>", Cate Gaba 


Since c,; = Q’(1), this also determines Q(0), as we saw at the end of § 10. 
The calculation of the coefficients in the expansion 


1 
T(1 + s) 


which will converge for all finite s, may be effected by comparison of the 
coefficients of s” in 


(1 + ais + aes? + ---)(1 + dis + dps? + ---) = 1, 


(52) = 1+ dis + d,s? + --., 


whence 


(52’) dn + dn—1d1 + Anode +--+ +a, = 0, 
which gives, using the previous expressions for @, @2, a3, ---, 


d; — Si, dy — +(S87? oe So), ds 5 4(8;3 ra 3S. ot 283), CS 
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Having once calculated the coefficients ai, a2, a3, ---, (52’) serves to deter- 


mine d;, dy, d3, ---. When an independent determination is preferred, 
we may proceed as follows. By Taylor’s theorem and (52) we find 
1 1 








Tdts+) Tdt+s) +idvd+s)+-- 
=lt+di(s+it)+d(s+?+--- 


and comparing the coefficients of ¢ on both sides of the last equality sign, 





a Tate a res =— EES -W(1+s) =d,+ 2d,s + 3d3s?+ ---, 
Or 

Cl} dis 4 0es* ee) Sp — Sas O38) ty 20s dss | es 
whence finally | 

(52”) (n + 1)dayi = Sida — Seda1 + >>> + (— 1)"Sati, 

which is of the same form as (49’) except that the signs of S;, Se, --- are 


changed. .The coefficients of the power series for I'(1 +s) were first 
computed by Jeffery.“ The coefficients in the expansions of 1/T(2 + s) 
= 1/1 + s)r(1 +s), 1/T(s), e*/T(2 +s), T2 +s) = (1+4+s)T0 +38), 
Q(s) and eP(s)/I'(s) were computed by Bourguet** “ to 16 decimals, of 
which the last is doubtful. 

In the papers quoted, the general recurrent formulas are derived in a 
somewhat more complicated manner than above. 

14. Expansions in series of factorials. In the following, we shall expand 
various of the functions introduced previously in series of the form 


>> Cy 
= s(s 1-1) pees Saeed ya 
To simplify, we introduce the notation 
(s\n = Sis + 1)---( +n-1) 


when 7 is a positive integer, while for n = 0 we write (s)) = 1. Further- 
more we agree not to let s equal a negative integer or zero. It is then 
seen that 














Ce, Ue (4 ee) ee 
(Sppaaae Spee 8) 9 hae (S)y41 

4 Jeffery, H. M., On the derivatives of the Gamma function, Quarterly Journal of Math., 
vol. 6 (1864), pp. 82-108. 


46 Bourguet, L., Sur les intégrales Eulériennes et quelques autres fonctions uniformes, Acta 
Math., vol. 2 (1883), pp. 261-295. 
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whence for | s — s’| > 0, making vy = 0, 1, ---, n — 1 and adding, 
1 MK? al Mi n—1 ie 
2 SiS) | : (3) n is x (et 
Since (s), = I'(n + s)/T(s), and consequently 
ave See ise iene Sa 


SSD IATL hee Tan Wc het eaters tattAie62 A St— 8 














(seems nie aL insets) > 72) ; 

it is seen at once that, denoting the real part of s by f(s), 
(s’) (0 > 0 
lim =" indeterminate, as Jt(s — s’)} = 0. 
m—>o Go. ae < 0 


On account of (a) we therefore have the expansion, convergent for 
K(s — 8’) > 0, 


iat s’ Ms s‘(s’ + 1) 
Se TF) Tae+ Det 


which is due to Stirling. For #(s — s’) = 0 the series will oscillate 
(between finite limits) and diverge for R(s — s’) < 0. We have excluded 
above the case s’ = s, where it is seen at once that the series reduces to 
> 1/(s + v) and consequently diverges. 

It does not appear from the preceding that the series is uniformly 
convergent, but this will be shown presently to be true for all values 
of s and s’ subject to the conditions: s’ finite, R(s — s’) 2e,|s|,|s +1], 
|s +2|, --- 2 p, where «c and p are positive, but as small as we please. 

We suppose these conditions fulfilled and write s = x+y, 
s' = x’ + yt. The positive quantity A may then be chosen so large 
that A > | s’|, and consequently 2’ > — A, | y’| < A. Now taking an 
integer N satisfying the inequality 








(8) —y=hG Tree 


N>iA? +A, 


we have forv = N 
yta=N+2’>Asta’>dO 





and 
ly+s’|—(+2) <5, 
since 
EGS OF GG ee ee: ae 
+a) (yit+ (5) -1) <a ey <s 5: 


~ A + 2(A + 2') 
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Therefore 

ly+s|—lyts'|>5, 
since |v +s|2=rv+ax2zrv+2'+ec. We now write 


_ (8')n . orice 
EI Teen | sf +n 


and the preceding inequality becomes, making vy = n + I, 


Un 





d 














Un+1 




















! Un aed / ie 
| s Tre EY bs | s pee actenla crariots 
or 
2 
Juni] <= (le! tm |- [ual — [s+ +1 [+] tees D, 
whence 
| yan si + y 
| tse | ota areas ec] tg TU [el == Tee. 
But we have for all values of v, and in particular for vy < N, 
si+yv) At+p 
stp Dia 
and fory = N, 
s’ + ze |s’ + 7 | Z geese 
s+yp 








ls tol +5 vtAts5 
RR AHERY (ier, > Ny, 
sity ay { Ase y+A 
1 ees = I( p )u € 
Bape apis 











PAA Us -(A +N —1) 
cP ji (aa ray) 


which is independent of s and s’ and converges to zero for n increasing. 
It is thus shown that Zu, or the right side of (8) is ABSOLUTELY and 
UNIFORMLY convergent when gs’ is finite, R(s — 8s’) Ze >O0 and |s\, 
ls ti1l,[/s+2|,---2p>0. 

On the basis of this result it would be easy to show that the boundaries 
of the regions of conditional as well as absolute convergence of a series of 
the form > c,/(s), are straight lines perpendicular to the real axis, and it 
is also possible to state the necessary and sufficient conditions for the 
expansibility of a function in such a series. As we shall have no occasion 


? 
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to use these results in the present paper, I shall not go beyond this indica- 
tion.*” 
Assuming |s | > |s’| and &(s — s’) > 0, (8) may also be written 
oo ge 00 (s’) 
} = v ; 
(8) is x (Ss) 41 
The right hand series being uniformly convergent, it is permissible to 
expand in powers of s’ and compare with the left side. Writing 








(syan=eCes™ + Cis’ + es FiOS 18", see y 
where the first coefficients C? are readily calculated,* we find 
1 ae Ce 
) sa ie u=0 (S) wto4i ; 


which will converge absolutely for #(s) > 0.* 


47 [An excellent account of this general theory is given by E. Landau, Uber die Grundlagen 
der Theorie der Fakultatenreihen, Sitzungsber. Akad. Miinchen, vol. 36 (1906), pp. 151-218.] 

48 (Using, for instance, the identity (s’)n = (s’ + — 1)(s’)n-1, which gives the recurrent 
formula 

Cm = C7) + (n — 10%] 

* {We will give the following direct proof that (vy) converges for #(s) > 0. The ratio of con- 

secutive terms in the series is 
Gry Pema b re non Cuerin 
Cyta—*(u +s +r) F pee Sy) ; 


But, as we shall prove, lim C’+*~"/Cv+4—* = 0. Hence the series will converge (and that abso- 
IV ieed' 


lutely) if R(s) + » — (v — 1) > 1, that is, if R(s) > 0. 
That Te Ce (Cyaan ~! = 0 may be shown as follows: C¥*"~* and C¥*4—" are the sums 


of all the ea of the numbers 1, 2, ---, » +y — 2, taken yw at a time, and »p — 1 at a time, 
respectively. Hence C¥*"~* may be written 


Crt? = Snyne ++ +My; lem<m< ++) < mS ty 2. 


To each term 7n2 +--+ ny in this sum there corresponds a set of » products in Crees whose sum is 


rata s+ tty (Sop be), 


My 
But if we form this sum for each term in Ynyn2 --+ n# in turn, each product in Cats wilt be 
taken »— 1 times, since between the number of bitte in Crm and that in “Crtu=! the 
relation Ti geass) = (py — DG we) exists, where (;) denotes an number of erhintions of n 
letters taken r at a time. We therefore have 


Setar LDNN2 aoe Ny i 
1 


SS SS Se TE eee 
(v —1)Cyts Pra ++ ty (= + = + +=) vay tt a2 Ras agra: 


But the limit, as » approaches ~, of the last member of this inequality is 0. The same must 
therefore be true of C7t"—"/Cyte—?} 
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When we have a series 


converging absolutely for | s | > 7, this may be transformed in a series of 
factorials with the aid of (vy). .We then obtain a double series, absolutely 
convergent for #(s) > 7, which becomes, by combining the coefficients 


(Stirling”*), vas , 
_—% ~~ WH TH, Besa, 2a, 
(8) US) Srarcaysi <(ay sits (6) a nan (oem) alam 





where the general term is 


(e) _A, _& + OM ae Oasys o> SEES 
; (8) 41 Gyre ne 


or symbolically 





ala + 1)---(a+v-—I1) 
. Ges : 
which could also be derived directly from (8’) by symbolic calculation. 
A direct proof that (6) is absolutely and uniformly convergent for 
R(s)Z=rt+e, 
where e is positive but arbitrarily small, is reached by observing that, 
since > a,/s’t* converges for | s| = r + e/2, there exists a finite and positive 








M such that | a, | <, M(r + e¢/2)” for vy = 0, 1, 2, ---. Hence 
| | E 
rake (« a a) 
(S) 44 | (s)rga |? 








and the theorem follows by comparison with the series (8) in which we 
make s’ = r + é/2. 

The identity | 
1 m 


(s+ v)m (stv+1)m (S+»)m41 
gives } 
deals 1 n 1 1 
9) py bSicr) itn alec (s+ al 
whence we find for m= 1 andn-— o (Stirling?!) 
= 1 Lael 
(n) 2 ea 5 HAO 


It is readily seen that this series is absolutely and uniformly convergent 
for R(s) = — A and |s|,|s+1]|, |s+2|, .-- 2p, where A is finite 
and p > 0 but as small as we please. 
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Applying the ASoiomiease (¢) to the series (6), it is seen that, 
making a) = 0; 
Ae lee 1 
fe) tfet)+--4+f64n-)=L| Gy - Gay |. 


We have, however, 
oy +2) eee Go 
vistn), stn(stn+1)-1 (s),41’ 


here R(s) > 7, s is finite, |s +yu|/|/s+n+u| <1 for »p = 1, 2, --- so 
that ~ 

















(s ae 1 en 
(Steevie) et my 
and consequently 
A, Sioa Ess A, 
<|t +5 |s+n| . (S)y44] 7 








Since 2 | A,/(s),41 | is convergent, | 1 + s/y| finite, and |s|/|s +n|—70 
as n— o, we therefore find 


lim See 


Ne v=1 vis +n), i nye 
whence finally 


co A, 
for #(s) > r, which is also due to Stirling.) 
These formulas may be applied immediately to the calculation of 
w(s). It will be remembered from §§ 4 and 5 that 


o(s) =X] +44) loe(1 +555) -1], 





and that for|s| > 1 


. if 00 (— at 
(@ +H) log (14+5)-1=Sagane eae 





consequently, by (6) and (e), 








: UA ey 
(© +4) log(1 +5) -1 Do Anh 
Ae ie ee ACA 1) ; 
ea) Gy 12) Pi GRecpumm et 18 Cry 


49 [The series to the right in (#) is absolutely and uniformly convergent for #(s) =r +e. 
For as shown above, | A, | < M(r + ¢/2),, whence 
€ (5 € 
Ay Tavares Cae Cre 
v(s)y (s)p (S)p 


and our statement is proved by comparison with the series (@) in which we make s’ = r + ¢/2. 

















<M(r+$+1) 
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and from (#) we finally obtain 
© k, 
(53) w(s) a >a v(8)y 


1 





which converges absolutely for #(s) > 1°° and is due to Binet.** It is 
evident that | k, | < ~,(1), = v!/12. 

50[The above analysis does not give the complete domain of convergence. Actually (53) 
converges absolutely and uniformly for R(s) =e > 0 (and consequently equals the holomorphic 


function w(s) not only for R(s) > 1 but for R(s) > 0), but is divergent when R(s) <0. For 
observing that u/2(u + 1)(u +2) = 1/(u +2) —1/2(u + 1), we have 


tia ah (= Oe = Le v es mh Ld 4 1 v 
af iF ( p+2 at: 2(u + 1) ) Coa JE ee Cee el et ain 


or by reference to the identity defining the coefficients CY_,, 


Vv 


1 
Lag A si 
hy = f(s + 4)()rds. 
Replacing s by — s in the integral, we obtain, for v > 2, 
—hy = f° —s)s —s)Q@— 8) @ —1—8)ds 
v ; 2 . 


But for 0 </¢ — 1, we have | 1/2 — 3] < 1,6 <1) 1 — geo eo Oey 1m ed 
so that : 
| kv | <p 1:3: eh = rde spe ete 

and for R(s) =e and v > 2, 

ky (v — 1)(1)r-2 < 1 j (1)y—2 j 

lv(s)v| ~vis{|[(st+1)-1] ~e [+ 1)-1]’ 
in consequence of what was proved above for the series (8), it follows that (53) is absolutely and 
uniformly convergent for #(s +1) =1-+.e or R(s) Ze. Now transform the expression for 
— k, by decomposing the integral in two with the limits 0, 3 and 3, 1 respectively, and replacing 
s by 1 — sin the latter. Thus 


rine ft = s)e(1 \a)[(2 — 2) sect teeta) aon rea ae 











where the integrand is evidently positive, and therefore 


kv | > J) @ = 981 — 912-8) + @ 1-8) — +8) @ 2 +5)]ds 


for a positive 6 less than 4 and as small as we please. But for0 <s <6 <4wehavel+s 
<#(2—s) 2+8<3-—8, «++, »—2+8<y—1-—s, so that (1 +s)---@~—2+83) 
< #(2 —s)-+-- (» — 1 — 8), and consequently 


8 ye ha 
>= J, (} = s)s(1 —8)(2—8) +++ @ — 2-8) 4 Sas 


ky 
v 








>a, @— Det —9@—9)---@ 2-8): das 


= yd = 2-6) +++ @— 2-8) =F \(— dal. 
ky 6 (— 5)v—1 

He ea (s)p 
R(s) < — 4]. 


Hence >. as »—>o when (s) < — 6, so that (53) diverges when 
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The first coefficients are ki = 75, k2 = 0,k3 = — 20) ke = —35, °° 
When s is large, the computation of only a few terms in (53) gives a very 
close approximation. 

In the same way we obtain from 


1 = ied pate 
+ Ne (1+3)-1-Loprnerae rye 
which is valid for |s +1] > 1, 


1) EV ee 


yp y—l 
[ED @LD Bopp) Twl» 
and 
20 k, 
(54) w(s) = see 


which is also due to Binet? and converges absolutely and uniformly when 
R(s)=e> 0.5! The first coefficients are ki = 5, ke = 3, ks = $5, ks = 22 

Making s = n, a positive integer, in (53) and (54), we obtain [se: 
(14)] the convergent series 


log (n!) — (n +3) logn + n — log V27r 














1 1 1 
~ 12n 360n(n + 1)(n + 2) 120n(n + 1)(n + 2)(n + 38) 
Sea 1 59 

> iPlGaeil V CEE DICER) Mai a5 1 CEE YOR) 


29 


T 60m + In + 2H)n+3m+4 > 
Remembering that (§ 8) 


and that for |s| > 1, on account of (6) and (e), 














1 (oils 
s— oe (145) =2epiet= Lay 
where eke Gosh 
k, =e 5 oa 1 “ts y C = . ete 10h. 
we find by (#) 
0 k, 
(55) w*(s) == aA 


51 [Using the method of ®, the series is readily seen to diverge for R(s) < 0.] 
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which will converge a ay for ¥(s) > 1,52 and in which the first 
coefficients are ky = 4, kp = 4, k3 = 4, hk, = Le --+. Similarly, using the 
expansion 


1 1 = y = 
ste (1 +5) = Deane epee Lief rae 
which converges for }t(s) > 0, we find 








y eee : 
Tare he - Cyt... +43C_1 


and 3 
2 k 
* ee Vv 
(56) (8) = Le 4, 
which is absolutely and uniformly convergent for 3t(s) =e > 0.2 The 
first coefficients are k, = 3, kp = %, ks = 48, ku = 482, ---. As special 


cases of (55) and (56), we note the convergent series 





L+h+h4+ >: + —logn-C 


1 1 1 
Wn ene a 12th ) 











19 
~ 120n(n + 1)(n + 2)(n + 3) — 
eile 7 2 AS ROO ae ie 
2n+1) 12n+1)m+2) 4a + 1)nm+2)m4+3) 
469 





~, 120(n + 1)(n + 2)(n + 3)(n +4) 


We shall finally give an application to the function y(s). By (19’’’) we 
have 





¥0) - 6-8) =D (355-45), 


Monti 2 Shape 
and since for R(s — s’) > 0 








2 [Actually the series converges absolutely and uniformly for R(s) Ze > 0, but diverges 
for R(s) <0. For we have, by the method of *, 


k =f 1 
y= > sf —s)(2—s)+-++(—1—=s)ds, 
whence 0 < ky < (v — 1)!, and for 0 < 6 <1, 
ky 6 y—1—6 6 
=> J, 16 Bint 310 Saris) eat Mae Sarat Dee mwecege as ly hors Vee lid 


63 [But divergent for It(s) < 0, since ky > 3 + 3CY + --- +4C%_, Ge —1)!] 
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it follows from (?) that 


Wo) — He — 9) = ES, 


or replacing s’ by — s’, 





; Seer esi(s 7 euerg (S21) (8) — 2) 
OD REESE I! me VAD ie ee ee emmcis eels) > 2 


which converges absolutely and uniformly for #(s + s’) Ze > 0.54 As- 
suming s’ to be a positive integer, we obtain the finite series 
| if | 1 n n(n—1) 


emote a <> sem) 6 | 











1 
Told 


15. Numerical computation of the gamma function.®» Let us now consider 
a practical method of computing I(s) for real values of s. It is easily 
shown that I'(s) is known when its values in any interval of length $ are 
known. 

From (5) we have 


(58) L(s) = log (3) = — Cs — logs ++ {2 — log (1 +5)]. 


It is seen that it is permissible to differentiate the series on the right 
termwise; so that 





ele ES Seep 
I) = — 0-3 +15 - sya}. 
This may be written 





he 2 {J ti 
ENE) C+D {5-4}. 
These relations hold for s + 0, — 1, — 2, ---. In general we have 
| 1 
(r) = (— saa 
(59) L(s) = Se SDT ee ne r> 1. 
In particular 
(60) UN) a 
(61) LO) =(— 1 -Y1IZS = (— Ye — VIS, 


where S, has the meaning of (48’). 
Using Taylor’s development about s = 1, we have 


(Sirens 


log T(s) = L(s) = L() + —— * L(1) Se ep es Yu) +. 


54 [But evidently diverges for 3t(s +s’) < 0.] 
55 This section has been added in the translation. 


. 166 J. L. W. V. JENSEN. 


or setting s = 1+ 2 and taking account of (60) and (61) 


(62) log T(l1+2) = —Cax+ x. c- Dave 





We show now that this relation is valid for — 4 =z S3, by proving 
that 


Rn = = L@(1 + 62), | 0<6<1 


converges to 0, as m> o. 
For, if —} =2 =, then 


Pe eplon< lb esaeapsi me 


Asa matter of fact the region of convergence could be shown to be 
— 1< x =1, but for our purposes it suffices to know that the series con- 
verges for —4 =x = 3. We have for any z in (— 3, 3 


|Rn| = 








lire 


log (l1+2) =x—)>)(- Dee 
2 nN 
This on adding and subtracting from (62) gives 


Lome ea eee 08 (1 ton) ae at = (- eee N=. 
Changing here x into — x gives 
log T(1 — 2) = —log(l1—2z)—-(1—-OQ)a + (- 0. 
Subtracting this from the foregoing gives 
log Td + 2) — log ri — 2) 
Ligts 


ca 2m+ 
— log 7 + 2 - C)a Y 5 (Samet — 1). 


From (6), substituting therein I'(1 + s)/s for I'(s) and setting s = 2, 








log (1+ 2) + log Td — x) = log = a 
This with the preceding relation gives 
log Td + 2) 


63 = 
a = (1—C)x + 3 log — } log j= — 5 2 (Simi —) 


gmt 
2m+1° 
This series is due to Legendre. It converges rapidly for 0 S « =4 and 
enables one to compute I'(s) in the interval 1 =s =3. The value of I(s) 


for other real vaJues of s may then be obtained as already observed. 





sin 7x 


ON THE WRONSKIAN TEST FOR LINEAR DEPENDENCE. 
By Maxime BOcuHER. ~ 


It is well known that the identical vanishing of the Wronskian, while 
a necessary condition for the linear dependence of functions of one variable* 
for which the necessary derivatives exist, is not a sufficient condition. It 
is, however, true that: 


Lelie) 4 u,(%) are throughout (a, 6b) analytic functions whose 
Wronskian W(w1, --- Un) vanishes identically, then wu, --- wu, are linearly 
dependent throughout (a, b). 

II. If wi(x), --- up(x) satisfy a homogeneous linear differential equa- 
tion 

d*u TEED 
(1) ena OD pen ia Deh 0 
at every point of an interval (a, 6) throughout which 7, --- p, are con- 
tinuous, and if W(uw, --+ un) = 0 in (a, Db), then wm, --- wv, are linearly 


dependent in (a, b). 

These two well-known theorems would probably be very nearly (if 
not quite) sufficient for all applications that have so far been made. 

There are, however, many other cases which have been discovered by 
Peano, the writer,j and D. R. Curtiss,f in which the identical vanishing 
of the Wronskian implies linear dependence. The starting point for all 
these investigations is the following: 

THEOREM A.§ Jf U1, +++ Un have at each point of (a, b) finite derivatives 
of .the first n —1 orders, and vf among the Wronskians of these functions 
taken n — 1 at a time there rs at least one which does not vanish anywhere 
in (a, b), then, whenever W(u1, +++ Un) = 0, W1, +--+ Un are linearly de- 
pendent throughout (a, 6). 

For several years past it has been my custom in my lectures to establish 
first Theorem A and to deduce from this the two results I and II, using 
for this purpose an intermediate theorem. As I have not seen this theorem 

* Throughout this note we assume « real and speak of an interval (a, b). Everything said 
applies, however, equally to the case in which z is complex and we have to deal with a continuum 
in the complex plane. In this latter case, however, I is the only result worth recording. 

+ Trans. Amer. Math. Soc., vol. 2 (1901), p. 189, where references to earlier work by Peano 
will be found. 

t Math. Ann., vol. 65 (1908), p. 282. 


§ For a simple proof of this theorem see page 140 of my paper just cited. 
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in the literature, and as I have recently found it useful for its own sake 
(not merely as a step towards I and II), I venture to give it here in spite 
of its rather obvious character. 


THEOREM B. If wi, «++ Un have finite derivatives of the first n — 1 
orders at every point of (a, b), then W(u1, --+ Un) = 0 ts a necessary and 
sufficient condition that ui, «++ Un be linearly dependent throughout some sub- 


enterval* of (a, 6). 

This is obviously (though trivially) true for a single function. We 
therefore assume that it is true for n — 1 functions, and use mathematical 
induction. 

Suppose W(u, +++ Un) = 0. Then either 

(a) Ww, +++ Un—1) = 0, in which case wi, «++ Un: are linearly de- 
pendent throughout some sub-interval, and hence the same is true of 
ieee ror 

(b) there is a point of (a, b) where W(u, --- Un_1) + 0, and hence, 
on account of the continuity of the derivatives of the first n — 2 orders of 
the wu’s, there is a neighborhood of this point at no point of which does 
W (uw, +++ Un—1) Vanish. Hence in this sub-interval uw, --- u, are linearly 
dependent by A. Thus B is proved. 

The deduction of I and II from B is as follows: 

If W(u1, +--+ Un) = 0, we know from B that there exist constants 
C1, ‘++ Cn, not all zero, such that throughout a certain sub-interval (a’, b’) 


(2) CU, + +++ + Cnty = 0. 


If wi, --- Uy are analytic throughout (a, b), the same is true of the first 
member of (2). Hence, from the fact that this function vanishes through- 
out (a’, b’), we infer that it vanishes throughout (a, b). Thus I is estab- 
lished. 

On the other hand, if wi, --- w, satisfy (1) at every point of (a, b), the 
same is true of the first member of (2), which we will call wu. But, from 
(2), we see that u and its derivatives of all orders vanish at any interior 
point of (a’, 6’). This, by a fundamental theorem concerning equations 
of the form (1), implies that wu is identically zero throughout (a, b). Thus 
II is proved. 

* And hence throughout some sub-interval of every sub-interval of (a, b). 


HARVARD UNIVERSITY, 
January, 1916. 


NOTE ON A THEOREM ON ENVELOPES. 
By W. R. LONGLEY. 


If a one-parameter family of plane curves F(a, y, a) = 0 has an en- 
velope, its rectangular equation is obtained by eliminating a from the 
two equations F = 0 and F, = 0.* Or a parametric representation is 
obtained by solving the two equations for x and y in terms of a. In 
order to establish conditions under which this solution is possible appeal 
must be made to the theory of implicit functions. In a paper in these 
Annals (second series, vol. 12, Jan., 1911, pp. 73-102) Risley and Mac- 
Donald have applied standard theorems on implicit functions to deter- 
mine conditions for the existence of an envelope. In the first part of the 
discussion it is assumed that the curves are given in the explicit form 
y = f(a, x), and the authors have stated (p. 86) a “‘ fundamental theorem ”’ 
which is said to ‘“‘ summarize the facts concerning envelopes of the family 
of curves given in the explicit form y = f(z, a).’’ This theorem is the 
following: 

‘‘Given a one-parameter family of curves y = f(x, a), where f(z, a) 
is an analytic function of x and a in the neighborhood of (ao, ao), such that 


(1) Fa, (Xo, a) = 0, (EE MOL eR Osi a Y 
but Fa, xm(Lo, &) = 0, 

(2) : Foi(t, a0) = 0, (SATE a 
but FanrlZ, a) = 0; 

then, if 

(3) Fane, wm(Xo, ao) + O, 


the curves y = f(z, a) have no envelope in the neighborhood of (xo, yo), 
except a point envelope which occurs whenever m 2 1; but, if 


(3’) Foo, xm(Xoy Qo) = 0, 


the family y = f(z, a) has an envelope composed of one or more curves 
through the point (20, yo); also, whenever m 2 1, a point envelope at that 
point. 

* F, indicates the derivative of F with respect to a. This notation is used throughout the 


paper. 
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“When m = 0, the notation 7 = 0,1, 2, ---, m — 1 is meaningless and 
(1) must be replaced by f,(x%o, a) + 0.” 

The form of statement is designed particularly to cover the case when 
Yo =f(xXo, a) is an identity in a. Otherwise, as explained in the last 
sentence of the theorem, the notation of condition (1) has no meaning. 
When m = 1, the theorem as stated is not established by the argument. 
The hypothesis places certain conditions on the character of the function 
f in the neighborhood of the “ point” (x, ao). The theorem states a 
conclusion for the neighborhood of the point Po(x, yo). When m 21, 
the “ point ”’ (ao, ao) of the function f is not determined by the geometric 
point (xv, yo). There is no mention of this fact in the proof. 

Since it is the ‘‘ point ”’ (ao, ao) that is used throughout the argument, 
the conclusion applies not to the point (2, yo) but to the curve y = f(a, ao) 
at the point (Xo, yo). The content of the theorem actually proved is: 
If the hypotheses (1), (2), and (8) are satisfied, the curve y = f(z, ao) 
does not touch a branch of the envelope at (2, yo) and no curve of the 
system for values of a sufficiently near to ao touches a branch of the 
envelope in the neighborhood of (a, yo), except a point envelope which 
occurs whenever m = 1; but if (8’) is satisfied, the family y = f(z, a) 
has an envelope composed of one or more branches which are tangent at 
the point (a, yo) to the curve y = f(x, ao); also, whenever m 21, a 
point envelope at that point. 

If we attempt to obtain the facts for the neighborhood of P» the dif- 
ficulties encountered are considerable. For the ordinary geometric inter- 
pretation suppose we consider only real values of x, y, and a. In order 
to draw the negative conclusion (3) of the theorem quoted it would be 
necessary to have the hypotheses fulfilled for x = 2 and every real* 
value of a. It is easy to show by simple examples that if there is one real 
value of a for which the hypotheses are not satisfied, it is possible to have 
an envelope which comes within every arbitrarily small neighborhood of 
Py. For this purpose consider the system of curves 


y = f(x, a) = Zax? — ae, 


and inquire about the nature of the envelope near the origin. Here 
m = 2, n = 0 and the hypotheses of the theorem are satisfied for every 
real finite value of a. To examine the value a = © we write a = 1/8 
and set 6 = 0. Then the hypotheses are not satisfied because the func- 
tion f is not analytic. The envelope of the system (in addition to the 
point envelope at the origin) is the straight line y = x, which is given in 


* This includes a = «©, which would be covered by examining the curve y = f(z, 1/8) for 
B = 0. 
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parametric form by the equations x = l/a, y = 1/a. For every finite 
value a = ap the curve y = 2aox” — ao’xz* is tangent to the envelope at 
the point x = 1l/ao, y = 1/ao. By taking a» large enough we see that 
the envelope comes within every arbitrarily small neighborhood of the 
origin. 

A particularly interesting example in this connection is the following: 


see 
sod 8 6 oN i Rens 
y a 


Every curve of the system passes through the origin, and at this point 
the hypotheses of the theorem (m = 1, n = O) are satisfied for every real 
value of a except a = 0, a = «. Every curve of the system is tangent 
at the origin to the line y = x. The envelope consists of the infinite 
number of straight lines given in parametric form by the equations 


Cee fo OG SING. (heath PEA Me see 
where k; denote the roots of the equation 
Ka tan kK. 


Every curve of the system touches each branch of the envelope twice 
(once for x positive and once for x negative) and, with the exception of the 
origin, every branch of the envelope is touched at every one of its points 
by one. curve of the system. In this example we have in every arbitrarily 
small neighborhood of the origin an infinite number of branches of the 
envelope, not one of which can be detected by the theorem. 

The known theorems on implicit functions demand that the functions 
and certain derivatives shall be finite for the particular values of the ar- 
guments involved. Hence the examples given above are sufficient to show 
that it is/impossible to derive exhaustive criteria for the nature of the 
envelope in the neighborhood of a point by using the implicit function 
theorems and the values of f and its derivatives at (Xo, Yo). 


SHEFFIELD SCIENTIFIC SCHOOL, 
New: Haven, Conn. 


NON-ESSENTIAL SINGULARITIES OF FUNCTIONS OF SEVERAL 
COMPLEX VARIABLES. 


By DunHAM JACKSON. 


It is a familiar property of functions of a single complex variable that 
if f(z) has a pole at the point a, it can be expressed throughout the neigh- 
borhood of this point in the form f(z) = ¢(z)/(z — a)™, where m is a suit- 
able positive integer and o(z) is a function of z which is analytic at a 
and does not vanish there. Osgood has recently extended this theorem, 
with appropriate modifications, to functions of several variables. An 
extension with somewhat different hypotheses, obtained simultaneously 
and independently by the present writer, is given below. It is assumed 
that f(v1, %, +++, @,) is analytic throughout the neighborhood of a point, 
which for convenience is taken as the origin, except for singularities 
which satisfy a certain requirement of continuity in their distribution,* 
and which are of such a nature that f is analytic except for poles when 
regarded as a function of x; alone, and it is shown that under these con- 
ditions, f can be expressed as the quotient of two functions, each analytic 
in all the variables in the neighborhood of the origin. ‘The denominator 
is of course no longer merely a power of a linear factor, in general, and the 
numerator may vanish at points of the neighborhood in question. ‘The 
method used is essentially the same as one which is employed in well- 
known presentations of the proof of Weierstrass’s theorem of factorization. 
The results are expressed in three theorems, the scope of each of which is 
indicated by the corresponding section-heading. No attempt has been 
made to obtain the greatest possible generality in the hypotheses, and 
further generalization is undoubtedly practicable; the aim has been to 
bring out clearly the central idea of the argument, without unnecessary 
complications. 

1. Non-essential singularity of the first kind. Let the function 
f(@1, Y2, +++, Ln) be so defined in a region containing the point (ai, ao, 
-++, Gy), that if fixed values are assigned to the last n — 1 variables, the 
resulting function of x; is analytic except for poles.j The distribution of 





* In Osgood’s theorem, the singularities are supposed to lie on analytic manifolds. 

+ Wherever the word pole is used in this paper, it will be understood to refer to the behavior 
of the function under consideration as a function of a single complex variable, when particular 
values are assigned to such other variables as may be involved. For example, the statement 
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the poles will be said to be continuous at the point (aj, a2, --+, dn), if the 
following condition is fulfilled: There exists a positive number 71, as small 
as may be desired, with a corresponding positive number r2, such that when 
the inequalities |x; — a:;| S re, 1 = 2, ---, n, are satisfied, there are no 
poles on the boundary of the circle |v; — ai| = 71, and the sum of the 
orders of the poles inside the circle is constant. It will be observed that 
if this condition is satisfied, and if f(a, a2, ---, @n) has no pole for x, = ay, 
there is no pole at all in the neighborhood of (a1, ---, a,). Furthermore, 
an application of the Heine-Borel theorem shows that if F# is a closed set 
of points in the x,-plane in which f(a, a2, ---, a) has no pole, and the 
distribution of poles is continuous at every point of H when x = a, ::: 
Xn = Qn, then there exists a positive number p such that f(x, v2, «++, @n) 
has no pole in # when |x; — a;| = p, t = 2, 3, ---, n. 

The point about which the discussion centers will be taken for con- 
venience as the point (0, 0, ---, 0). 

THEOREM [. Let f(a1, 2, ---, 2n) be a function of the n complex vari- 
ables 21, %2, +++, Xn, having the following properties in the neighborhood of 
the origin: 

(a) If 25, -*-, tn, are held fast, f(x1, X2, «-:, £,) 18.an analytic function 
of x1, except for poles. 

(b) The distribution of these poles 1s continuous at the origin. 

(c) Except at the points corresponding to poles, f is analytic in all n 
variables together. 

Then f can be represented throughout a sufficiently restricted neighborhood 
of the origin, except at the singular points specified above, in the form 


_ (Hi, La, +++, Ln) 


f(x1, 22, +) Xn) Wa Go aa 
y 25 yn 


where ¢ and w are analytic in all n variables throughout the neighborhood in 
question, and ¢ does not vanish there. 

The denominator, here and in the later theorems, may be taken as a 
polynomial in the first variable with coefficients which are analytic func- 
tions of the remaining variables. 

It is obvious that there is nothing to be proved unless f(x, 0, ---, 0) 
has a pole at the point 7; = 0. Let it be assumed, then, that such a pole 
is present, and that its order is m. If r; is a sufficiently small positive 
quantity, there will be no other pole of the function f(a, 0, ---, 0), and 


that f(v1, 22, -+ +, Xn) has no poles in a certain region of the space of the n variables will mean that 
if (a1, G2, -+*, Gn) is any point of the region, the function f(a, a2, ---, an) has no pole for 71 = a. 
A special name for a singular point of the kind indicated by the title of this section, at which the 
function becomes infinite with regard to all its arguments together, will not be needed again. 
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no zero of this function at all, inside or on the circumference |x| = 71. 
In consequence of the hypothesis (b), it is possible to associate with a 
number 1; satisfying this condition, a second positive number fe, so that if 


(1) a = 1, v= PINE IE ">, 


the function f(a, v2, +--+, 2%n), considered as to its dependence on 2 
alone, has no pole for |z,| = 71, and has just m poles for |x| < 71, when 
multiplicities are taken into account; and it may be assumed further 
that there are no zeros on the circumference |a| = 7;. For the last 
statement is surely correct if 72 is sufficiently small, since f is continuous 
in all n variables and different from zero for |a;| = 11, 2 = +++ = Gn = 0; 
and a value of r. once chosen to satisfy the earlier requirements may be 
replaced by any smaller value. 

It appears that the function f,,/f is analytic in all n variables for 
lz1| = 71, if the last n — 1 variables are subject to the restriction (1), as 
will be assumed henceforth. The integral of this quotient, extended 
around the circumference, is an analytic function of 2%, ---, Yn, and 
retains this character if the integrand is replaced by 2;"f,,/f, where k is 
any positive integer. Let us consider first the integral of f,,/f itself. 
Except for a factor 277, its value is the difference between the number of 
poles and the number of zeros of f inside the circle. As this difference is 
an integer, the statement that it is an analytic, and hence continuous, 
function of x, +--+, %», is equivalent to the statement that it is constant. 
But the number of poles has been assumed to be constant, by itself, and 
hence the number of roots is constant also, and equal to zero, the value 
which it has for x. = --- =x, =0. The only singularities of f,,/f 
inside the circle are those due to the poles of f. 

The integral of x: f,,/f, multiplied by a constant factor, gives the sum 
of the values of x; for which poles occur, each counted according to its 
multiplicity, or, as may be said for brevity, the sum of the poles. It is an 
analytic function of 22, ---, 2n, as already stated. By integrating 
x1°f.,/f, 1 1s shown that the sum of the squares of the poles is analytic, 
and similarly for the higher powers. It follows that if pi(ae, -+-, Xn), 

-+, Dm(®2, +++, Un), are the elementary symmetric functions of the poles, 
they are analytic* for all values of x, --+, Xn, satisfying (1), and the poly- 
nomial of the mth degree in 1, | 


W(%1, Lo, +++, 2a) = B1™ — Pity) + +++ + Dm, 
whose roots correspond in location and multiplicity to the poles of f 


* Cf. Osgood, Madison Colloquium, 1914, pp. 181-184; Picard, Traité d’analyse, vol. 2, 
chapter IX, section 8; Goursat, Cours d’analyse mathématique, vol. 2, section 356. 
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in the neighborhood |a,| = 7; of the origin, is analytic in all n of its argu- 
ments. 
The function 


e(21, U2, ** 5 se) = Tey U2, °**y Dal ae Ue, ** "5 ae). 


if suitably defined at the points where it has removable discontinuities 
as a function of 2;, is analytic in x; throughout the circle, for each set of 
values of 2%, +--+, 2n. But if x; is any interior point of the circle, ¢ is 
expressible in the form 





g(X1, ast? tn) Peale 0 aes dt, 


where C’ denotes the circumference. The integrand here is an analytic 
function of the n + 1 variables ¢, x1, %2, --:+, Yn, together, all along the 
path of integration, and the integral consequently is an analytic function 
of the last n of these variables. That is, o is analytic throughout the 
neighborhood of the origin, and the relation 


gives the desired representation of f. It follows immediately from the 
definition of ¢ that it does not vanish in the neighborhood of the origin, 
since the zeros of y are cancelled by the poles of f, and zeros of f do not 
exist. 

Considered by itself, the present theorem can be proved more simply. 
For as soon as it has been established that f is different from zero through- 
out the neighborhood of the origin, it can be shown at once that the re- 
ciprocal of f has only removable singularities. But the reasoning based 
on the introduction of the function y will be of use in the proof of the 
later theorems. 

2. Singularity of the second kind, two variables. 

THEOREM II. Let f(a, y) be a function of the complex variables x, y, 
having the following properties in the neighborhood of the origin: 

(a) If y is held fast, f(x, y) 1s an analytic function of x, except at most for 
poles. 

(b) The distribution of these poles is continuous at every point except the 
origin itself. 

(c) Except at the origin and at the points corresponding to poles, f is 
analytic in x and y together. 

Then f can be represented throughout a sufficiently restricted neighborhood 
of the origin, except at the singular points specified above, in the form 
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Sa g(a, y) 
Ke” = YG, y)’ 


where » and w are analytic in both variables throughout the neighborhood in 
question. 

Let pi be a positive number such that f(z, 0) is analytic for |z| = 1. 
Then if p» is sufficiently small, f(z, y) will be analytic for |z| = p1, when 
ly| = po. We shall denote the regions |z| = p1, |y| S p2, by Ri and Rp 
respectively. Let yo be any particular value of y, distinct from zero, in 
R,. Suppose that the poles of f(x, yo) in AR, are situated at the points 
x’, v'’, -++, x, It will be possible to associate with each of the points 
x” a pair of positive numbers 71, r2%, in such a way that the circles 
ja — «| =1r, are wholly exterior to each other and interior to Ai, and 
that the sum of the orders of the poles in any one circle remains constant 
as long as |y — yo| does not exceed the corresponding quantity r2; for 
the distribution of the poles is assumed to be continuous at each of the 
points in question. The closed region obtained by subtracting from FR, 
the interiors of the small circles, contains no pole of f(x, yo), and will 
remain free from poles if y is allowed to vary subject to a suitable in- 
equality [y — yol S72. If re is the smallest of the quantities r.\, 
r2”, the sum of the orders of the poles in all R,; will be constant throughout 
the neighborhood |y — yo| = 7». As every point of Re, except the point 
y = 0, has a neighborhood of this sort, an application of the Heine-Borel 
theorem leads to the conclusion that the sum of the orders of the poles in 
FR, has a single constant value m throughout Re, except at the one point 
just specified. 

A particular value y = yy. + 0 in R, being designated once more, the 
circles about the points 7%’ may be supposed chosen so small that none of 
them contains any zero of f(x, yo) in its interior or on its boundary. Then 
the quotient fn /f is analytic on the boundaries of these circles for y = Yo, 
and will remain so for |y — yo| S ro, if rz is further diminished sufficiently. 
The reasoning employed in the proof of the first theorem may be applied 
to each of the circles in turn; the quotient may be integrated around the 
circumference, with or without a factor z;". It is found that no zeros 
come in to complicate the representation of the poles, and that the sum 
of the poles, or of like powers of the poles, is an analytic function of y. 
For |y — Yo! =12, the poles in the small circles are all the poles in Ry. 
The sum of the kth powers of the poles in R;, where k is any positive inte- 
ger, may be obtained by adding the corresponding quantities for the 
various small circles. The sums of powers, and hence the quantities 
pily), ***, Dm(y), the elementary symmetric Seong: of the poles, are. 
analytic in y for |y — yo| S re. 
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From this it follows that the functions p;,(y) are analytic throughout 
R., except for y = 0. But they remain finite even in the neighborhood 
of this point, for it is apparent from their meaning that their numerical 
values can not exceed certain readily assignable quantities involving 1. 
If they are defined for y = 0, without regard to the distribution of the 
poles of f, by means of their limiting values, they will be analytic in R, 
without exception, and the function 


CASES A)! cas Ee SOPHO Be os ae OD, 


will be analytic in both variables. 

The product ¢ = fw, then, if suitably defined at points of removable 
discontinuity, is analytic as a function of x throughout R,, when y has 
any value different from zero. But it is readily seen that this is true even 
for y = 0, at least if an exception is made of the origin in the 2-plane. 

The function g(a, 0) is certainly analytic at any point, distinct from 
the origin, where f(z, 0) has no pole. Let x») + 0, then, be a point where 
f(x, 0) has a pole of the Ath order. It is to be shown that W(x, 0) vanishes 
here \ times. The point x) may be surrounded with a circle of arbitrarily 
small radius, on the circumference of which y(2, 0) has no root; and then 
v(x, y) will have no root on the circumference for sufficiently small values 
of y. By extending the integral of y./y around this circle, it is seen that 
the number of roots of ¥(x, y) inside is a continuous function of y for 
y = 0. But this is the same as the number of poles of f inside the circle, 
when y + 0, and the latter number remains by hypothesis equal to d 
when y varies slightly from the value zero. Consequently y(a, 0) has 
just \ roots inside the circle; and as this is true, however small the circle 
may be, it must be that there is a \-fold root at x. - 

The function g(x, y) may now be regarded as analytic in x at all points 
in the neighborhood of the origin, with the single exception of the point 
(0, 0) itself. That it is analytic in both variables together, except at this 
point, is shown by means of Cauchy’s integral formula, as in the preceding 
theorem. If y +0, the boundary of Ri may be taken as the path of 
integration, while if y = 0, the path in the case of any particular point x 
will be a smaller circle surrounding the point and excluding the origin. 
Being analytic in both x and y except at the isolated point (0, 0), the 
function ¢ has at most a removable discontinuity there, and the repre- 
sentation 





He) Fe 


is of the form desired. 
3. Singularity of. the second kind, n variables. In the statement of the 
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next theorem, dealing with the space of the n complex variables x1, xo, 
+++, 2, reference will be made to a point-set H, the nature of which it will 
be convenient to describe in advance. It is situated within a certain 
neighborhood of the origin, to which the whole discussion is restricted; 
and its points are finite in number in the space of the variables x1, %%, if 
the values of the remaining n — 2 codrdinates are fixed. To restate the 
latter requirement at greater length, if the last » — 2 codrdinates of a 
point of H are to have given values, only a finite number of determinations 
of x, are possible, and corresponding to any one of these there are only a 
finite number of values of 21. 


THEOREM III. Let f(a, we, +++, tn) have the following properties in the 
neighborhood of the origin: 
(a) If te, --*, Xn, are held fast; f 1s an analytic function, of x1, except 


at most for poles. 

(b) The distribution of the poles 1s continuous, except at the points of a 
set H, of the sort described above. 

(c) Except at the points of H and those corresponding to poles, f 1s analytic 
in all n variables together. | 

Then f can be represented throughout a sufficiently restricted neighborhood 
of the origin, except at the singular points just specified, in the form 


where ¢ and w are analytic in all n variables throughout the neighborhood in 
question. 

A new proof is required only if the set H includes the origin, since 
otherwise Theorem I can be applied at once. In any case, the points 
where f fails to be analytic in all n variables for 7. = -+- = x, = 0, 
whether poles of f(a, 0, ---, 0) or points of H, are finite in number, and 
there will be no difficulty in assigning a circle |z;| = p:, on which f is 
analytic when the last n — 1 arguments vanish. It will continue to be 
analytic on this circle, in all n arguments together, for |xv;| = po, 1 = 2, 

-+, m, If p2 is a sufficiently small positive quantity. Let R, denote the 
region |x1| = pi, R, the region in the space of the last n — 1 variables 
defined by the inequalities to which they have just been subjected, and 
H, the set of points in R, whose coérdinates figure as the last n — 1 
coordinates of points of H. 

By reasoning entirely similar to that used in proving the preceding 
theorem, it is shown that the sum of the orders of the poles of f in R, is 
constant in the neighborhood of every point of R, which is not a point 
of H,. It follows that this number has one and the same value throughout 
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the whole of R., points of H. excluded. For if 23, ---, x, are held fast, 
it remains constant as Z2 varies, avoiding a finite number of exceptional 
values; thus it acquires a significance as a function of 23, ---, x, alone, and 


it is seen to remain constant for all changes of these variables without 
exception. 

It is shown next that pi, ---, Pm, the elementary symmetric functions 
of the poles of f in Ry, are analytic functions of 22, ---, %n, at all points of 
R, except those which are contained in H,; the proof given at the corre- 
sponding stage in the derivation of Theorem II is applicable here with 
practically no change. Furthermore, it is obvious from their meaning 
that these functions remain finite throughout R.. By abandoning their 
interpretation with reference to the poles of f, they may be regarded as 
analytic in 22, when 3, ---, %n, are held fast, even for the isolated values 
of x2 to which points of H. correspond. Such a point may be surrounded 
by a circle in the z2-plane, on the circumference of which the functions are 
analytic in all n — 1 variables. The argument by means of Cauchy’s 
integral formula, with which the earlier demonstrations were concluded, 
may be employed here to show that when suitably defined in H, the quan- 
tities 1, --+, Dm, are analytic throughout the whole of R.. The function 


He ER a PARE IG i nok CR fata OR 


is analytic in 7, ---, %n, throughout the neighborhood of the origin. 

Of the product fy, it can be said at the outset that it is analytic in 7, 
throughout &,, if suitably defined at points of removable discontinuity, 
for all sets of values of x2, +++, %n in Re, except those which belong to Hs». 
As in the special case with which the second theorem deals, this statement 
is true even for the exceptional sets of values of 2, ---, @,, if the values of 
2x1 which give points of H are left out of account. The function fy is 
analytic in all the variables together for all but a finite number of points 
of Ry, if t2, --+, 2, are given any particular values, and the conditions 
are suitable for the application of Cauchy’s integral formula once more, 
with the conclusion that fy is analytic in all n variables throughout the 
neighborhood of the origin, except at the points of H. If as, ---, an, 
are held fast, the points of H are isolated in the space of the variables 
2, and 2%; it follows that fy is analytic in x (and 2-) at the points of H, 
if suitably defined there, and a final application of Cauchy’s integral for- 
mula shows that it is analytic in all the variables. Thus the proof is 
completed. : 
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A CONGRUENCE OF CIRCLES.* 
By FREDERICK WAHN BEAL. 


Introduction. 


1. This paper treats of a particular type of two-parameter systems of 
circles whose planes envelope a non-developable surface S. The curvi- 
linear coordinates on S will be wu and v and the congruence of circles will 
be called a congruence C. Any point P of a circle of the congruence is 
to be a point P of a surface Sj, of a single-parameter family of surfaces. 
The tangent plane at P to S; is to pass through the center of the circle 
and to make an angle with the plane of the circle, which, at most, is a 
function of w and v. When this angle is a right angle, the system of 
circles is cyclic. The existence and some general properties of the con- 
gruence C' will be proved first. Afterwards the particular case in which 
the center of the circle is the point at which its plane touches its envelope 
will be considered and some characteristic properties discovered. In 
this case the system of circles is called a congruence Cy. The system of 
circles defining the Backlund transformations of a pseudospherical surface 
is a congruence of this kind. Congruences C characterize a class of sur- 
faces to which belong also the surfaces S; as defined above. We say that 
each surface S; is a transform of S. The Bianchi and Backlund trans- 
formationst of pseudospherical surfaces are special cases of the more 
general transformations defined by congruences C. 


I. General treatment of congruences C. 


2. In order to attack the problem under consideration we will associate 
with S a trirectangular set of moving axes, in such a way that the z-axis 
is the normal to S and the zy-plane is the tangent plane to S. The coor- 
dinates (a, b, 0) of the center of the circle relative to these axes, the 
radius F# of the circle and the angle ¢ which the normal to S,; at P makes 
with the plane of the circle will all, in general, be functions of w and v. 
The formule giving the total displacements of a point P aret 


* Read before the American Mathematical Society, Apr. 24, 1915. 
} Cf. Hisenhart, Differential Geometry, (Ginn & Co., Boston, 1909), p. 284. Further re- 
ferences to this work will be given in the form Eisenhart, p. 284. 
t Eisenhart, p. 166. 
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6x = dx + Edu + é:1dv + (qdu + qidv)z — (rdu + ridv)y, 
(1) by = dy + ndu + mdv — (pdu + pidv)z + (rdu + ridv)z, 
6z = dz + (pdu + pidv)y — (qdu + qidv)x, 


where 6x and dx denote total and relative displacements respectively, and 
£, £1, n, m, are the translations and p, pi, q, qi, 7, 71 the rotations of the 
tri-rectangular axes. 

The coodrdinates of a point P on the circle are 


(a+ R cos 6, b+ FR sin 6, 0), 
and the direction-cosines of the normal to S; at P are 
cos ¢ sin 8, — cos ¢ cos 8, sin ¢. 


If the motion of P is to be perpendicular to this direction for all displace- 
ments on S in the neighborhood of M, the vertex of the trihedral, the 
following equation must be satisfied: 


cos ¢ sin 6 6x — cos ¢ cos 6 by + sin ¢ 62 = 0. 
This equation reduces to 
R cos ¢dé + [cos ¢(B cos 6 — A sin 6+ Rr) + sin d(ga + GR cos 6 
(2) — pb — Rp sin 6)|du + [cos ¢(B; cos 6 — Ai sin 6 + Rr) 
+ sin d(qia + qik cos 6 — pib — pif sin 6)|dv = 0, 
where A; and B; are defined by the following: 
A, =a + &— 7), Bi, =b+m+nia, . 
A=a+é-—71), B=b,+7+ra.* 


By the substitution ¢ = tan 6/2, this equation becomes a Riccati equation 
and we have, as is true for cyclic systems, that 

THEOREM. Any four surfaces of the system S; meet the circles in four 
points whose cross-ratio vs constant. 

If equation (2) is to possess a solution 6(u, v), it must satisfy a well- 
known condition of integrability,j which in this case reduces to the form 


(3) Tcosé@+ Usiné+ V =0, 


where 7, U and V are functions of uand v. This equation, if it is not an 


* Throughout the paper derivatives with respect to u and v are indicated by subscripts, as 
dy and day. 
+ Forsyth, a Treatise on Differential Equations (Macmillan & Co., 1903), p. 282. 
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identity, possesses at most two distinct solutions which may be real and 
satisfy equation (2). Hence again as for cyclic systems we have that 

Turorem. If more than two surfaces S, exist, there exist a single infinity 
and the congruence of circles is a congruence C. 

The necessary and sufficient condition that the system of circles be a 
congruence C is that 6 involve an arbitrary parameter. This means that 
equation (3) is an identity in 0, and gives the following three equations of 
condition: 


Rb(pqi — pig) + (AR, — AiR.) cos? d — asin ¢ cos ¢(qBi — qiB) 
+ b sin ¢ cos 6(pBi — piB) — R*(pdv — pidu) = 9, 
Ra(pqi — pig) + (Bik. — BR,) cos’? ¢ + asin ¢ cos ¢(qiA — GA1) 
+ bsin ¢ cos ¢(pAi — piA) + B?(qd. — Gidu) = 9, 
R?(pqi — pig) + (AB: — AiB) cos’ ¢ + asin ¢ cos (qi ku — qh) 
(6) + bsin ¢ cos $(pR, — pik.) + Ra(qdv — G1bu) 
— Rb(pdy — pidu) = 0. 


These equations may be readily solved for first order partial derivatives, 
with respect to u, of three of the four quantities a, b, R, and ¢, unless ¢ 
is a right angle, in which case the system is cyclic. Hence, in general, one 
of the four functions is arbitrary and the other three are given by a system 
of first order partial differential equations which may be put in the type 
form. A relation may be assumed between a and 6 which will cause the 
center of the circle to generate a particular surface. 

3. We will close the discussion of the general congruence C by making a 
few statements that can be easily verified. They will serve to emphasize 
the differences between the general case and the particular case of cyclic 
systems. 

None of the following three conditions, all of which are satisfied by 
cyclic systems, is satisfied by a general system C, but without imposing 
any restrictions on S, the functions a, b, R, and ¢ can be determined so 
that anyone of these conditions can be satisfied by a congruence C: 

The developables of the congruence of axes of the circles correspond 
to a conjugate system on S. 

The lines joining a point of a circle to the focal points of the congruence 
of axes of the circles intersect under a right angle. For cyclic systems 
these lines are the tangents considered in the next statement. 

_ The tangents to S; at P that pass through the projections on the tan- 
gent plane to S; at P of the focal points of the associated congruence of 


(4) 


(5) 
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axis intersect at right angles. This condition is satisfied by congruences 
Co. 


II. Congruences C. 


When a and 6B are identically zero, we will call the envelope of the 
planes of the circles the surface A. The corresponding congruence of 
circles has been called a congruence Cy. If the lines of curvature on A 
are taken as parametric and the x-axis of the trihedral tangent to v=const., 
the conditions (4), (5) and (6) reduce to the following: 


(7) | | qk, + nid. = GF 
(8) pik, + fb = 0, 
(9) R?K + cos? ¢ = 0, 


where K denotes the total curvature of the surface A.* When the equa- 
tions obtained from (7) and (8) by eliminating FR are solved for the deriv- 
atives of ¢, we have the following: 














(10) on 5| see payee log K + tan $5, = log K|, 
ays ge 9 
(11) yy = 3 sec oO aie 5 108 og kK + tan oa “Jog K|, 
The condition of integrability of these equations is reducible to 
0 pn Pim O° pin o | 
gkK+2 ~-log K — log K 
au gé Wgri dic’ wiegemiion oo 


(12) ‘ ? 
= Eels gr ME Rela Meare -+ 2°. log K — | F108 K | : 
iL 


This equation characterizes the A surfaces. | 

That pseudospherical surfaces are A surfaces is evident. To show 
that other A surfaces exist, we have obtained the following fundamental 
quantities of a surface of revolution of total curvature — 1/aw which 
satisfy equation (12) and the six equations,} equivalent to the Gauss and 
Codazzi equations of condition: 


f§=n=r=p=n =), = pi = U,, m = U2, 


d U, 
ry = =-log U =. 
DR thames eet t Gu 
* Hisenhart, p. 172. 
{ Eisenhart, pp. 168, 170. 
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The quantities U, and U; are functions of wu alone and satisfy the following 
ordinary differential equations: 


auU,U,’ + U2U,’ 
auUu UU," —- auU,/U 7’ — U3U. 


0, 
0. 


5. The coordinates of a point P on the normal to a surface S:, which 
we will now call A,, are 


(R cos 6 +t cos ¢ sin 9, R sin 6 — t cos ¢ cos 8, t sin ¢), 


where ¢ is the distance from the surface A; to P. The conditions that P 
be a focal point of this congruence of normals, 7. e., that P move tangen- 
tially to the normal, are 


6x oy 62 


cos ¢ sin 6 _ cos @ cos 6 sin d? 
where 62, dy, and 6z are the total displacements of P given by (1). These 
conditions reduce to the equations 


[RR, + té sin 6 cos ¢ + ER cos Oldu + [RR, — tni cos 6 cos o 


+ 71F sin é]dv = 0, 
[RR, sin ¢ cos ¢ cos 6 — RE sin ¢ Cos ¢ sin? 0 


+ té sin ¢ cos? ¢ sin 6 cos 6 + ER sin ¢ cos 6 — tRd,x cos ¢ sin 8 

+ qR? sin 6 cos 6 + gtR cos ¢ sin? 6|du + [RR, sin ¢ cos ¢ cos 8 

+ 7.F sin ¢ cos ¢ sin 6 cos 6 — ty: sin ¢ cos? ¢ cos” 6 — tRd, cos ¢ sin 8 
— pk? sin? @ + pitR cos ¢ sin 6 cos 6|dv = 0. 


If du and dv are eliminated between these equations, a quadratic in ¢ is 
obtained for which the coefficient of ¢? and the term not involving ¢ are 
respectively 


R cos? ¢ sin 6[p; sin 6R, + g cos OR, + sin 6 cos O(pié + Gni)| 
and 
— FR* sin o[p, sin 6R, + ¢q cos 6R, + sin 6 cos O(pié + G7i)I. 


Hence the total curvature of A;, that is the reciprocal of the product 
of the roots, is — (cos? ¢)/R?. Since this expression does not involve 6 it 
is the same for all the surfaces A;. Moreover, from (9) it follows that it 
is also the total curvature of A. Hence we have 

THEOREM. The congruence Cy defines a transformation of a surface 
A into a single infinity of surfaces A, of the same total curvature as A. 
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The surfaces A and A, are evidently the focal surfaces of the congruence 
of lines joining A and A;. The necessary and sufficient condition that 
this congruence be normal is that the tangent planes to A and A, be 
perpendicular, 7. e., @ = 0. 

Under this condition equations (7), (8) and (9) show that A and hence 
A, are pseudospherical surfaces. The surfaces A, are Bianchi transforms 
of the pseudospherical surface A in this case. 

6. The linear element of the surfaces A, is 


dS? = (2 cos? @ + #2 + 2€ cos 6h, + q’?h? cos? @ sec? d) du? 
+ 2(R.R, + ~€ cos OR, + 7 sin 6R,,)dudv 
+ (nv sin? 6+ R,? + 2: sin OR, + p?R? sin? 6 sec? o)dv?. 


Not more than two of these surfaces can have an orthogonal parametric 
system in correspondence with the lines of curvature on surface A unless R 
is constant. When F is constant, @ and K are both constant, and the 
surfaces A, are Backlund transforms of the pseudospherical surface A. 
Under these conditions the parametric curves on A, are lines of curvature. 
These conditions together with equations (7), (8), (9), (10), and (11) 
give the following: 

THEOREM. If one of the following four conditions is true, the other three 
are also true; ¢, R, or K constant, lines of curvature on surface A correspond 
to lines of curvature on surfaces A}. 


III. Transformations of surfaces A. 


7. The Bianchi and Backlund transformations of a pseudospherical 
surface yield pseudospherical surfaces, which are reciprocally related to the 
original surface in the sense that the latter is one of the Bianchi or Backlund 
transforms of the transformed surfaces. We will now show that the sur- 
faces A; obtained from A under the more general transformation C5 are so 
related to A. 

We assume that the surface A is subjected to one of these transforma- 
tions and that the resulting surface is A;. The lines joining corresponding 
points on A and A, are tangent to a one parameter family of curves on A, 
which we take for the curves v = const. We choose for the curves 
u = const. the conjugate system to v = const. If the moving trihedral is 
chosen so that the z-axis is tangent to the curves v = const. we have* 


jis UBL ee AVE Uk 
* Hisenhart, p. 173. 
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Furthermore, from the choice of v = const., it follows that the function 6 
for the transformation is equal to zero. Hence from equation (2) we have 


(13) qtang+r = 0, n+ Rr; = 0. 
Equations (4), (5), and (6) then reduce to the two equations 
(14) mipilr? + @) = eri’, 

(15) @E(niw — Timw) + m°pilTdu — Gru) = O. 


To compute the fundamental quantities of A:, we associate with A, 
a moving trihedral whose z-axis is the x-axis of the trihedral for A and has 
the same direction. ‘The vertices of these trihedrals are M and P. Since 
A and A, are focal surfaces of the congruence of lines made up of the 
x-axes and since a conjugate system of curves is parametric on A, a con- 
jugate system of curves is also parametric on A,. If the fundamental 
quantities of A; are indicated by primes, both sides of the first three of 
the following equations give the total displacements of P in the direction 
of the axes of the trihedral at P. The last three equations give the total 
displacements of M in the direction of the axes at M. 


Edu + £:'dv = (Ru + £)du + (Ry + £1)dp, 
n du + n:’dv = (Rr sin ¢ — gR cos ¢)du, 
(Rr cos 6 + gR sin ¢)du — cos o(m + 71h)dv = 0, 
Edu + f:dv = (— Ry + §")du + (—R, + f1’)dv, 
midv = [(y’ — Rr’) sin @ — q’R cos ¢ldu + [— Rri’ sin ¢— cos $q;'R] dv, 
[(n’ — Rr’) cos ¢ + QR sin dldu + [— Rri’ cos ¢ + qi’R sin d]du = 0. 


These in virtue of (18) and the equality of the total curvatures of A and A, 
at M and P yield the following: 


pela n' = R(r sin ¢ — ¢ cos 4), tee erage hte 
r= yeh r’ =r sin ¢ — q cos 9, mh = RE 
roe | ¢ PI / 
Lea (Re + &1), pi’ = E (lige tank), Pye —17) COs oO: 


In order that a system of circles of radius R, with center at P and lying 
in the tangent planes of A; possess a single infinity of transformed ur- 
faces, one of which is A, whose normals make the angle ¢ with the tangent 
planes to A; and are perpendicular to the radius of the circle, it is neces- 
sary and sufficient that equations analogous to (4), (5), and (6) be satis- 
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fied and that 6 = z be a solution of an equation analogous to (2). These 
conditions, with the exception of the equation analogous to (4), may easily 
be shown to be satisfied. Equation (4) reduces to 


(ER, rx £1R.4) cos” og — R?(p'dv ae Pr‘ bu) ae 0. 
A similar condition for the surface A is 


(ER, >= £,R.) cos” Cw) fami R(pev ah Didu) = 0), 


From these we have that the desired condition is 


Gen bet (pia Dida ar 


This may be reduced to either one of the two equivalent equations 
dyRy a Dy loy sin? d, 
mpiTqu — Gru) [pim(r? + g°) — gérv’] = 0. 


The first of these gives a relation between FA and ¢ and their derivatives. 
The second which is equivalent to the first is satisfied by virtue of equa- 
tion (14). 

From the preceding we are able to state the following results:* 

THEOREM. Kvery surface A, obtained from the surface A by means of 
the congruence Cy, admits of a like congruence Co. In each case one of the 
transforms of A, is A. 

THEOREM. Every congruence Cy has associated with 1t a complex of 
circles which 1s composed of congruences C>. 

* The latter part of abstract 19 on page 490 of the Bulletin of the American Mathematical 
Society for July, 1915, is incorrect. 
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A CASE OF ITERATION IN SEVERAL VARIABLES. 


By ALBERT A. BENNETT. 


The Relation between Difference Equations and Iteration. 


1. If Fi(z) be a given function, the equation 


(1) Fa) Mee) | 


is a functional equation for f(a), of the form of a difference equation, of | 
the first order. The general difference equation of the first order is of the 


form 
fie +1) = A[f(z), al, 


where H is a given function of two variables. The difference equation 
(1) has in any solution f(#) obviously one arbitrary constant at least, 
since we may choose for the value of f(x), say, yo; the values of f(a» + n), 
where n is any positive (or negative) integer, will then be determinate. 
There remain, however, an infinite number of parameters in f(x), since the 
values of f(a» + ) for n any real number between zero and one are still 
arbitrary. If we have any solution f(x), we shall have 


fle t+ 2) = Fil Filf@)]} = Pals] 

and if we define F’,,(x) for n, a positive integer, by the relation 
Fi(¢) = FralPi(e)] = PilFn-1(2)], 

we shall then have for n a positive integer, 


We may use (2) for the purpose of defining F’,,(x) for n other than a positive 
integer, if once f(x + n) be defined for all real values of n, and the same 
feature of arbitrary definition for 0 < n < 1 appears in F,,(2). 

Conversely, starting with F(a), we may determine F’,,(x) for n a positive 
or negative integer and define it arbitrarily for every value of n between 
zero and one. ‘The real solutions of 


fe +n) = Fil f(a], 


if F;(x) be a real function defined for all real values of x, will contain 
but a single arbitrary constant. The problem of defining or determining 


F(x) from F(x) is said to be a problem of iteration. Thus, for the case 
188 
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of a single variable, the study of iteration is essentially the study of a 
special type of difference equation of the first order. 

We shall find that in the case of several variables, by a mere increase 
in the number of variables, we may make any system of difference equa- 
tions each of finite order, equivalent to a problem in iteration. Let us 
consider a set of p difference equations of orders qi, q2, -- +, Yp, respectively. 
Let one of these equations be of the form 


SOG, ES LENG ae hee ID Grea )), coc, 1a aD nde Baie B 
By a change of notation, we may put 
x = fwo(2), 
f(x) = fay), 
fe + 1) = fee), 


fle +¢a-1) =f (2), 
so that we have the system 
Foye 1) = 1 + ola), 
Fiay(a + 1) = fa(x), 
Fiay(@ + 1) = fa(x), 


Thies CE ar 1) ar ee) 
cock actA cn CU )y afican tye pm ena mey al) Wal) sel o( 2) |, 


In this system, we note that x itself no longer appears explicitly. By 
repeating this process for each of the p equations, and by using through- 
out a single notation for x, viz., f(o)(x), we obtain a system of 1+ q 
+q.+ --- +4, difference equations in the same number of unknown 
functions f, and each of the first order. Thus far, we have implied by our 
notation, that the number of variables occurring in any of the functions 
f is one, and that these variables consist simply of z itself. If there be k& 
variables, 21, 2, -+:, ®, appearing in the unknown functions f, and in 
the functions H, we shall proceed as above and write 


Cento: sitar. 2, aoeeL) v= 1 2, eas 


and so obtain a system of k + qi + qd2 + --- +4, = m difference equa- 
tions of the first order, in which the x’s occur only within the functions f. 
After this normalization, there will be m equations in m unknown functions, 
each equation being of the first order, while the unknown functions will 
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contain & variables, x1, %2, -++ 2, We may next suppose that k = m. 
For if k < m, we may introduce as additional parameters into our un- 
known functions, m — k new variables, 2441, r+2, °* +, Um; While if m < k, 
we introduce new equations of the first order in new unknown functions 
of the same k variables, and so obtain a system for which the number of 
functions and the number of equations are equal to the number of vari- 
ables. The reduction may be performed with respect to one variable at a 
time. Any system of difference equations of arbitrary orders in which 
the dependent variables for the greatest values of the arguments appear 
explicitly, together with certain new parameters, and functions, which 
may be taken in some simple form, may be reduced to a system of the 
following type: 


eta ceil, 22 i Lee ey 
= Payilfcy(@1, +++, tm), Fcay(@1, +++) Lm), 00+) Fem (1, +++, Fmd], 
Pai + 1, te al ele 
(3) = Poyilfcay(t1, +++) Xm), Fehr, +++, Um), +++, Fem (Hy, +++, Lm)], 


FS omy (41 ate 1, V2 ae Ie ee ear Xm TS 1) 


=F (m)ild GQ) 01, ce geen roe ee 255 Ca) a tits Rt emy 1) ea ee rn 


the identity being in terms of the variables 2, x, +--+, %m. The equations 
(3) we shall write symbolically as 
(4) fv +1) = Filf@)l. 


As in the case of one variable, we may regard the equation, now symbolic, 
fle +n) = FAlf(@)], 


either as defining F’,, in terms of f(a + n), or f(x + n) in terms of F'n, the 
first being a problem of differences, and the second, of iteration. 


A Certain Class of Series and their Iteration. 


2. We shall investigate equations (3) in the case in which F,;):[u1, Ue, 
-++; Um| is of the form 


(5) F yi [Ua, he Suse, Um| = au; + ((u?)), v= 1, 2, yt, 


where by ((u*)) is meant a power series in the m variables (uw, U2, «++, Um); 
for which no term appears of order less than k in the m variables taken 
together. In (5), the constant a is supposed to be the same for each 
value of 7 = 1, 2, ---, m, and for the present we shall suppose that |a| 


ok ape 
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Let us suppose that we are given an arbitrary constant y, such that 
ly| += 0, and let us seek to determine the coefficients of m series, C, where 
Ci) is of the form 


Cola, U2, °°", Un] = YU; ar ((u?)), v ae ty 2, vse, ™M, 
such that the C’s satisfy the symbolic equation 
ClF(u)] = Fi[C(w)]. 


The coefficients of C will be completely determined in terms of y, and of 
the coefficients of f;. For let us form a product of h w’s distinct or differ- 
ent and call this product U. Then U will occur once and only once in 
each F'.;); with coefficients, respectively, say, d;, and once and only once 
in each C(,, with coefficients, say, c;. The coefficient of the term in U 
in C.[Fi(u)] will be of the form 


yd; + c;a* + (terms containing neither d; nor c;). 
The coefficient of the term in U in F,,),/C(u)] will be of the form 
ac; + d,y" + (terms containing neither d; nor c;). 


Furthermore c; occurs for the first time in either C[F;(u)| or F[C(u)| 
with the term in U, while all of the other terms in the coefficient of U, 
except that one containing d; will contain exclusively coefficients of C 
and F, which appeared in these respective sets of series with terms in w’s 
of degree less than h. Since we are supposing that the coefficients of F 
are known, and that, for the induction, the coefficients in C of terms in 
u’s of degree less than h, are already determined, we have, to determine 
c;, an equation of the form 


c,(a* — a) = diy" — vy) + (known terms). 


Since ja] + 0, + 1, we see that c,, also, is completely determined. The 
above argument does not apply to the initial term, and it is readily 
verified that y is indeed arbitrary provided that |y| + 0. 

Now F,,(u) must be, itself, a special case of C(w), since 


FA [Fi(u)) = PilPa(u)] = Payi(u). 
For n an integer, the initial terms of F’,(x) are such that 
(6) Narra ee Ciba GES bp j deme vil cae ty (2 
We may choose for n other than an integer, say, 


Eye Ge Ue (ue), 
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where P(n) is any periodic function of n of period unity and vanishing 
for n = 0. For the sake of simplicity, we shall choose for our definition 
of Fin, a series of the form (6) for all values of n, a choice which will be 
seen to be possible. In other words we shall choose for F’,(u) the series 
C(u) for which y = a”. We shall need to use the fact that the form of 
F (n(u) is completely determined by this choice, and that the coefficient 
of any term in F(;)n(u) is a polynomial in a”, while m enters in no other 
manner into the series. 


Application of Newton’s Interpolation Formula. 


3. We shall now apply Newton’s interpolation formula to the ex- 
pansion of F’;;),(u), and we shall prove that the series obtained from this 
formula, in a certain manner, about to be described, is not only, itself, 
a power series, but is identically equal to the form which would be ob- 
tained by the method of undetermined coefficients, as just considered. 

Newton’s interpolation formula, for y = f(x), when the values 
y; = f(a;) are known for 21 = 0, 1, 2, 3, ---, is the following: 


Fe) = Yor oe wo) lori) eo) er ras 

















(7) 
A + (© — Xo)(@ — 41) (@ — X2)[X oa 1X2%3] + ---, 
where 
Ate an eee | LAER Salk 
[xori] = yey [r1%2] = eat, [vor3] = pea 
L1X2] — [xox X%3] — [xix 
[rot to] = es i = fe A [vitevs] = es i oe a A 
[totiter3] = yada al ler conta 


a 


The only fact that we shall use concerning this formula is that it reduces 
identically to y, if we put x = z,. To apply (7) to the question in hand, 
we shall put y = f(a) = Fyyn(u)/a", x = a”, for every value of n, while 














the values of z;, 7 = 0, 1, ---, will be, respectively, a°, a!, --:, a, -::. 
The formula then becomes, 
Pon _ { 32 a opie (= 1 “oo) 
(8) Ge iL (a — 1) a 1 
(a® — 1)(@5e OY ae pee ein 
+ Gamer | Oath aka 1 1 Jee] 


or as it may be written, 
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ie ee | i 
Le o| Vv. + oo) r+ @ a ne = Vee 





) (a” — 1) --- (a® — a?) 


ee way tie], 


V aalF a1, F 1, ew: F (m1 = 


Q/ 


where Vo = F (iyo and 





Vi, ep he, Um) = er, Uap 9 FE; Um) « 

We shall first show that V;(ui, uw, ---, Um) is of the form ((w’t)). 
This is obviously true for 7 =0, and we shall assume it proved for 7—1=1, 
2,---,h. Let us take a term in U of degree h in the w’s, and let the coef- 
ficient of U in V;, be b. The terms obtained from U by replacing u; 
by Foi, 7 = 1, 2, ---, min Vj, will, with one exception, be of degree higher 
than h. There will be a single term obtained from U of degree h of the 
formanoizU jeliences in Vall ayip +: EK Gayal GeV lig | Un), 
the term in U will disappear, and since the same applies to every term of 
order h, we see that for 7 — 1 = h + 1, the above theorem as to the order 
of V; is true. Hence every term of order h in the w’s, which appears in 
the formula (9) for F(n, will be obtained from V’s of subscript less than h. 
The coefficient of any term of order h in (9) is therefore a polynomial in 
a” and is rational except for a” in the coefficients of Fi, Fei, -+:, 
Fim. For n any positive integer (9) reduces to an identity and so must 
coincide with the series for F;), given by the method of undetermined 
coefficients. Since n enters in (9) only in the form a”, the polynomial in 
a” which is in (9) the coefficient of a term in U will coincide for an in- 
finite number of distinct values of a”, viz., a°, a', a7, ---, a’, ---, with the 
corresponding polynomial obtained by the method of undetermined coef- 
ficients. These polynomials must therefore coincide, and the expressions 
obtained by the two different methods must be identical. 


The Solution of the Difference Equation in Terms of the Iteration Series. 


4, Having obtained a form for F’,, we may now secure a set of solutions 
fc of (3). For la| < 1, we shall have a definite set of series as the limit of 
a~"F,, as n becomes positively infinite, while for |a| > 1, the same formal 
series are obtained as the limit of af, forn = + «. The series in each 
case are 


Thee 
Gi) (M1, U2, °° *, Tey = | Ve- == oe Si 1s 6 NIE fa 1) V2 





10 
oN) l= a a" 


“Eber one |, 
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as is seen immediately. The G’s satisfy the functional equations 
(11) aG (iy (Uay ++) Um) = Golan Pay, +++, Pomil, 
since, for example, 


limialaetl,) t= alii ae 
n=+ 0 


n=+0 
and similarly for limit, m = — ©. Hence we have, 

1+ logs Gin(u) = logs Gin[F1] 
or, replacing log. Gi) (u) by a new notation, g((u), 
(12) 1+ 9@(u) = gwlFil. 


We shall be obliged to restrict the set g:i(u) to the extent that we shall 
suppose the system 


He gay (Ua, Uy (eos Tel 
(13) V2 = J (2) (t1, U2, °° °%, es 
Lm = Jim) (U1, U2, 5 as 


to possess an inverse, which we shall denote by 


U2 Wee oR U2, %**y His: 
(14) Uo ge 9 (2) (41, Dine" as ond 
Un = CGiatr L2, tariur-$ ane 


Combining (12), (13), and (14), we have 


CG Uiia Bree otiyit beamaee yy i OPE | 
(15) 


= Fayilga (at, °°, Ny Gee Jeny Acta; Ca eae) le 


Hence, the set g.i1, 7 = 1, 2, -++, m, constitute a solution of (8). 


Consideration of Some Limiting Cases. 
5. When a becomes equal to unity, the expression (9) assumes an in- 
determinate form, which may, however, be readily evaluated. A form 


for F(i, when a = 1, may also be obtained by a direct method analogous 
to that used above. We shall have, for a = 1, 


n 
Fun = ate + 7 (Pasi — Foo) 


n(n — 1) 


(16) 
iG MPM Grier cream et iN) ar } 


-L 
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or as it may be written 


(17) Fon =|Vo+(7 yn+(G )Vet- +(“)vt eed, 


where Vo = Fy) and 


Vs = For —({) For +(3 ) Fors - real (AG. 
We shall not consider the case in which a = 0. If |a| = 1, but a’ + 1, 
7 = 1, 2, ---, our original formule hold. If, however, !a| = 1, and also 


a’ = 1, for some positive integer 7, a new case occurs. Let h be the small- 
est positive integer (different from zero), for which a* = 1. Then the 
first h terms of (8) and (9) present no difficulty. The (h + 1)st term 
contains however in the denominator the factor (a* — 1), while this factor 
will also occur in the numerator of this term, for n any positive integer. 
If we break off (8) after the hth term the formula will continue to be an 
identity for n = 0, 1, 2, ---,h —1. If Foy, = Foo, in which case we 
always have a” = 1, then the first A terms of (8) will continue to represent 
Fu, for every integer value of n, and will therefore, by the general ar- 
gument, represent a possible definition of F,,, for all values of n._ If 
Foy, + Foo, we cannot define F,;), for all values of n as a series of the 
type we are considering.* 


Discussion of the Convergence of the Series. 


6. We shall now demonstrate that (8) is convergent when F'(;)1 1s, 
7 =1, 2, ---, m. Let us suppose first that |a| > 1. Let us suppose 
F(: dominated by a function F',; all of whose coefficients are real and 
positive. From the method of obtaining the coefficients of F (2 from those 
Cee ayia i et awe leeosthat the coetucients off 49 will. be 
real and positive ae will dominate those of F(i2. Similarly for n a 
positive integer F'(;), will be dominated by Fyyn. Now, if Fin be de- 
termined by (8) as a convergent series for all values of n within a certain 
region, we see that since a” is an increasing function of n for a > 1, 
F (yn Will be an increasing function of n for any given values of the inde- 
pendent variables, and in fact each term of (9) is an increasing function 
of n. We must show that for any set of functions, Fay1, Fi1, ++, Fos; 
whose expansions in power series contain no term with namie! coef- 
ficients, the V’s, obtained as in (9), will have no negative coefficients. Let 
us suppose, for induction, that V;_; has no negative terms, then we may 
write 


* Cf. the detailed discussion in the case of one variable, by the author, Annals of Math. 
vol. 17 (1915), p. 35 ff. 
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~ 1 a . 

V;(u1, Ae ae es Um) = =; {Vj-1(at, hae AUm) IF yg} ar: Vj-1(u1, Ua ss (Pap 
where ¢ consists of partial derivatives of V;-1(@u1, -++, @Um) multiplied 
by products of [F'(i)1(u1, U2, «++, Um) — @u;] for different or the same values 


of 7, by simply expanding Vj_-1(F'(y1, F@y1, +++, Pum) by Taylor’s formula 
for the case of m variables. Now every term of ¢ has a non-negative 


coefficient, and since @ > 1, and V;_1(w1, we, +--+, Un) contains, for terms of 
lowest degree, those of degree 7, we see that (1/a’) Vj;_-1(aui, Aue, +--+, GUm) 
— Vj-1(u1, Us, +++, Um) contains no terms with negative coefficients. The 


coefficient in (9) of V; is itself positive, since, as we have remarked, a” 
is an increasing function of n. It therefore suffices to establish the con- 
vergence of (9) for a set of dominant functions. 


Putting Poa = au;/(1 — bs), where s = wu; + us + --: + Um, we have 
b-1-1 +a +a@-+ a) ---(1 tat --: + a )siu; 
[1 — bs][1 — 6(1 + @)s][1 — 611 + G + @)s] 
toil Reb (lies Soom ert) | 
But the series F(;), may be summed in this case in finite terms. We have, 
by inspection, a possible Fj), in 


ry aru; 
(19) Pin = 





(18) fe a 








which must coincide with the sum of the series given by (9). Since (18) 
converges when written as a power series, for 6(4" — 1)\s| < (@ — 1), 
the set of series F,,)1, dominated by Gu;/(1 — bs), @ > 1, will converge 
at least within this region. For the case ja] < 1, we need merely invert 
the series to obtain a’ = 1/a such that |a’| > 1, while a’ takes the place 


of a in the inverted series. For a = 1, the expression (18) continues to 
hold while (19) becomes 


U; 
F 2) thee —— 
ie 1 — nbs’ 
which converges for |n|b\s| <1. The convergence for ja! = 1, but 
a’ +1,h =1, 2, 3, ---, depends upon other conditions as well as the 


convergence of F’:;)1 as is seen in the case m = 1, discussed in the previous 
paper. 
PRINCETON UNIVERSITY, 
October, 1915. 


THE ARITHMETIC GENUS OF AN ALGEBRAIC MANIFOLD 
IMMERSED IN ANOTHER. 


By S. LEFScHETz. 


Introduction. 


1. Let V, be an r-dimensional irreducible algebraic variety! immersed 
in an (r + k)-fold space S,.;, in which it has no singularities, or else is the 
projection of a non-singular variety in a higher space. There can be 
found? in V, a fixed number p of hypersurfaces, C1, C2, ---, C,, such that 
to any other C, there corresponds a relation of equavalence in the sense of 
Severi, of the type 


AC = AOE a We Rc te ai AC, 


where the )’s are integers, while no such relation exists between C,, C2, 

, C,. These last hypersurfaces form a base in V,, and the \’s may be 
called the base characters of C. The object of this paper is to find the 
arithmetic genus of a manifold complete intersection in V,, in terms of the 
base characters of the hypersurfaces which determine vt. The case of r = 1, 
k = 2 was first derived by Salmon,’ that of r= 1,k = n — 1 by Vero- 
nese,‘ that of r = 2,k = n — 2 by Severi.®> For an algebraic surface the 
problem has already been solved by Severi,® but as his method admits 
‘of no easy generalization, the one followed here is completely different, 
and consists in the extensive use of a symbolism, SEA) somewhat 
employed by the Italian geometer.’ 

In part I, some auxiliary properties are considered, notably the ex- 
tension of tora formulas to virtual manifolds. In part II the solution 
of the fundamental problem is given, while in part III are found appli- 
cations to loci of flats and to complete intersections in an S,. 


1A d-flat will be designated throughout by Sz. The name variety will be reserved for V,. 
Any of its subvarieties will be called a manifold. If the manifold has r — 1 dimensions, it will 
be called a hypersurface. 

2 Severi, La base minima. . . . Ann. Ec. Norm. Sup. (1908), p. 467. 

3 Geometry of three dimensions. 4th edition (1882), p. 309-311. 

4 Uber die Methode des Projicirens und Schneidens. Math. Ann., vol. 19 (1882), p. 203. 

5 Su alcune questioni di postulazione. Rendic. del Cire. Mat. di Palermo, vol. 17 (1903), 
p. 76-79. 

6 Sulla base per la totalita delle curve. . . . Math. Ann. (1906), p. 221. 

7 Fundamenti per la geometria sulle varieta algebriche. Rendic. del Circolo Mat. di Palermo 
(1909), p. 48, footnote. 
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The assumption is made throughout that all manifolds considered 
have no assigned singularities. 

2. Let v(l) be the postulation of V,, that is the number of conditions 
imposed upon a V,.,_1, of order | sufficiently high, when it goes through 
V,. According to Hilbert® 


l l — 1 
Dab T tm Ply jt that) +h, 
the k’s being certain constants. The arithmetic genus,’ or simply genus, 
of V,, which will be designated by [V,], when r > 0, is given by 


[Vil = (— 1rho + hs + ee + — 1) = (— DO) — 2). 


When r = 0, V,; is a group of points, and the genus [V,|, by definition, 
the number of points in the group. 

The letters A, B, C, --- will be used to designate hypersurfaces, and 
in accordance with the notion of equivalence already referred to, two 
hypersurfaces belonging to the same continuous algebraic system will be 
designated by the same letter. Let A, B, ---, C, be a certain number 
h of hypersurfaces. If their complete intersection has exactly r —h 
dimensions, it will be designated by AB---C1° When no confusion 
may arise, we will sometime designate it by M,_;, or M, and write 
M=AB.--C. What is meant by a hypersurface being the sum of two 
others is well known, as well as the notation to indicate it. This will be 
extended here, and we will denote the intersection of M with the sum of 
Band C by M(B+C). The genus of M = AB --- C will be denoted 
by [M], or by [AB .--- C]. 

In addition to these notations, the following will be introduced: — 
Let F(A, B, ---, C) be a polynomial, or a series proceeding according to 
positive integral powers of A, B, ---,C. Then 

(a) By [F(A, B, ---, C)] we will denote the result obtained when the 
constant term is left unchanged, and when in place of the term in A?B? 
-++ C° we put 

[A7B° ..- C*], if its degree is inferior to 7; 
zero, if its degree exceeds r. 


(b) By {F(A, B, ---, C)} we will designate the same result as the pre- 


8 Uber die Theorie der algebraischen Formen. Math. Ann., vol. 36 (1890), p. 512, 520. 

9 Sever. Fundamenti....p.41. The definition given here differs from his only when 
r= 0. 

10 In § 5 a meaning will be attributed to AB --+ C, even when this complete intersection is of 
less than r — h dimensions. In this case, however, there is no connection between the actual 
intersection and the symbol AB --- C, 
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ceding, as far as terms of degree less than r are concerned, but in place of 
A*B® .-- C° we will set 


[A7Be .-- C°] — 1, if the degree is r, 
Gol) Set slat he demrecsiome de. ies Ou. 


In particular if M = A?B®.-.-. C*, withh =a+6+--: +6, then when 
h=r, |M], {M}, are the genus as defined above, or as defined by Severi, 
respectively, while when h > r, [M] = 0, {M} = (— 1)" 

From the above follows 


PHCAMBy =. .C))) = [FCA.B, «0-1 Olean, 


where JN is a certain constant. To obtain its value, remark that the 
term a- A*B° .-- C* will contribute to N an amount 


(— 1)* - a, if its degree isr + k, k = 0; 
zero, if its degree is less than r. 


Hence, if F(x) = Ya,2x”" is the result obtained when in F(A, B, ---, C) 


WeMaK GEA nyse (then 
r—1 


(= NOW = D(- Vtan = F(= 1) — (= Dan. 


n=V 


This result will be useful later. 


I. Preliminary formulas. Virtual manifolds. 


3. Let" A, Ci, C2, be hypersurfaces in V,, such that A = Ci + C. 
Then whatever 7 may be 


He THON (Cry GES ped rh ee AB | (1) 


For if r > 1, this is a formula of Severi’s,’? since {M} is the genus of M 
according to his definition in that case. If r=1, {A} =[A] —1, 
Crh = [Ci] — 1) {Co} = [Co] 1, {C1C2) = el, and the formula 
reduces to 


[ioe Cet Col, 


which is true, since A, Ci, Co, are groups of points, and their genus, the 
number of points in each group. 

Let M = B,--- B, be a complete intersection in V,, hr -— 1. 
If we apply (1) in M, we get 


Was: Sa eMC ae COSTAR Ege 100) te (2) 


11 Restrictions upon the formulas of this and the next paragraph, will be considered in § 5. 
12 Wundamenti. . . , p. 42. 
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If h=r-+k, k =0, the quantities involved are mere symbols. From 
§ 2 follows, however, {MA} = {MC,} = {MC.} = — {MC,C,} = (- 1)* 
and the relation is still correct. Hence, if F(A, B, ---, C) is a polynomial 
or a power series 


From this follows easily the generalization of (1). Isaythatif A = DCs 
then . 
(4) = {Ila +e) — 1}. (a) 


For, first this is true ifm = 2. Grant that it holds when A is the sum of 
less than n hypersurfaces. Then, if C’ = Cn_1 + Cz, 


n—2 


iap={a+eyMa+ej-1}={a+e900 +e) Ta +e) -1] 


which is the formula to be proved. 
From (4) follows the generalization of (3), thus: If A designates the 
same sum as in (4), 


(FA, BO} ={F(ILa+0)-1B,--0)} ©) 
which is derived from (4), like (8) from (1). 
Finally af Aye Ces ta oe mer er el i tere ee 


{IL(TLa + cn) -1)}. (6) 


tat 


{A,A, obese An} 


4. From § 2 and formula (4) follows, that if A = DaGy 
os {Ia + C;) - 1} = | Ia Bee ieee 1|+N 


where, in this case, N is a certain integer, and from what has been shown 
in that paragraph, 


(= DOW = (1 +9)" = De — (- y(Z): 


yar Ee m()=-Co)) 


4) =| Hato) -1|-(773), (7) 


r— 1 


formulas which will be of frequent use." 





83 For the simplification involved, see Netto, Lehrbuch der Kombinatorik, p. 248, formula 14. 
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We have next, from (6), and with the same notations, 


PaGAw tn Ante | I (La + Cu) —1)|+¥’, 


where N’ is again an integer. This integer remains the-same if all the. 
C’s coincide with the same hypersurface C. Let M be what AiA, --- Az 
becomes in that case, and n = =n;. We have 


{M} 


h 
41= 


Tia+o~-u| 
(1 +0)" DA +O + YAO $+ (DN 


4,9, Bj 


From (4) and (7) follows 
1+ (RC) = (0+ OH =[a+O4-(F 7 i) 


r—l 


AUS Fae WON eA) ime DE AAG) a POO Oe Pecan cate art) | 


t, j, Rj 


Teel a\: han; — 1 | Nn—-n—n;—1 
AUG se: i an eam eg 


rere (top) 


The last parenthesis is equal to — N’. 


PAW Ags Ay ls {II ( La + ew) EN eae es | 
ee) doko 0) © 


(pom ieee I 
+ (= ip yD (aa 


Formulas (7) and (8) are more convenient for applications than those of § 3. 

5. Virtual Manifolds —The formulas developed so far do not always 
hold. Thus (2), which can be considered as the foundation of the rest, 
can be applied only when the dimensionality r — h of M is > 1, if its 
intersection with C,C, has r — h — 2 dimensions. It is the purpose of 
what follows to remove these restrictions. This will be done by the in- 
troduction, with Severi, of wrtual manifolds. 

If A, B, C are effective, and A = B + C, C'is called the difference of 
A and B, and we write C = A — B._ It is well known that C = (A + D) 
— (B + D) for any effective D. Given that A, B are effective; if there 
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is no effective C such that A = B+ C, we say that C is mrtual. Simi- 
larly, if there is no effective r — h dimensional manifold M,_;, = C,C, 
-++ Cy, we will say that M,_, is virtual. This may happen only if the 
C’s, though all effective, have in common a manifold of less than r — h- 
dimensions, or if some of the C’s themselves are virtual. When M,_, is 
virtual, it is a mere symbol; by definition it is unchanged when the C’s 
are arbitrarily permuted. 

6. Let A, B, C be effective and such that C = A — B, and also that 
BC®* be effective for k =r—1. By repeatedly applying (1) and (2), 
we obtain 

{A} 


(BA } 


{B+C+ BC}, 
‘B2+ BC + BC}, 


{Br-1A } i { Br + BoC a Ber 
Hence, by eliminating BC, B?C, ---, BC, 


{Cy} = {A-B1-B+ Be --- + (1) 8} + (— Bc}; 
A-—B 

(0) =|F Se ]+Cn. @) 

since {B’C} = + 1, (§ 2). In this formula and those to be developed, 

the fractions stand for their expansion in powers of A, B, ---. Formula 


(9) may be considered as the “inversion” of (1). Similarly if the mani- 
folds : 
M= (CC, --: Ch, MCB*, k=r-h-1, 


are all effective, the equation 


imc} =| Mise i+ (po (10) 


gives the inversion of (2). liiC;, = Ay — Be see er) eno ait 
the manifolds 
Yale vals ED A,B, By” 2 B,*, (k + Db; < i); 
CiC, aioe C2B "Bs yes B,°, (s ai h, S - Db; < pe 


are all effective, the inversion of (6), obtained by repeated application of 
(10), is given by 


(CiC, = C3) = ) I eR | + (= 1th, (11) 


Suppose now that M = C,C, --- C, be virtual. We can always find 
effective hypersurfaces A,;, B;, such that C; = A; — B;, then by definition 
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(a) {M} is given by (11) as if M were effective. 

(6) The relations between {MM} and [M] are the same as when the 
manifold is effective. 

If all manifolds <A;,A;,--- A;,Bi"B,."--- Bi”, k+ 2b; <r, are 
effective, this definition is complete. If not [/M] will be determined in 
terms of genera of manifolds, not all effective perhaps, but all situated in 
effective hypersurfaces, that is in a V,_i, and the definition is then re- 
current. In all cases a repeated application of (11) will lead by a finite 
number of operations to effective genera. 

7. The genus of a manifold in the extended field composed of all 
effective and virtual manifolds has the following fundamental properties 
which are known to hold in the restricted field, and which justify the defi- 
nitions just adopted. 

I. If C= A — B, where A and B are effective, then 


(Mc) =[M-top [+(e 


This follows at once from (11) as applied to C,C, --- C,C. 
ieee Cea 1s Coma tiieri 
UG =e MCE Cl Cane 
ete A Bi Cle Ar Bi Al eA a, BEN Ri hehere 
A’, B’, A”, B”, are effective. The property to be proved Holds for a 
Vi, for which, by definition, [A — B] = [A — B], so that the verification 


is immediate. Assume that it be true for any V,_1, we say that it is also 
true for V,. We have, by repeated application of property I, 











(mc + 0” + 10" — E} =| (+ on + cro” — OTIS F |. 


If we expand the right-hand side, we obtain a sum of terms such as 
[A,-(C7 +0" + CC” —OC)M)] -[B1- (+ 0" + CC” — COM". 


As A, and B, are effective hypersurfaces, that is r — 1 dimensional 
varieties, it follows from our assumptions that the expression just written 
is equal to zero. 


UU ian) AUT Ole a Cm aL) a 


which is what we wished to prove. 

Property II means that formula (2), and all formulas derived so far 
hold whether the manifolds involved are effective or not. As all the 
relations to be derived are based upon these, no restrictions in regard to 
‘“‘ effectiveness ”’ will be necessary. 
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Ill. If in C; = A; — B;, A; and B; be replaced by A; + D;, B; + Di, 
respectively, [M] does not change. In other words, [M] is a function of 
the differences A; — B;. We have, by property II, 


: ope 
PT mut fa: | 
( ) v II 1+ 6+ D; 


De + ANG FD) ers) Geen ee 
=| + B)d+D,) ee ck: 








=| USSR [+ (pe = on 


=] 





as was to be proved. 


II. Solution of the fundamental problem. 


8. In the solution of the fundamental problem, it is desirable to obtain 
formulas which hold, whatever the signs of the )’s as defined in § 1. 
The relations derived so far are not suitable for this purpose. We propose 
to show first the existence of solutions of the required nature. This having 
been done, the solutions will be obtained for a special case, and the 
generalization will follow easily. 

Let A = C, + C,. Whatever the positive integer \, we have 


Applying (7) to both sides of this relation, we obtain 


(a+4y—--(71)= a tena+oy—n-(A7/). 


This equation of degree r in , has an infinity of roots, hence it is identi- 
cally true. If we set 


r—1 


Pa) =D (-yS4 (- yD; 
we obtain by equating terms of the first degree in X, 


[F(A)] = [F-(Ci)] + [F-(C2)]. 
This also shows that if C; = A — Cy, then 


[F.(C2)] = [F-(A)] — [F-(C1)]. 
Hence, if AC = Donia, then 


MFC) = | au e(Cs |. (12) 
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Let M = D,D,--- D,. If we reason from (2) as we just have from (1), 
and set — 


MC* eae 
NEBL) CR ASU RE) PO 3) i eat a a Oe 


we can show that 





AF, (MC)] = | > \F, are) |. (13) 


Formulas (12) and (18) hold whatever the signs of the d’s. 

In the case r = 2, -[F.(C)] = 1[2C — C? — 2]. The double of this 
last quantity has already been considered by Severi,!* who proved (12) 
for r = 2, by considering the intersection of C with the canonic curves of 
V2, and made this formula the central point in his solution of the funda- 
mental problem for r = 2. But even before this, Castelnuovo and En- 
riques had shown that if [F'.(C)] < 0, for any continuous system of curves 
on the surface, the latter was birationally transformable into a scroll. 

9. Let (Ci, Co, ---, C,) form a base on V,. For any C not belonging 


to the base, we have AC = DiC. Then 


THEOREM. The genus [C;"C*] is a linear function of the genera 
[Ci C," --- C,"], with coefficients equal to polynomials in the ratios 
N/A, the coefficients of these polynomials being independent of the signs of 
the d’s. 

The proof will be by induction. The proposition is true: (a) If 
a ee OT ene |G. be Ope Oy Lilia — 3s) k= 0) thatis for 
[C;*]. Now apply (13), making M = C;—. It gives 


NCO] = Yay (C,Cr7, 


which holds whatever the signs of the \’s, and shows that the theorem is 
true for [CC;—], that is when h +k =r, k = 1. To prove it in the 
general case, assume that it holds ifh+ké>s, oriffh+k=s,k <t. 
We say that it also holds when h-+k =s,k =t. To show this, apply 
(10) with M = C;*"'C*, It gives 


r—s-+ 


1 r—s p 
nd (= Yee t (= nD G = DvP aCe 10- C4) 
1 ii | k=1 j=1 


which also holds whatever the signs of the \’s. This relation, if solved 
for [C;*-'C'], shows that this genus is a linear combination of others of 
the type [C;’C*], such that h +k >s, or h+k=s, k <t, with coef- 


14 Sulla base per la totalita delle curve, 1. c., p. 224. 
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ficients of the required character. Since for these last genera the theorem 

is true by assumption, it is also true for [C;*‘C“], which was to be proved. 
In the same manner we may prove this more general theorem: 
Turorem. If D; is such that dj;D; = DIdCi, then [DiD2 --- Dal 


ts a linear combination of the genera [Ci"C2” --- C,"], with coefficients 
polynomials in the ratios d,7/d;, the coefficients of these polynomials berng 
independent of the signs of the d’s. 

The two theorems just considered establish the existence of solutions 
of the fundamental problem, satisfying the condition to hold whatever 
the signs of the ’s. 

Remark.—The question may be raised, whether the two preceding 
theorems hold when “‘ division ”’ is not unique," that is when it is possible 
that AC = AD, while C + D (A integer > 1). This question must be 
answered in the affirmative. This will be proved, if we can show that if 
AC = AD, then [MC*] = [MD*], whatever M, for then if AC = 2X:C,;, 
[MC*] will be determined without ambiguity. Let M = A,A.--- Aj. 
Ifs+t>r-—h, then 


[LM GSDi 2s VC Vie tae eet) 
Suppose that 


[MCD] =[MC] =([MD*4],. s+t > &, 


we say that it is still true for s+ ¢= 5s. For assume s + ¢ = 80, and 
apply (13). It follows that 


(r—h+80) MCe-1+kpt r—h+8o MC:1D ttk~ 
oa eerie ee ee 
PG, i | | Ei | 


The only terms which are not equal by assumption are those for which 
k =1. Hence 


[MCD ‘] = LMC Dee) — PAG eo Bd = 466 EE [MD*| — (MC), 


as was to be proved. 

Definition.—If [MC*] = [MD*], whatever the integer k, and the mani- 
fold M, the hypersurfaces C, D, are said to be arithmetically equivalent, 
and we write C ~ D. This equivalence has the following properties: 

(a) In its field division is unique, that is if \C ~ \D, then C ~ D. 

(OR ipG2— 3D. then Gawep) 

(c) If C ~ D, then \C = dB, where in general the integer \ > 1. 
For let |H| be the system of hyperplane sections. The property is true 
on a V,; for two groups of m points on an algebraic curve belong to the 

16 Severi, Ann. Ec. Norm. Sup., 1908, p. 456. 
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same continuous system. Grant that it holds on a V,_;, we say that it 
also holds on V,. We have by assumption [HMC"] = [HMD*). 


HOH ee Cl NAD: 


whatever the hyperplane section H. Hence \C = dD. In this, we have 
tacitly assumed that C, D are effective. In the contrary case, we would 
replace them by C+ kH, D+ kH, the integer & being so chosen that 
the two new hypersurfaces are effective. From A(C + kH) = \(D+k9#), 
follows then AC = AD. The properties here given show the relations 
between the two kinds of equivalence. 

10. We are now ready to solve the fundamental problem. The rea- 
soning used in § 9 could be utilized, this being the method followed by 
Severi for r = 2. It seems however impracticable for r > 2, and another 
will be followed here. 

Let us specialize the hypersurface C of $9, by making \ = 1, and 
assuming A; = 0;2 = 1, 2, ---, p. Then C = 2),C;, and we can obtain 
{C} by applying (7). Cis the sum of DA; hypersurfaces, 


(‘One | Ia + C)* - 1| ~ (peer) 


This result holds for all positive values of the \’s. From § 9, follows at 
once that if \C = 2),C;,, and if we set uw = (1/A)ZA;, then 


(= [Ta +oy—1]-(47 7). (14) 


Similarly we may prove the following result: 
Consider the hypersurfaces defined by 


A;D; cial DAI; J i. By 2, ey, h), 


and set | 
bi = (1/Aj) 2M, aes DM; 


{DiD2 +--+ Di} = | (a cag east 1) | 4 (i a a) 
HET ST ) tomes) 


r—l 
and in particular 
I 


j=l 


DD ae Die | (= Zave;) |. (16) 


In these formulas, the parentheses raised to fractional exponents, must be 
15’ Severi, |. c., p. 467. 
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expanded in series of ascending powers of the C’s, and the result treated 
in accordance with the definition of the symbol [ ]. Formula (15) gives 
the most general solution of the fundamental problem. 

Remark.—It is important to remember that these formulas hold 
whether the manifolds involved are effective or not, and whatever the 
signs of the d’s, that is without any restrictions. If D,D2 --- Dy is virtual, 
its genus is the quantity defined in § 6. If it is effective, its arithmetic 
genus is the quantity defined in § 2. In particular (16) gives the number 
of points common to r hypersurfaces, in terms of their base characters, 
and is the immediate generalization of a formula of Severi’s for r = 2. 


III. Applications. 


11. Loci of Flats.—A locus of flats is a V, locus of (r — 1)-flats form- 
ing an irrational pencil. Let p be the genus of the pencil, H an arbitrary 
hyperplane section of V,, G one of its generators (generating flats). It 
may be shown that H, G, form a minimum base for the variety... That 
the latter can be considered as the projection of a non-singular variety 
from a higher space, will be admitted here, and the results obtained 
applied to this case. If k > 1, the intersection of H* with G*-has less 
than r — 7 — k dimensions.’” As we have seen in § 5, H'’G* must then 
be considered as virtual, and its genus cannot be determined from geometric 
considerations, but only by considering G as the difference of two appro- 
priate effective hypersurfaces and applying (11). If weset H, = H —G, 
H,'H* is always effective, and clearly H, H, form also a minimum base 
—it will be the one used here. Before proceeding with direct applications, 
some preliminary propositions necessary to obtain the genera [H,'H"*], will 
be proved. | 

12. THnorem. If V,, V,’ are two loci of flats, having in common a 
curve which meets the generators of each in one point only, they can be bi- 
rationally transformed into each other. 

Let S,,; be the space containing them both, P an arbitrary point of 
V,, G the generator through P, m the point where this generator cuts the 
curve common to the two varieties. Through m there goes a generator 
G’ of V,’. If S, is an arbitrary k-flat in S,,;,, the (k + 1)-flat determined 
by S; and the point P, cuts G’ in a single point P’. Conversely, given 

16 The proof can be given in various ways. For example by generalizing Severi’s for r = 2. 
See: Sulle corrispondenze fra i punti di due curve e sopra certi classi di superficie, Memorie della 


R. Acc. delle Sc. di Torino, 1903, p. 22. Certain classical formulas of his and Segre’s regarding 
scrolls, will also be found there. 


7 Unless V; is a hypercone, that is such that its generators all go through the same S,_2, 
called the azis of the hypercone, We will assume that this is not the case, though all results 
obtained hold also for a hypercone, when only variable intersections are considered. 
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P’ on V,’, the point P on V,, is determined in one and only one way. 
Clearly P, P’ are in 1-1 correspondence, and this correspondence defines a 
birational transformation, which proves the theorem. 

Corollaries. I. If the two varieties have 1n common a d-dimensional 
manifold M, having an Sa_i1 for complete intersection with an arbitrary 
generator of either, V, and V,’ can also be birationally transformed into each 
other. 

For M is clearly a locus of flats—the flats Sz;_:—and a plane section 
of it, is a curve satisfying all conditions of the preceding theorem. 

II. If the conditions of the theorem, or corollary I, are satisfied then 
ee er Vel: 

For two varieties which can be birationally transformed into each 
other, have the same arithmetic genus.'® 

13. THrorEM. VJ, being the same locus of flats as before [V,] = (— 1)"7} 
- p. This proposition was proved by Cayley” for the case r = 2, and for 
r = 3 it follows readily from a formula of Severi.?° 

Any V, locus of (r — 1)-flats can be considered as the hyperplane 
section of a V,.: locus of r-flats. Its hyperplane section A is itself the 
locus of the (r — 2)-flats HG, which form a pencil of genus p. It is there- 
fore sufficient to prove that H = (— 1)"?-»p. This will be done by 
induction. For r = 2, H is the plane section of a ruled surface and the 
proposition is trivial. We will assume that r > 2, that the theorem to 
be proved is true for a locus of flats of less than r — 2 dimensions, and 
prove its correctness for H. 

We may suppose that V, is immersed in an S,.;, and this without 
any loss of generality, since we can always project it into such a space and 
reason upon the projection. Let ® be an r-dimensional quadratic variety 
through a fixed generator G of V,, and call A its residual intersection with 
V, We say that A ws in one-one relation with H, arbitrary hyperplane 
section of V,. For let 7 be an arbitrary but fixed plane of Go. When 
r = 3, mw coincides with Go. If V, is not a hypercone, the generator G 
through any point P of the variety intersects G) into an S,-3, which 
meets 7 in a single point m. This point is in ®, hence the line mP cuts 
the quadratic variety in one point only, other than m, say P’, a point 
which is in A. To P corresponds one point P’. Conversely, given P’ 
arbitrary in A, m is determined as the point where G cuts 7, and P is 
determined as the point where the line mP’ cuts the hyperplane which 
intersects V, into H. If V,is a hypercone, we can take as point m, any 

18 Severi, Fundamenti. .. , p. 83. 


19 “On the deficiency of certain surfaces,” Math. Ann., Vol. III, 1871, p. 526. 
20 Fundamenti. .. , p. 81. 
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point where © cuts the axis, and proceed as in the general case. In all 
cases P, P’, and therefore also A and H, are in one-one correspondence. 

It follows from this that [A] = [H]. 

On the other hand, HH, cuts a generator HG of H, in a manifold 
HH,G, which is an (r — 3)-flat, since H; is the residual intersection of 
V, with an S, through a generator. Furthermore H, is, like H, a locus of 
(r — 2)-flats, its generators being manifolds HG, each of which has in 
common with H, the same r — 3 flat HH,G, which has just been con- 


sidered. 
[le Hea Gorollet Weasel 2) 


Also A = H + Hy, hence, by formula (1), since r > 2, 
[A] = (4 + aia) = 2) ea ao 1); 
[H] = — [HH}]. | 


But HH, is the hyperplane section of H,, and therefore a locus of (r — 3)- 
flats of a pencil of genus p, and by assumption the proposition is true 
for such a variety. 


[ETT | eae eee), [2 \= C=) seep, 


which proves the theorem. 

14. We are now in position to obtain the genera [H*H;,*], which are 
necessary to solve the fundamental problem for V,. The manifold H*"H,’* 
isan r —1 —k —1 space, ifi+k< yr. Hence 


Lae) oe eee Uiaie—a). 


Let » be the order of V,. Then [H"] = uw. To obtain [H’-*H,*], remark 
that applying formula (16), we have, since [H’~-*H,*"G] = 1, 


[HH (A, + @) = [A410] = 1 + [A 4; 
[H’—"*H,*] = [Ary — 1]. 


Applying this last formula for all values of k, from 0 to k, and adding the 
results, we obtain 
(Ate er aie. 


15. Let now C be any hypersurface in V,. We have 
C=) + ri 


where AX, Ai, are certain integers. Applying (14) we obtain 


(C) = (a+ Hypa + Hye -(* FTF), 


r—l 
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Expanding, and replacing the genera by their values as derived in § 14, 
we have, after some familiar transformations of combinatory analysis, 


(y= CTT) (p+ eX t™ a1) 4 ve. 


r 
Let a be the order of C, a that of its intersection CG with G. Then, by (16), 
a = |[CH’"°G] = [f"-?(H# — A,)OW + 2AiAi)] =A+A, 
CaO Dime NE Ny) | NL) a — Xi. 


Substituting in the formula obtained, we have finally 


r—l 


(oy =(475)(p-14ta-en)+(-Iypr 07 


For r = 2, this formula becomes a well-known one of Segre,” namely 


(C} = (C] = ap ~ u($) + @- D@ =D). 


16. Let M = C,C, --- Cy, with C; = VH + ,'H:. To derive the 
genus of M, we might merely apply formula (15). However, it will be 
done more readily in the following way: A locus V,—241 of (r — h)-flats, 
which are in one-one correspondence with the generators of V,, is of the 
same nature as V,, and may be assumed to lie in the same S,,,. Pro- 
jecting the intersection of any generator of V, with M, on the correspond- 
ing generator of V,_;11, a hypersurface M’ of the latter variety is obtained. 
The orders of M and M’, or of MG and M’G’, are the same—G’ being a 
generator of V,—z41. Hence, it is sufficient to obtain the order a of M, 
and a of MG, and then to apply (17) on V,—441, since [M] = [M’]. Let a;, 
a;, be the order of C; and C;G, respectively. We have as previously, 

C= ne + A; ay = La; | Nae 
Hence, by (16), 


jp a | Ian ze MH) | = a(u a ya Her), 


Qi 
h h 
a= | I VA + MH) HG | = JU Wer 
ip c= 
Substituting in (17), we have 


a—l 


(Mm) = ("7 )(a-ne tp 1+ 8) 4 (= tp, 


21 ““Courbes et surfaces réglées algébriques,’’ Math. Ann., Vol. 34, 1890, p. 3. 
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For h = r we have either from this last formula, or from (16), 
02 -- C1 =| Tow + xray | = Ia(DS- = ne), 


which for r = 2, reduces to a well known relation on scrolls. 

17. Complete intersections in S,. In the case of an S,, p = 1, and 
the minimum base is formed by an (r — 1)-flat, say C. If m is the order 
of a’ V, in S; we have V,'= mC. Also*(G") = Oo i <9 anda C eae, 
Hence if M is the complete intersection of h hypersurfaces of order m1, 


M2, +++, My, we obtain, by applying (15), when h < r and with m = =Im,, 
h ied 1 t=h = — 1 

(my =m) =[Tat+on-1]-(" 7 )45("7 ™ +) 
oa] rT 1 sae r 1 


+... +(- Ds (aaa 
(2) se 
bee DE (™T?), 


The value of [//] may be also obtained as follows: If v(l) is the postula- 
tion of [M], then 


v(1) A Wen Fe 21 Gurion) a, (fem a ny 


Remembering that [M] = (— 1)"-* - (v(0) — 1), we can from v(l) obtain 
 [M] and, in fact, the same expression as the above is found. Conversely 
Severi’s general expression” for v(l) together with the formula derived 
here for [M], can be utilized to obtain Bertini’s result. 


2 Bertini, Introduzione alla geometria proiettiva degli iperspazi, p. 263. 
3 Fundamenti. .. , p. 41. 
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A CHARACTERISTIC PROPERTY OF SELF-PROJECTIVE CURVES. 
By L. L. DInszs. 


A plane curve will be said to have the property P,, with respect to a 
point O and a line / of the plane, if the pencil of lines obtained by pro- 
jecting a variable point of the curve from O is projective to the range of 
points cut out by the tangent at this variable point on J. 

Evidently the »* conics through O and tangent to / have the property 
thus defined. It is the purpose of this paper to show that the property 
Po, characterizes the curves which admit infinitesimal projective trans- 
formations* into themselves. These curves have been known by various 
writers as self-projective curves, anharmonic curves, and W-curves. 

The self-projective curves have many interesting properties which 
have been investigated by Klein,+ Lie,f and others.§ The characteristic 
property P,,, which seems not to have been previously noted, furnishes 
for the self-projective curves a definition which is in some sense analogous 
to the Steinerian definition of conics. 

1. The Differential Equations of Curves with Property P,, In order 
to determine the curves having the property P,, (defined in our intro- 
duction) with respect to a fixed point O and line J, it is convenient to assume 
first that O is not on 1, and to consider later the excepted case. 

Case I. If O is not on 1, we choose O as the vertex (0, 0, 1) and / as 
the side x3 = O of the triangle, with reference to which (4%, 22, x3) shall 
represent the homogeneous coordinates of a point. We are to determine 
the curves | 
(1) f(%1, X2, Xs) = O 
with the property Po, 

Let P be any point of the curve (1) and let 7 be the intersection of 
the tangent at P with |. Then the curve (1) will have the property 
P,, if, and only if, the range [7] is projective to the pencil O[P], or what is 
equivalent, if the pencils O[7'] and O[P] are projective. Since the equation 

* An infinitesimal projective transformation is equivalent to a one-parameter group of finite 
projective transformations, and invariance under such a group may be used to define self-projective 
curves. 

+ Klein and Lie: “Ueber diejenigen Curven, welche durch ein geschlossenes System von 
unendlich vielen vertauschbaren Transformationen in sich uebergehen”’ (Math. Ann., IV, 1871). 

t Lie-Scheffers: ‘‘Vorlesungen ueber continuierliche Gruppen.”’ 

§ For a brief treatment of these curves with bibliography, see Loria: ‘‘Spezielle algebraische 
und transcendente ebene Kurven,”’ page 552. 
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of the tangent to (1): at P(a, x, #3) 18 Xifz, + Xofe, + Ashe, — 0, the 
coordinates of its intersection with the line x; = O are (f:,, — fz, 0), 
from which it follows that the codrdinates of the line OT are (f;,, f:,, 0). 
The codrdinates of the line OP are easily seen to be (%, — 21, 0). The 
condition that the pencils O[7] and O[P] be projective 1s that a homoge- 
neous bilinear relation exist between the coérdinates of their corresponding 
elements. The most general relation of this sort is of the form 


(2) (at, + Bx2)fe, + (yt: + 62%2)f2, = 0, 


where a, 8, y, and 6 are arbitrary constants. Equation (2) is then the 
differential equation of the curves with property P,, It is desirable to 
reduce this equation, as well as others to follow, to non-homogeneous 
codrdinates by means of the relations 


(3) 5 a) ar es 


The equation in non-homogeneous coordinates corresponding to the partial 
differential equation (2) is then equivalent to the ordinary differential 
equation 
d d 
(2’) 1S ane ee 
at + BY yx + by 


Since (2’) involves three independent parameters and is of first order, 7 
represents «+4 curves. 

Case II. If O is on l, we let 1 be the side x3 = 0 and O the vertex 
(1, 0, 0) of the reference triangle, and denote by O’ the vertex (0, 0, 1). 
Then if P and T have the same meanings as in the preceding case, the 
condition that the range [T] and pencil O[P] be projective is equivalent 
to the condition that the pencils O’[T] and O[P] be projective, and this 
latter projectivity finds analytic expression in the bilinear relation 


(4) (at, + BxX3)fo, + (yt. + 6%3)f2, = 0, 


which upon reduction to non-homogeneous codérdinates is equivalent to 
the ordinary differential equation 


CE a) b 
ay +t Bo yyts" 


This equation lvke (2') represents «4 curves which have the property Po, 
2. Concerning Self-Projective Curves. In his theory of infinitesimal 
transformations, Lie* considers the variation of a function due to an 
* Lie-Scheffers: “Continuierliche Gruppen”’; page 57. The author is indebted to Professor 


Hisenhart for suggestions regarding the use of Lie’s results which led to a considerable shortening 
of the proof in this section. 
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infinitesimal projective transformation leaving invariant the line at infinity. 
Upon reduction to homogeneous coordinates by (3) with the assumption 
that +3 remains constant, this variation takes the form 


of = [(ai1a1 wes COSI) os os 01303) fxr, 1 (Q21X1 + Q92% + 0233) fx16l, 


where 6¢ is an arbitrary infinitesimal, and a;; are constants characterizing 
the transformation. The curves left invariant by this transformation are 
the integral curves of the differential equation 


(a11%1 + 12% an 013%3) fx, == (2101 + Qo9%_ + 02303) Fry = 0, 


and are by definition self-projective curves. Since our equations (2) and 
(4) are of this form we have that every curve with the property Po, is a 
self-projective curve. 

Lie has shown* that by suitable choice of a codrdinate system, the 
differential equation representing the self-projective curves can always 
be reduced to one of the five canonical forms: 


HE 0 dia d ee a! dz sd 
Oe Oe ee) estates. (COV mere 
y Y Y & Y 
(5) 
Gh Ca) 
COT aa at 


Evidently each of these equations is a special case of either (2’) or (4’). 
Hence every self-projective curve has the property Pj, and we have 
THEOREM: The property Po, 1s characteristic of self-projective curves. 


3. Types of Curves. Lie determinest the self- “projective curves by 
integrating the canonical equations (5). 

In the present connection it is of interest to examine the various types 
of curves with reference to the property P,, For this purpose it is im- 
portant to recall that the curves (2’) have the property P,, with respect 
to O(0, 0, 1) and l(a3; = 0); while the curves (4’) have the property with 
respect to O(1, 0, 0) and l(x#3 = 0). 

Type A. The integration of the canonical equation (a) gives a two 
parameter family of curves, each of which can however by a transforma- 
tion, which changes only the unit point, be reduced to the form 


(A) ye ae. 


Since (a) is a special case of (2’), each curve of the family (A) has the 
property P,, with respect to the vertex (0, 0, 1) and the opposite side 
x3; = 0 of the reference triangle. 


* Lie-Scheffers, loc. cit., page 64, Theorem 6; and page 69. 
+ Lie-Scheffers, loc. cit., pages 69-82. 
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A somewhat more general result is obtained by writing (A) in homo- 
geneous coordinates in the form 


Cie 03 as 


where n; + m2 + ns = 0. Since any transformation which merely inter- 
changes the sides of the reference triangle transforms this equation into 
an equation of the same type, we may state more generally that every 
curve of the family (A) has the property P,, when O and J are respectively 
a vertex and opposite side of the reference triangle. | 

Type A’. The reduction of (2’) to (a) is accomplished by choosing as 
the reference triangle, the triangle which is invariant under that infinites- 
imal transformation for which curves (A) are self-projective. The vertex 
O and side l of this triangle may be supposed to be real. It may happen 
that the two sides of the invariant triangle which pass through O are 
imaginary. It is then advantageous to take these imaginary lines as the 
lines y = +a2V—1. The equations of the curves represented by (A) 
may then be expressed in polar coérdinates in the form 


(A’) Die" 


If J is the line at infinity, the curves (A’) are the ordinary logarithmic 
spirals. That the logarithmic spiral has the property P,, with respect 
to the pole and the line at infinity, can be verified directly from the well 
known property of this curve that it cuts all its radii at a constant angle, 
which property is equivalent to the equality of the pencils O[P] and 
O[T]. 

Type B. The integration of (b) gives a family of curves each of which 
can be reduced, by a transformation which changes only the unit point, 
to the form | 
(B) Ue-ver 


Since equation (b) is a special case of (4’), the curve (B) has the property 
Po, with respect to the point (1, 0, 0) and the line z3 = 0. But the curve 
(B) also has the property P,, with respect to the point (0, 1, 0) and the 
line x; = 0. For (b) may be transformed into an equation of form (2’) 
by the transformation x = 2’/y’, y = 1/y’; which changes (0, 1, 0) into 
CORO FL )yandias = Onto, =U: 7 

If, in particular, x; = 0 is the line at infinity, (B) is the ordinary ex- 
ponential curve. The exponential curve then has the property Po, with 
respect to the point at infinity on the z-axis, and the line at infinity; and 
also with respect to the point at infinity on the y-axis, and the x-axis. 

Type C. Equation (c) is a special case of (4’); hence its integral curves 
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have the property po, with respect to the point (1, 0, 0) and the line 
x3 = 0. Each integral curve can be reduced, by a transformation which 
does not change the coérdinates of O or J, to the form 


(GC) pe ee 


This is a conic tangent to / at O, and the property P,, is one of the classic 
properties of conics. 

Types Dand E. The integration of (d) and (e) gives the straight lines 
which obviously have the property P,, with respect to any point and line. 

4. Special case of conics. It was noted in our introduction that all 
conics through O and tangent to / have the property P,,. If O is not on 
1, these conics are represented by equation (A) with n = 2. If O is on l, 
they are represented by (C). } 

Conics may also possess the property P,, though they neither pass 
through O nor touch J. These are represented by (A) with n = —1 
[or (A’) with n’ = OJ, the point O being (0, 0, 1) and/ being 73 = 0. These 
are the conics with respect to which / is the polar of O. That such conics 
have the property Po, can be verified directly from the fact that the lines 
OP and OT are in this case conjugate lines with respect to the conic; 
hence the pencils O[P| and O[T] are projective, the projectivity being in 
fact involutory. 
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